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Dedicated to all the people who have helped me in my life. 


Understanding 
Basic Calculus 


S.K. Chung 


Preface 


This book is a revised and expanded version of the lecture notes for Basic Calculus and other similar courses 
offered by the Department of Mathematics, University of Hong Kong, from the first semester of the academic 
year 1998-1999 through the second semester of 2006-2007. It can be used as a textbook or a reference book 


for an introductory course on one variable calculus. 


In this book, much emphasis is put on explanations of concepts and solutions to examples. By reading 
the book carefully, students should be able to understand the concepts introduced and know how to answer 
questions with justification. At the end of each section (except the last few), there is an exercise. Students 
are advised to do as many questions as possible. Most of the exercises are simple drills. Such exercises may 
not help students understand the concepts; however, without practices, students may find it difficult to continue 


reading the subsequent sections. 


Chapter 0 is written for students who have forgotten the materials that they have learnt for HKCEE Mathe- 


matics. Students who are familiar with the materials may skip this chapter. 


Chapter | is on sets, real numbers and inequalities. Since the concept of sets is new to most students, detail 
explanations and elaborations are given. For the real number system, notations and terminologies that will 
be used in the rest of the book are introduced. For solving polynomial inequalities, the method will be used 
later when we consider where a function is increasing or decreasing as well as where a function is convex or 
concave. Students should note that there is a shortcut for solving inequalities, using the Intermediate Value 


Theorem discussed in Chapter 3. 


Chapter 2 is on functions and graphs. Some materials are covered by HKCEE Mathematics. New concepts 
introduced include domain and range (which are fundamental concepts related to functions); composition of 
functions (which will be needed when we consider the Chain Rule for differentiation) and inverse functions 


(which will be needed when we consider exponential functions and logarithmic functions). 


In Chapter 3, intuitive idea of limit is introduced. Limit is a fundamental concept in calculus. It is used 
when we consider differentiation (to define derivatives) and integration (to define definite integrals). There are 
many types of limits. Students should notice that their definitions are similar. To help students understand 
such similarities, a summary is given at the end of the section on two-sided limits. The section of continuous 
functions is rather conceptual. Students should understand the statements of the Intermediate Value Theorem 


(several versions) and the Extreme Value Theorem. 


In Chapters 4 and 5, basic concepts and applications of differentiation are discussed. Students who know 
how to work on limits of functions at a point should be able to apply definition to find derivatives of “simple” 
functions. For more complicated ones (polynomial and rational functions), students are advised not to use 
definition; instead, they can use rules for differentiation. For application to curve sketching, related concepts 
like critical numbers, local extremizers, convex or concave functions etc. are introduced. There are many easily 
confused terminologies. Students should distinguish whether a concept or terminology is related to a function, 


to the x-coordinate of a point or to a point in the coordinate plane. For applied extremum problems, students 


ii 


should note that the questions ask for global extremum. In most of the examples for such problems, more than 


one solutions are given. 


In Chapter 6, basic concepts and applications of integration are discussed. We use limit of sums in a specific 
form to define the definite integral of a continuous function over a closed and bounded interval. This is to make 
the definition easier to handle (compared with the more subtle concept of “limit” of Riemann sums). Since 
definite integrals work on closed intervals and indefinite integrals work on open intervals, we give different 
definitions for primitives and antiderivatives. Students should notice how we can obtain antiderivatives from 
primitives and vice versa. The Fundamental Theorem of Calculus (several versions) tells that differentiation 
and integration are reverse process of each other. Using rules for integration, students should be able to find 
indefinite integrals of polynomials as well as to evaluate definite integrals of polynomials over closed and 


bounded intervals. 


Chapters 7 and 8 give more formulas for differentiation. More specifically, formulas for the derivatives of 
the sine, cosine and tangent functions as well as that of the logarithmic and exponential functions are given. 


For that, revision of properties of the functions together with relevant limit results are discussed. 


Chapter 9 is on the Chain Rule which is the most important rule for differentiation. To make the rule 
easier to handle, formulas obtained from combining the rule with simple differentiation formulas are given. 
Students should notice that the Chain Rule is used in the process of logarithmic differentiation as well as that 
of implicit differentiation. To close the discussion on differentiation, more examples on curve sketching and 


applied extremum problems are given. 


Chapter 10 is on formulas and techniques of integration. First, a list of formulas for integration is given. 
Students should notice that they are obtained from the corresponding formulas for differentiation. Next, several 
techniques of integration are discussed. The substitution method for integration corresponds to the Chain Rule 
for differentiation. Since the method is used very often, detail discussions are given. The method of Integration 
by Parts corresponds to the Product Rule for differentiation. For integration of rational functions, only some 
special cases are discussed. Complete discussion for the general case is rather complicated. Since Integration 
by Parts and integration of rational functions are not covered in the course Basic Calculus, the discussion on 
these two techniques are brief and exercises are not given. Students who want to know more about techniques of 
integration may consult other books on calculus. To close the discussion on integration, application of definite 


integrals to probability (which is a vast field in mathematics) is given. 


Students should bear in mind that the main purpose of learning calculus is not just knowing how to perform 
differentiation and integration but also knowing how to apply differentiation and integration to solve problems. 
For that, one must understand the concepts. To perform calculation, we can use calculators or computer soft- 
wares, like Mathematica, Maple or Matlab. Accompanying the pdf file of this book is a set of Mathematica 
notebook files (with extension .nb, one for each chapter) which give the answers to most of the questions in the 
exercises. Information on how to read the notebook files as well as trial version of Mathematica can be found 


-com. 


Contents 


Noe —_ 


U. Olving Linear Equations . 66 6 ee ee we Se 4 
~~ U4 Solving Quadratic Equations ©... 6 


[3.4 One-sided Limits eee eens 86 
ohn tee decade tare fee aus OS ale AA at pe ek Sei sete weerat aah cee ea laces Gad pe Mneetee- faim Ue Sone, Ads at iy oe 89 


3.6 Continuous Functions... 2... ee 94 


Le tt ____§ ee 


a 


iiterentiation 


6 Integration 157 


64) — Definite Integrals ds ok oc BE eG we BSE ROR EHR E DAE OR GREE SD OE De Gee ew 157 
6.2 Fundamental Theorem of Calculus... 2... 2 162 


6:3. Indefinite Inteordls: = 4. ge 44064 aS be PA SER OE SRE OR RE YR EN Se EES 167 


9.2 Implicit Differentiatio 
93, More:Curve Sketching s..3: fcc deacke ge ee A A OR ee ee a A ee ger 219 


9.4 MoreExtremum Problems .........0.0. ee 222 
aa aneeey 


229 


Chapter 0 


Revision 


0.1 Exponents 


Definition 
(1) Letn be a positive integer and let a be a real number. We define a” to be the real number given by 
a’ =a-a-:-a. 
—{=S—— 
n factors 


(2) Let n be a negative integer n, that is, n = —k where k is a positive integer, and let a be a real number 


different from 0. We define a~* to be the real number given by 


(3) (i) Letabeareal number different from 0. We define a = 1. 


(ii) We do not define 0° (thus the notation 0° is meaningless). 


Terminology In the notation a”, the numbers n and a are called the exponent and base respectively. 


Rules for Exponents Let a and b be real numbers and let m and n be integers (when a = 0 or b = 0, we have 


to add the condition: m,n different from 0). Then we have 


(1) a"q" = qutn 
q” 

(2) —=a"™" provided that a # 0 
a 


(3) (a”)" =- q™ 
(4) (ab)" = a"b” 


(5) (<) =< provided that b + 0 


Exercise 0.1 


1. Simplify the following; give your answers without negative exponents. 


xly 


(a) x°x73 (b) 


(c) (xy3)' (d) (2x2) *y# = (xy) 
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0.2 Algebraic Identities and Algebraic Expressions 


Identities Let a and b be real numbers. Then we have 
(1) (a+b) =a? +2ab+b? 
(2) (a-—b)* =a? -2ab+b? 
(3) (at+b\a-b)=a -b’ 
Remark The above equalities are called identities because they are valid for all real numbers a and b. 


Caution In general, (a+b)? #.a7+b?. Note: (a+b)? = a? +B? if and only if a = 0 orb =0. 


Example Expand the following: 
2 
(1) (vx+2) 


2 
Xx 


(3) (vx? ee 7) (vx? a 7) 


Solution 
() (ve+2) = (vx) +2(vz)Q+2 
= x+4/x+4 
2 2 
0 fff = eanlth( 
x Xx Xx 
25 
= x 1045 


(3) (vVee41+7)(Ve 41-7) = (Ve41) -7 


| 
——~~ 
cad 
nN 
+ 
— 
ae 
| 
AK 
\o 


ll 
a 
nN 
| 
aN 
oo 


Example Simplify the following: 
x*-x-6 
x2 -6x+9 


(1) 
ae 
x2— 1 

2 1 


e+Ixt+1 x2-x-2 


(4) (x-y'y" 


(3) 


@) 
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Solution 
(1) xv -—x-6 _ = 3)%+2) 
x2 -6x4+9 (x — 3)2 
_ #£t2 
x-3 
2 2 2 
O gat =a 
1 
~ od 
(3) 2 1 2 2 1 
x4+2x4+1 x2-x-2 (x+1)2 (x4+1)(x- 2) 


2(x — 2)-(x +1) 


(x + 1)2(x — 2) 
x-5 
(x + 1)2(x — 2) 


© (ery = fel) 


(5) x = x 


x x(x+1)+x 
x+1 x+1 


3x+6 


x 
2 
x’ + 2x 


x+1 
3(x4+2) x41 
x x(x +2) 


3(x + 1) 
2 


Xx 


FAQ What is expected if we are asked to simplify an expression? For example, in (5), can we give 


the answer? 


Answer There is no definite rule to tell which expression is simpler. For (5), both 


acceptable. Use your own judgment. 


3x+3 


x2 


3x+3 


ue ») and 
xX 


Py 
x2 


as 
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Exercise 0.2 
1. Expand the following: 
(a) (2x+3) (bo) (3x-y)? 
(c) (x + 3y)(x - 3y) (d) (x + 3y)(x + 4y) 
(e) (2v¥-3) () (vE+5)(v¥-5) 


2. Factorize the following: 


(a) x2-7x+12 (b) x7 +x-6 
(c) x7 +8x+16 (d) 9x7 +9x+2 
(e) 9x7 -6x4+1 (f) 5x?-5 
(g) 32° — 18x + 27 ch) 2x°-12x+16 
3. Simplify the following: 

v-—x-6 x7 4+3x-4 

(a) x2 —7x+12 ep 2-x-x 
5 1 1 

2x, 4x’ +4x x+h x 

(©) er-1° x-1 @) h 


0.3 Solving Linear Equations 
A linear equation in one (real) unknown x is an equation that can be written in the form 
ax+b=0, 


where a and b are constants with a # 0 (in this course, we consider real numbers only; thus a “constant” means 
a real number that is fixed or given). More generally, an equation in one unknown x is an equation that can be 


written in the form 
F(x) =0 (0.3.1) 


Remark To be more precise, F should be a function from a subset of R into R. See later chapters for the 


meanings of “function” and a 
Definition A solution to Equation (0.3.1) is a real number xg such that F(xo) = 0. 
Example The equation 2x + 3 = 0 has exactly one solution, namely -5. 

To solve an equation (in one unknown) means to find all solutions to the equation. 
Definition We say that two equations are equivalent if the have the same solution(s). 


Example The following two equations are equivalent: 
(1) 2x+3=0 
(2) 2x=-3 


To solve an equation, we use properties of real numbers to transform the given equation to equivalent ones 


until we obtain an equation whose solutions can be found easily. 
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Properties of real numbers Let a, b and c be real numbers. Then we have 


(1) a=b—at+c=bt+e 


(2) a=b=sac=be and ac=be=>a=bifc#0 


Remark 


=> is the symbol for “implies”. The first part of Property (2) means that if a = b, then ac = be. 


<=> is the symbol for “==> and <=”. Property (1) means that if a = b, thena+c = b+c and vice versa, 


that is, a = biffa+c=b+c. In mathematics, we use the shorthand “iff” to stand for “if and only if”. 


Example Solve the following equations for x. 


(1) 3x-5=2(7- x) 


(2) a(b+x) =c— dx, where a,b,c and d are real numbers with a+ d # 0. 


Solution 


(1) Using properties of real numbers, we get 


3x-5 = 2(7-x) 
3x-5 = 14-2x 
3x+2x = 144+5 


5x = 19 
re BP 
= > 


The solution is 2. 


FAQ Can we omit the last sentence? 


Answer The steps above means that a real number x satisfies 3x — 5 = 2(7 — x) if and only if x = a 


5 
It’s alright if you stop at the last line in the equation array because it tells that given equation has one and 
, 1 
only one solution, namely 2. Oo 


FAQ What is the difference between the word “solution” after the question and the word “solution” in 


the last sentence? 


Answer They refer to different things. The first “solution” is solution (answer) to the problem (how to 
solve the problem) whereas the second “solution” means solution to the given equation. Sometimes, an 
equation may have no solution, for example, x” + 1 = 0 but the procedures (explanations) to get this 


information is a solution to the problem. Oo 


FAQ Can we use other symbols for the unknown? 


Answer In the given equation, if x is replaced by another symbol, for example, f, we get the equation 


3t—5 = 2(7—1) in one unknown f. Solution to this equation is also *. In writing an equation, the symbol 
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for the unknown is not important. However, if the unknown is expressed in ¢, all the intermediate steps 


should use ¢t as unknown: 
3t-5 = 27-1) 


_ 19 
—_—— = 
(2) Using properties of real numbers, we get 
a(db+x) = c-—dx 
ab+ax = c-—dx 
ax+dx = c-—ab 
(a+d)x = c-—ab 
Be ate Ns ab 
~  atd’ _ 
Exercise 0.3 
1. Solve the following equations for x. 
(a) 2444) =7x+2 (b) ats a 
(c) (at+b)xt+x2 =(x+b/P (d) ate 
a 


where a, b and c are constants with a # b. 


0.4 Solving Quadratic Equations 
A quadratic equation (in one unknown) is an equation that can be written in the form 


2 
ax” + an 0 (0.4.1) 


where a,b, and c are constants and a # 0. To solve (0.4.1), we can use the Factorization Method or the 


Quadratic Formula. 
Factorization Method The method makes use of the following result on product of real numbers: 
Fact Let a and b be real numbers. Then we have 

ab=0—a=0orb=0. 


Example Solve x? + 2x — 15 =0. 


Solution Factorizing the left side, we obtain 
(x + 5)\(x — 3) = 0. 


Thus x +5 =0Oorx-—3 = 0. Hence x = —5 or x = 3. oO 
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FAQ Can we write “x = —5 and x = 3”? 
Answer The logic in solving the above equation is as follows 
x742x-15=0 — > (x+5\(x-3)=0 


— x«+5=0orx-3=0 


=— x=-5orx=3 


It means that a (real) number x satisfies the given equation if and only if x = —5 or x = 3. The statement 


‘ 


‘x = —5 or x = 3” cannot be replaced by “x = —5 and x = 3”. 


To say that there are two solutions, you may write “the solutions are —5 and 3”. Sometimes, we also write 
“the solutions are x, = —5 and x2 = 3” which means “there are two solutions —5S and 3 and they are denoted 


by x, and xy respectively”. 


In Chapter 1, you will learn the concept of sets. To specify a set, we may use “listing” or “description”. 
The solution set to an equation is the set consisting of all the solutions to the equation. For the above example, 


we may write 
e the solution set is {—5,3} (listing); 
e the solution set is {x : x = —5S or x = 3} (description). 


When we use and, we mean the listing method. _| oO 


Quadratic Formula — Solutions to Equation (0.4.1) are given by 


—b + Vb — 4ac 
ci. =, ~*~. 


Remark b? — 4ac is calléd the discriminant of (0.4.1). 
(1) Ifb* —4ac > 0, then (0.4.1) has two distinct solutions. 
(2) If b* —4ac = 0, then (0.4.1) has one solution. 
(3) Ifb? —4ac < 0, then (0.4.1) has no (real) solution. 


= oe ” 9 
FAQ Why is “(real)” added? = 


Answer When the real number system is enlarged to the complex number system, (0.4.1) has two complex 
solutions if b? — 4ac < 0. However, these solutions are not real numbers. In this course, we consider real 


numbers only. So you may simply say that there is no solution. Oo 


Example Solve the following quadratic equations. 
(1) 2x?-9x+10=0 
(2) 2° 42x43=0 


Solution 


(1) Using the quadratic formula, we see that the equation has two solutions given by 


2 9+ y(-9)2 —-4(2)(10)  9+1 


2(2) 4 
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Thus the solutions are - and 2. 


(2) Since 27 — 4(1)(3) = —-8 < 0, the equation has no solutions. 


Oo 
Example Solve the equation x(x + 2) = x(2x + 3). 
Solution Expanding both sides, we get 
xe4+2x = 2x7 4+3x 
xr+x = 0 
x(x+1) = O 
x=0 or x=-l 
The solutions are —1 and 0. oO 


Remark If we cancel the factor x on both sides, we get x +2 = 2x +3 which has only one solution. In canceling 
the factor x, it is assumed that x # 0. However, 0 is a solution and so this solution is lost. To use cancellation, 


we should write 
x(x+2)=x(2x+3) — > x4+2=2x4+3 or x=0 


Example Find the value(s) of k such that the equation 3x? + kx + 7 = 0 has only one solution. 


Solution The given equation has only one solution iff 
k* — 4(3)(7) = 0. 
Solving, we get k = +V84. Oo 


Exercise 0.4 


1. Solve the following equations. 


(a) 4x-477 =0 (b) 24+x-3x7=0 
(c) 4x(x-4)=x-15 (d) x24+2V2x+2=0 
(e) x7 4+2V2x+3=0 (f) x°-7x7+3x=0 


2. Find the value(s) of k such that the equation x’ +kx + (k +3) = 0 has only one solution. 


3. Find the positive number such that sum of the number and its square is 210. 
0.5 Remainder Theorem and Factor Theorem 


Remainder Theorem [If a polynomial p(x) is divided by x — c, where c is a constant, the remainder is p(c). 


Example Let p(x) = x° + 3x° — 2x + 2. Find the remainder when p(x) is divided by x — 2. 


Solution The remainder is p(2) = 2? + 3(27) — 2(2) +2 = 18. o 


Factor Theorem (x — c) is a factor of a polynomial p(x) if and only if p(c) = 0. 
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Proof This follows immediately from the remainder theorem because (x—c) is a factor means that the remainder 
is 0. Oo 


Example Let p(x) = +k +x-6. Suppose that (x + 2) is a factor of p(x). 
(1) Find the value of k. 
(2) With the value of k found in (1), factorize p(x). 


Solution 


(1) Since (x — (—2)) is a factor of p(x), it follows from the Factor Theorem that p(—2) = 0, that is 


(-2)) + k(-2)" + (—2)- 6 =0, 


Solving, we get k = 4. 
(2) Using long division, we get 
3 2 _ 2 
x + 4x° 4+ x-6= (x + 2)(x° + 2x - 3). 


By inspection, we have p(x) = (x + 2)(x + 3)(x- 1). oO 


FAQ Can we find the quotient (x* + 2x — 3) by inspection (without using long division)? 


Answer The “inspection method” that some students use is called the compare coefficient method. Since the 


quotient is quadratic, it is in the form (ax? + bx +c). Thus we have 
x 44x? + x-6 = (x + 2)(ax? + bx +0) (0.5.1) 


Comparing the coefficient of x*, we see that a = 1. Similarly, comparing the constant term, we get c = —3. 
Hence we have 
x + 4x7 + x- 6 = (x + 2)(x? + bx — 3). 


To find b, we may compare the x” term (or the x term) to get 
4=2+), 


which yields b = 2. 
Remark The compare open eep petted in fact consists of the following steps: 
(1) Expand the right side of (0.5.1) to get 


ax’ + (2a + b)x? + (2b +c)x + 2c 


(2) Compare the coefficients of the given polynomial with that obtained in Step (1) to get 


1 = @4 
4 = 2a+b 
1 = 2b+e 
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(3) Solve the above system to find a, b and c. 


Oo 
Example Factorize p(x) = 2x7 — 3x —-1. 
Solution Solving p(x) = 0 by the quadratic formula, we get 
(—3) + ¥(-3)? — 4(2)(-1) _ 34 V17 
7 2(2) or 
By the Factor Theorem, both (x - =) and (x - =) are factors of p(x). Therefore, we have 
34-17 3-17 
P(x) =2|x x 
4 4 
where the factor 2 is obtained by comparing the leading term (that is, the x” term). Oo 


FAQ Can we say that p(x) can’t be factorized? 

Answer Although p(x) does not have factors in the form (x — c) where c is an integer, it has linear factors as 
given above. If the question asks for factors with integer coefficients, then p(x) cannot be factorized as product 
of linear factors. oO 


FAQ Can we use the above method to factorize, for example, p(x) = 6x7 + x-2? 


Answer If you don’t know how to factorize p(x) by inspection, you can solve p(x) = O using the quadratic 


formula (or calculators) to get x = or x = -5. Therefore (by the Factor Theorem and comparing the leading 
term), we have 
a _ 2 
p(x) = 6(x i)(x+ | 
= (2x-1)3x+2). q 


Exercise 0.5 


1. For each of the following expressions, use the factor theorem to find a linear factor (x — c) and hence 


factorize it completely (using integer coefficients). 


(a) x» -13x+12 (b) 2x? — 7x7 + 2x43 
(ec) 2-37 -4x4+3 @) x -5x*4 llx-7 
2. Solve the following equation for x. 
(af) 2° -927* -8%4+15=50 (b) 2 =-2x4+1=0 


(ec) 2? = 52° 4+2x=- 1550 


0.6 Solving Linear Inequalities 


Notation and Terminology Let a and b be real numbers. 


(1) We say that b is greater than a, or equivalently, that a is less than b to mean that b — a is a positive 


number. 
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(2) We write b > a to denote that b is greater than a and we write a < b to denote that a is less than D. 


(3) We write b > a to denote that b is greater than or equal to a and we write a < b to denote that a is less 


than or equal to b. 


A linear inequality in one unknown x is an inequality that can be written in one of the following forms: 
(1) ax+b<0 
(2) ax+b<0 
(3) ax+b>0 
(4) ax+b>0 


where a and b are constants with a # 0. More generally, an inequality in one unknown x is an inequality that 


can be written in one of the following forms: 
(1) F(x) <0 
(2) F(x) <0 
(3) F(x) >0 
(4) F(x)20 


where F is a function from a subset of R into R. 


Definition A solution to an inequality F(x) < 0 is a real number xo such that F(x) < 0. The definition also 


applies to other types of inequalities. 


Example Consider the inequality 2x + 3 > 0. By direct substitution, we see that | is a solution and —2 is not a 


solution. 
To solve an inequality means to find all solutions to the inequality. 


Rules for Inequalities Let a, b and c be real numbers. Then the following holds. 
(1) Ifa<b,thena+c<bte. 
(2) Ifa<bandc > 0, then ac < be. 
(3) Ifa<bandc <0, thenac > bc. Note: The inequality is reversed. 
(4) Ifa<bandb<c,thena<c. 
(5) Ifa< banda and b have the same sign, then > 2 


b 
(6) If0 <a< band nisa positive integer, then a” < b" and (Ja < Vb. 


Terminology Two numbers have the same sign means that both of them are positive or both of them are negative. 
Remark One common mistake in solving inequalities is to apply a rule with the wrong sign (positive or 


negative). For example, if c is negative, it would be wrong to apply Rule (2). 


Example Solve the following inequalities. 


(1) 2x+1>7(x+3) 
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(2) 3(x-2)+5>3x47 


Solution 


(1) Using rules for inequalities, we get 


2x+1 > T(x+3) 

2x+1 > 7x+21 

1-21 > 7x-2x 
-20 > 5x 
-4 > x. 


The solutions are all the real numbers x such that x < —4, that is, all real numbers less than —4. 


(2) Expanding the left side, we get 
3(x- 2) +5 =3x-1 


which is always less than the right side. Thus the inequality has no solution. 


Oo 
Exercise 0.6 
1. Solve the following inequalities for x. 
1- —7 
@ 2 (b) 26-» < VB0-») 
3x 2x 
(c) [23 73<9 (d) ia 
0.7 Lines 
A linear equation in two unknowns x and y is an equation that can be written in the form 
ax+by+c=0 (0.7.1) 


where a, b and c are constants with a, b not both 0. More generally, an equation in two unknowns x and y is an 
equation that can be written in the form 
F(x, y) = 0, (0.7.2) 


where F is a function (from a collection of ordered pairs into R). 


Definition An ordered pair (of real numbers) is a pair of real numbers xo, yo enclosed inside parenthesis: 


(x0, yo). 


Remark Two ordered pairs (xo, yo) and (x1, y1) are equal if and only if x9 = x; and yo = y;. For example, the 
ordered pairs (1, 2) and (2, 1) are not equal. 


Definition A solution to Equation (0.7.2) is an ordered pair (xg, yo) such that F'(xo, yo) = 0. 


Example Consider the equation 
2x + 3y-4=0. 


By direct substitution, we see that (2, 0) is a solution whereas (1, 2) is not a solution. 
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Rectangular Coordinate System Given a plane, there is a one-to-one correspondence between points in the 
plane and ordered pairs of real numbers (see the construction below). The plane described in this way is called 


the Cartesian plane or the rectangular coordinate plane. 


First we construct a horizontal line and a vertical line on the plane. 
Their point of intersection is called the origin. The horizontal line 
is called the x-axis and the vertical line y-axis. For each point P 
in the plane we can label it by two real numbers. To this ends, we 
draw perpendiculars from P to the x-axis and y-axis. The first per- 3 
pendicular meets the x-axis at a point which can be represented 
by a real number a. Similarly, the second perpendicular meets g¢ bee eee eee 
the y-axis at a point which can be represented by a real number 
b. Moreover, the ordered pair of numbers a and b determines P 4 
uniquely, that is, if Pj and P2 are distinct points in the plane, then 


the ordered pairs corresponding to P; and P2 are different. There- 


i | 


fore, we may identify the point P with the ordered pair (a,b) and + 4 7 


we write P = (a, b) or P(a, b). The numbers a and b are called the 


x-coordinate and y-coordinate of P respectively. Figure 0.1 


The x- and y-axes divide the (rectangular) coordinate plane into 4 regions (called quadrants): 


Quadrant I 
Quadrant III 


{(a,b): a> Oand b > O}, Quadrant II 
{(a,b): a < O and b < O}, Quadrant IV 


{(a,b): a < Oand b > 0}, 
{(a, b) : a > O and b < 0}. 


Lines in the Coordinate Plane Consider the following equation 
Ax+ By+C=0 (0.7.3) 


where A, B and C are constants with A, B not both zero. It is not difficult to see that the equation has infinitely 
many solutions. Each solution (xo, yo) represents a point in the (rectangular) coordinate plane. The collection 
of all solutions (points) form a line, called the graph of Equation (0.7.3). Moreover, every line in the plane can 
be represented in this way. For example, if € is the line passing through the origin and making an angle of 45 
with the positive x-axis, then it is the graph of the equation y = x. Although this equation is not in the 
form (0.7.3), it can be written as 

()x+(-Dy +0 = 0, 


that is, x — y = 0. 


aes 


Terminology If a line is represented by an equation in the form (0.7.3), we say that the equation is a general 


linear form for €. 


Remark In Equation (0.7.3), 


(1) if A =0, then the equation reduces to y = -5 and its graph is a horizontal line; 


(2) if B =0, then the equation reduces to x = -° and its graph is a vertical line. 
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Example Consider the line f given by 


2x+3y-4=0 (0.7.4) 
For each of the following points, determine whether it lies on @ or not. 
(1) A=4,-1) 
(2) B=(5,-2) — 
Solution 


(1) Putting (x, y) = (4,—-1) into (0.7.4), we get 


LS. = 2(4)+3(-)-4 = 1 
# 0. 
Therefore A does not lie — 
(2) Putting (x, y) = (5, —2) into (0.7.4), we get 
LS. = 2(5)+3(-2)-4 = 0 
= RS. 
Therefore B lies on @. 
Oo 
Example Consider the line f given by 
x+2y-4=0 (0.7.5) 
Find the points of intersection of € with the x-axis and the y-axis. 
Solution = 
e Putting y = 0 into (0.7.5), we get 
x-4=0 
from which we obtain x = 4. 
The point of intersection of € with the x-axis is (4, 0). 
e Putting x = 0 into (0.7.5), we get 
2y-4=0 
from which we obtain y = 2. 
The point of intersection of € with the y-axis is (0, 2). 
Oo 


Remark The point (4, 0) and (0, 2) are called the x-intercept and y-intercept of f respectively. 


FAQ Can we say that the x-intercept is 4 etc? 


Answer Some authors define x-intercept to be the x-coordinate of point of intersection etc. Using this conven- 
tion, the x-intercept is 4 and the y-intercept is 2. Oo 
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Definition For a non-vertical line @, its slope (denoted by me or simply m) is defined to be 


_ y27 Yi 
X2—X1 


me 
where Pj (x;,y;) and P2(x2, y2) are any two distinct points lying on ?. 
Remark The number mz is well-defined, that is, its value is independent of the choice of P; and P. 


FAQ What is the slope of a vertical line? 


Answer The slope of a vertical line is undefined because if P; = (x;, y,) and Pz = (x, yz) lie on a vertical line, 


then x; = x2 and so 
y27-yi _ y2—Y1 
X2—-X]1 0 


which is undefined. 


Some students say that the slope is infinity, denoted by co. However, oo is not a number; it is just a notation. 
Moreover, infinity is ambiguous—does it mean positive infinity (going up, very steep) or negative infinity 


(going down, very steep)? Oo 


Example Find the slope of the line (given by) 2x — 5y+ 9 = 0. 


Solution Take any two points on the line, for example, take P; = (—2,1) and Pz = (3,3). The slope m of the 


line is 
3-1 2 


a = a 


FAQ Can we take other points on the line? 


Answer You can take any two points. For example, taking A = (0, =) and B = (- >. 0), we get 


2 
5° 


NINO] Mo 


Equations for Lines Let ¢ be a non-vertical line in the coordinate plane. 


e Suppose P = (x1, y1) is a point lying on f and m is the slope of €. Then an equation for @ can be written 
in the form 
y-yr = m(x- x1) (0.7.6) 


called a point-slope form for €. 
Remark Since there are infinitely many points on a line, € has infinitely many point-slope forms. However, 


we also say that (0.7.6) is the point-slope form of ¢. 


FAQ Can we write the equation in the following form? 


y 7 
X—X1 


_" (0.7.7) 


Answer Equation (0.7.7) represents a line minus one point. If you put (x, y) = (x1, y1) into ne 7 / the 


left-side is ; which is undefined. This means that the point (x;, y;) does not lie on L. However, once you 


.7.7), you can obtain the point-slope for -7.6) easily. Oo 
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e Suppose the y-intercept of ¢ is (0, b) and the slope of € is m. Then a point-slope form for ¢ is 
y-b=m(x-0) 


which can be written as 


y=mx+b 


called the slope-intercept form for ¢. 


Example Find the slope of the line having general linear form 2x + 3y — 4 = 0. 


Solution Rewrite the given equation in slope-intercept form: 


2x+3y-4 = 0 
3y = -2x+4 
2 A 4 
= --x _ 
a7 88 
The slope of the line is -*. Oo 


Example Let f be the line that passes through the points A(1,3) and B(2,—4). Find an equation in general 


linear form for €. 
Solution Using the points A and B, we get the slope m of ¢ 


ade | 
1-2 


Using the slope m and the point A (or B), we get the point slope form 


—3=-7(x- 1). (0.7.8) 
= 
Expanding and rearranging terms, (0.7.8) can be written in the following general linear form 


Tx+y—-10=0. = 


Parallel and Perpendicular Lines Let ¢; and £2 be (non-vertical) lines with slopes m, and mp respec- 
tively. Then 


(1) @; and @, are parallel if and only if m; = mo; 


(2) &, and €, are perpendicular to each other if and only if m, - mz = —-1. 


Note 
e If ¢, and f, are vertical, then they are parallel. 


e If €; is vertical and £2 is horizontal (or the other way round), then they are perpendicular to each other. 
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Example Find equations in general linear form for the two lines passing through the point (3, —2) such that 


one is parallel to the line y = 3x + 1 and the other is perpendicular to it. 


Solution Let €; (respectively £2) be the line that passes through the point (3, —2) and parallel (respectively 
perpendicular) to the given line. It is clear that the slope of the given line is 3. Thus the slope of ¢; is 3 and the 


slope of 2 is -5. From these, we get the point-slope forms for €; and fo: 


y—(-2)=3(@-3) and = y-(-2)= ~3(2-3) 
respectively. Expanding and rearranging terms, we get the following linear forms 
3x-y-11=0 and x+3y+3=0 
for €; and £2 respectively. Oo 


Exercise 0.7 


1. For each of the following, find an equation of the line satisfying the given conditions. Give your answer 
in general linear form. 
(a) Passing through the origin and (—2, 3). 
(b) With slope 2 and passing through (5, —1). 
(c) With slope —3 and y-intercept (0, 7). 
(d) Passing through (—3, 2) and parallel to 2x —- y-—3 = 0. 
(e) Passing through (1, 4) and perpendicular to x + 3y = 0. 
(f) Passing through (1, —1) and perpendicular to the y-axis. 


0.8 Pythagoras Theorem, Distance Formula and Circles 


Pythagoras Theorem Let a, b and c be the (lengths of the) sides of a right-angled triangle where c is the 


hypotenuse. Then we have 


a+b? =c’. 
Cc 
b 
a 
Figure 0.2 
Distance Formula Let P = (x;, y,;) and Q = (x2, y2). Then the distance PQ between P and Q is 
PO= V = 2 + as 2 
Q = V\(x%2 — x1)" + 02 - V1) Obes) 


P(x1,Y1) 


Figure 0.3 
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Equation of Circles Let © be the circle with center at C(h, k) and radius r. Then an equation for C is 
(x-hY +Qy-k’ =P. (0.8.1) 


Proof Let P(x, y) be any point on the circle. Since the distance from P P(x, y) 


to the center C is r, using the distance formula, we get 


ae -h)?+(y-k? =r. 


Squaring both sides yields (0.8.1). Oo 


Figure 0.4 
Example Find the center and radius of the circle given by 
a 


¥—4Ax+y +6y—12=0. 


Solution Using the completing square method, the given equation can be written in the form (0.8.1). 


x* -4x+y* + 6y 12 

(x? —4x+4)+6%+6y+9) = 124+4+9 
(x-2)7 +(y+3" = 25 
G@-2P+G-C3))? = 3 


The center is (2, —3) and the radius is 5. oO 


FAQ How do we get the number “9” etc (the numbers added to both sides)? 


Answer We want to find a number (denoted by a) such that (y? + 6y + a) is a complete square. That is, 


a a=(y+by (0.8.2) 


for some number b. Expanding the right-side of (0.8.2) (do this in your head) and comparing the coefficients 
of y on both sides, we get 2b = 6, that is, b = 3. Hence comparing the constant terms on both sides, we get 
a= =9, 


Summary a= square of half of the coefficient of y. Oo 


Exercise 0.8 
1. For each of the following pairs of points, find the distance between them. 


(a) (—3,4) and the origin (b) (4,0) and (0, —7) 
(c) (7,5) and (12, 17) (d) (—2,9) and (G,-1) 
2. For each of the following circles, find its radius and center. 
(a) xr +y-4y+1=0 (bt) x+y? +4x-2y-4=0 


(c) 2x7 + 2y* +4x-2y+1=0 
3. For each of the following, find the distance from the given point to the given line. 
(a) (—2,3) and the y-axis 
(b) the originandx+y=1 
(c) (1,2) and2x+y-6=0 
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0.9 Parabola 
The graph of 
y=ax+bxt+ce 


where a # 0, is a parabola. The parabola intersects the x-axis at two distinct points if b* — 4ac > 0. It touches 
the x-axis (one intersection point only) if b* — 4ac = 0 and does not intersect the x-axis if b? — 4ac < 0. 


e Ifa>0, the parabola opens upward and there is a lowest point (called the vertex of the parabola). 


e Ifa<0, the parabola opens downward and there is a highest point (vertex). 


a>0O 


Figure 0.5(a) Figure 0.5(b) 
The vertical line that passes through the vertex is called the axis of symmetry because the parabola is symmetric 
about this line. 


To find the vertex, we can use the completing square method to write the equation in the form 
ysa(x—hy +k (0.9.1) 


The vertex is (h, k) because (x — h)* is always non-negative and so 
e ifa> 0, then y => k and thus (A, k) is the lowest point; 


e ifa<0, then y < k and thus (A, k) is the highest point. 


Example Consider the parabola given by 
y= + 6x45. 


Find its vertex and axis of symmetry. co 
Solution Using the completing square method, the given equation can be written in the form (0.9.1). 
= x +6x4+5 

(x7 +6x+9)-94+5 


= (x+3)?-4 
= (x-(-3))-4. 


Se Se SSS 
| 


The vertex is (—3, —4) and the axis of symmetry is the line given by x = —3 (the vertical line that passes through 


the vertex). oO 


FAQ In the above example, the coefficient of x is 1, what should we do if it is not 1? 


= 
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Answer To illustrate the procedure, let’s consider y = 2x* + 3x — 4. To rewrite the equation in the form (0.9.1), 


: are b 
consider the first two terms and rewrite it in the form a(x? + =x). 
a 


= 2[r 4 3x4) (3) 4 

yo 2[r4 5x4 (GZ) =| 4 

ge r+ i) -2-4 

y = Artz) -4 : 


Exercise 0.9 
1. For each of the following parabolas, find its x-intercept(s), y-intercept and vertex. 
(a) y=x?+4x-12 (bt) y=—x?+6x-7 
(c) y=2x*+2x+7 


0.10 Systems of Equations 


A system of two equations in two unknowns x and y can be written as 


0 
0. 


F\(x,y) 
F(x, y) 


Usually, each equation represents a curve in the coordinate plane. Solving the system means to find all ordered 
pairs (xo, yo) such that F\(xo, yo) = O and F2(x0, yo) = 0, that is, to find all points P(xo, yo) that lies on the 


intersection of the two curves. 


To solve a system of two linear equations (with two unknowns x and y) 


axt+by+c = 0 
dx+ey+f 


II 
a 


we can use elimination or substitution. 


Example Solve the following system of equations 


2x+3y = 7 (0.10.1) 
3x+5y = Il (0.10.2) 
Solution 
(Elimination) Multiply (0.10.1) and (0.10.2) by 3 and 2 respectively, we get 
6x+9y = 21 (0.10.3) 


6x+10y = 22 (0.10.4) 


| | 
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Subtracting (0.10.3) from (0.10.4), we get y = 1. 
Substituting y = 1 back into (0.10.1) or (0.10.2) and solving, we get x = 2. 


sy lena es to the system is (2, 1). — 


Remark The point (2, 1) is the intersection point of the lines given by 2x + 3y = 7 and 3x + 5y = 11. 


(Substitution) From (0.10.1), we get x = r%, Substituting into (0.10.2), we get 
3 =) +5y = 11 
2 
3(7 —3y)+ 10y = 22 
ye ft 


and we can proceed as in the elimination method. 


To solve a system in two unknowns, with one linear equation and one quadratic equation 


axt+by+c = 0 


dx’ +exy+ fy’ +exthyt+k = 0 


we can use substitution. From the linear equation, we can express x in terms of y (or vice versa). Substituting 
into the quadratic equation, we get a quadratic equation in y which can be solved by factorization or by formula. 


Substituting the value(s) of y back into the linear equation, we get the corresponding value(s) of x. 


Example Solve the following system of equations 
x—-2y 4 (0.10.5) 
— i 


Solution From (0.10.5), we get x = 4 + 2y. Substituting into (0.10.6), we get 


(44+2yrP+y = 5 
5y°+l6y+11 = 0. 


Solving we get y = el era 


Substituting y = —1 into (0.10.5), we get x = 2; substituting y = -2 into (0.10.5), we get x = -3. 
The solutions to the system are (2, —1) and (- > -3). oO 
Remark 


e If we substitute y = —1 into (0.10.6), we get two values of x, one of which should be rejected. 


e The solutions are the intersection points of the line x — 2y = 4 and the circle x* + y* = 5. 


Example Find the point(s) of intersection, if any, of the line and the parabola given by x + y— 1 = 0 and 


y = x* +2 respectively. 
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Solution From the equation of the line, we get y = 1 — x. Putting into the equation of the parabola, we get 


l-x = x42 


0 = +x]. 


Since A = 17 — 4(1)(1) < 0, the above quadratic equation has no solution. Hence the system 


x+y-1 = 0 
y = x42 
has no solution, that is, the line and the parabola do not intersect. oO 


Exercise 0.10 


1. Consider a rectangle with perimeter 28 cm and diagonal 10 cm. Find the length and width of the rectangle. 


Chapter 1 


Sets, Real Numbers and Inequalities 


1.1 Sets 


1.1.1 Introduction 


Idea of definition A set is a collection of objects. 


This is not a definition because we have not defined what a collection is. If we give a definition for collec- 
tion, it must involve something that have not been defined. It is impossible to define everything. In mathematics, 
set is a fundamental concept that cannot be defined. The idea of definition given above describes what a set is 


using daily language. This helps us “understand” the meaning of a set. 
Terminology An object in a set is called an element or a member of the set. 


To describe sets, we can use listing or description. 


[Listing] To denote a set with finitely many elements, we can list all the elements of the set and enclose them by 
braces. For example, 
{1, 2, 3} 


is the set which has exactly three elements, namely 1, 2 and 3. 


If we want to denote the set whose elements are the first one hundred positive integers, it is impractical 


to write down all the elements. Instead, we write 
{1,2,3,...,99, 100}, orsimply {1,2,..., 100}. 


The three dots “...”’(read “and so on’) means that the pattern is repeated, up to the number(s) listed at 
the end. 


Suppose in a problem, we consider a set, say {1,2,..., 100}. We may have to refer to the set later many 
times. Instead of writing {1,2,..., 100} repeatedly, we can give it a name by using a symbol to represent the 
set. Usually, we use small letters (eg. a, b,...) to denote objects and capital letters (eg. A, B,...) to denote sets. 


For example, we may write 


e “LetA = {1,2,..., 100}.” 
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which means that the set {1,2,..., 100} is given the “name” A. If we want to refer to the set later, we can just 


write A. For example, 
e “Let A = {1,2,..., 100}. Then 100 is an element of A, but 101 is not an element of A.” 


If we consider another set, say {1,2,3,4,5} and want to give it a name, we must not use the symbol A again, 


because in the problem, A always means the set {1,2,..., 100}. For example, 


e “Let A = {1,2,...,100}. Let B = {1,2,3,4,5}. Then every element of B is also an element of A. But 


there are elements of A that are not elements of B.” 


669 


Remark The equality sign can be used in several ways as the following examples illustrate. 
(dd) 14+2=3. 
(2) x 4+1=5. oO 
(3) Let A = {1, 2,3}. 
The equality sign in (1) means equality of two quantities: the quantity on the left and the quantity on the 
right are equal. O 


The equality sign in (2) is an equality in an equation. It is true when x = 2 (for example) and it is not true 
when x = | (for example). Instead of using the equality sign, some authors use “==”. The equation in (2) may 
be written as 


@) x 41==5. a U 


The equality sign in (3) has a different meaning. The sentence in (3) means that the set {1, 2, 3} is denoted 
by A. ia symbol “=” assigns a name to an object (a set is also an object). The name is written on the left 


side and the object on the right side. Instead of using the equality sign, some authors use the symbol “:=”. The 


sentence in (3) may be written as 

(3’) Let A := {1, 2, 3}. 
In this course, we will not use the notations “:=” and “==”. Readers can determine the meaning of “=” from 
the context. 
Notation Given an object x and a set A, either x is an element of A or x is not an element of A. 

(1) If xis an element of A, we write x € A (read “x belongs to A’). 

(2) If xis not an element of A, we write x ¢ A (read “x does not belong to A’’). 

There is a set that has no element. It is called the empty set, denoted by 0. This is a Scandinavian letter, a 

zero 0 together with a slash /. 
Definition The set that has no element is called the empty set and is denoted by 9. 


Remark Because the empty set has no element, if we list all the elements of it and enclose “them” by braces, 


we get { }. This is an alternative notation for the empty set. 


[Description] Another way to denote a set is to describe a common property of the elements of the set, using the 
following notation: 
{x: P(x)} or {x| Px) 
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read “the set of all x such that P(x) (is true)’. For example, the set whose elements are the first one 


hundred positive integers can be expressed as 


(*) {x : xis a positive integer less than 101} 


In considering “property”, it is understood that the property applies to a certain collection of objects only. 
For example, when we say “an old person” (a person is said to be old if his or her age is 65 or above), 
the property of being “old” is applied to people. It is meaningless to say “this is an old atom” (unless we 


have a definition which tells whether an atom is old or not). 


The property of being a positive integer less than 101 is applied to numbers. In this course, we consider 
real numbers only. The set of all real numbers is denoted by R. In considering the set given in (7), it is 


understood that x is a real number. To make this explicit, we write 
(4) {x€R: xis a positive integer less than 101} 


read “the set of all x belonging to R such that x is a positive integer less than 101”. 


Notation 
(1) The set of all real numbers is denoted by R. 
(2) The set of all rational numbers is denoted by Q. 
(3) The set of all integers is denoted by Z. 
(4) The set of all positive integers is denoted by Z,. 


(5) The set of all natural numbers is denoted by N. 


Definition 
(1) A rational number is a number that can be written in the form - where p and q are integers and q # 0. 


(2) Positive integers together with 0 are called natural numbers. 
Remark Some authors do not include 0 as natural number. In that case, N means the set of all positive integers. 


Example 
(1) To say that 2 is a natural number, we may write 2 € N. 


(2) To say that 2 is a rational number, we may write 2 € Q. 


: : 3 ‘ 2, 6 
Note: The number 2 is a rational number because it can be written as i or 3 etc. 


(3) To say that x is not a rational number, we may write z ¢ Q. 


22 : 22. ee 
Note: 2 # 7} the rational number 7 1s only an approximation to z. 


Definition Let A and B be sets. If every element of A is also an element of B and vice versa, then we say that 
A and B are equal, denoted by A = B. 
Remark 


e In mathematics, definitions are important. Students who want to take more courses in mathematics must 


pay attention to definitions. Understand the meaning, give examples, give nonexamples. 
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In the definition, the first sentence “Let A and B be sets” describes the setting. The definition for equality 
applies to sets only and does not apply to other objects. Of course, we can consider equality of other 


objects, but it is another definition. 


In the first sentence “Let A and B be sets’, the use of plural “sets” does not mean that A and B are two 
different sets. It also includes the case where A and B are the same set. The following are alternative 


ways to say this: 
© Let A and B be set(s). 
© Let A bea set and let B be a set. 


However, these alternative ways are rather cumbersome and will not be used in most situations. 


Some students may not be familiar with the use of the word “/er’’. It is used very often in mathematics. 


Consider the following sentences: 
® LetA = {1,2,3,4, 5}. 
© LetA bea set. 


The word “Jet” appears in both sentences. However, the meanings of “Jer” in the two sentences are quite 
different. In the first sentence, “/et’” means denote whereas in the second sentence, it means suppose. The 


definition for equality of sets can also be stated in the following ways: 


© Suppose A and B are sets. If every element of A is also an element of B and vice versa, then we say 


that A and B are equal. 


 IfA and B are sets and if every element of A is also an element of B and vice versa, then we say that 


A and B are equal. 


The definition can also be stated in a way that the assumption that A and B are sets is combined with the 


condition for equality of A and B. 


 Ifevery element of a set A is also an element of a set B and vice versa, then we say that A and B are 


equal. 


The definition tells that if A and B are sets having the same elements, then A = B. Conversely, it also tells 
that if A and B are sets and A = B, then A and B have the same elements because this is the condition to 


check whether A and B are equal. Some mathematicians give the definition using iff: 


® Let A and B be sets. We say that A and B are equal if and only if every element of A is also an 


element of B and vice versa. 


Sometimes, we also give definition of a concept together with its “opposite”. The following is a definition 


of equality of sets together with its opposite. In this course, we will use the following format 
(a) describe the setting; 

(b) give condition(s) for the concept; 

(c) give condition(s) for the opposite concept, 


whenever it is appropriate. 


Definition Let A and B be sets. If every element of A is also an element of B and vice versa, then we say that 
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A and B are equal, denoted by A = B. Otherwise, we say that A and B are unequal, denoted by A # B. 


Example Let A = {1,3,5,7,9} and let B = {x € Z: xis a positive odd number less than 10}. Then we have 
A = B, that is, A and B are equal. This is because every element of A is also an element of B and vice versa. 


Recall: Z is the set of all integers. Thus B is the set of all integers that are positive, odd and less than 10. 


Remark To prove that the sets A and B in the above example are equal, we check whether the condition given 


in the definition is satisfied. This is called proof by definition. 


Example Let A = {1,3,5,7,9} and let B = {x € Z, : x is a prime number less than 10}. Then we have A # B. 


Recall: Z,, is the set of all positive integers. 


Proof The number 9 is an element of A, but it is not an element of B. Therefore, it is not true that every element 


of A is also an element of B. Hence we have A # B. oO 


FAQ In the above two examples, the assertions are quite obvious. Do we need to prove them? 


Answer Sometimes, mathematicians also write “obvious” in proofs of theorems. To some people, a result may 
be obvious; but, it may not be obvious to other people. If you say obvious, make sure that it is really obvious— 


if your classmates ask you why, you should be able to explain to them. 


It is impractical to explain everything. In proving theorems or giving solutions to examples, reasons that 


are “obvious” will not be given. When you answer questions, you should use your own judgment. Oo 


Remark Because it is impractical (in fact, impossible) to explain everything, discussion below will not be 
so detail as that above. If you don’t understand a concept, read the definition again. Try different ways to 
understand it. Relate it with what you have learnt. Guess what the meaning is. See whether your guess is 


correct if you apply it to examples ... 
Example Let A = {1, 2,3} and let B = {1,3, 2}. Then we have A = B. 


Proof Obvious (use definition). oO 


The above example shows that in listing elements of a set, order is not important. It should also be noted 
that in listing elements, there is no need to repeat the elements. For example, {1,2,3,2, 1} and {1, 2,3} are the 


same set. 


Definition Let A and B be sets. If every element of A is also an element of B, then we say that A is a subset of 
B, denoted by A © B. Otherwise, we say that A is not a subset of B, denoted by A ¢ B. 


Note 
(1) ACA. 
(2) A=BifandonlyifA Cc Band BCA. 


(3) A ¢ B means that there is at least one element of A that is not an element of B. 
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Remark Instead of A C B, some authors use A C B to denote A is a subset of B. 
Example Let A = {1,2,3,4,5}, B = {1,3,5} and C = {2, 4, 6}. 
Then we have BC A andC € A. 


The relation between A, B and C can be described by the dia- 


gram shown in Figure 1.1. 


Figure 1.1 
FAQ For the given sets A, B and C, we also have the following: . 


() AGB 
(2) AEC 
(3) CEB 
(4) BEC 
Why are they omitted? 


Answer Good and correct observation. Given three sets, there are six ways to pair them up. The example just 


illustrates the meaning of € and ¢. Oo 


1.1.2 Set Operations 


Definition Let A and B be sets. 


(1) The intersection of A and B, denoted by AN B, is the set whose elements are those belonging to both A 
and B, that is, 
ANB={x:xeAandxe Bh. 


(2) The union of A and B, denoted by A U B, is the set whose elements are those belonging to either A or B 
or both A and B, that is 
AUB={x:xeAorxe Bh. 


Remark In mathematics, “P or Q” means “either P or Q or both P and Q”. 


Example Let A = {2,3,5}, B = {2,5,6, 8} and C = {1, 2, 3}. Find the following sets. 
(1) ANB 
(2) AUB 
(3) (ANBAC 
(4) AN(BNC) 
Solution 
() ANB = {2,5} 
(2) AUB = {2,3,5,6, 8} 
(3) (ANB)NC = {2,5}/N {1, 2,3} 
= {2} 
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(4) AN(BNC) = {2,3,5}/N {2} 
= {2} Oo 


Note Given any sets A, B and C, we always have 
(AN B)NC=AN(BNC) and (AUB)UC=AU(BUC). 


Thus we may write AN BNC and AU BUC without ambiguity. We say that set intersection and set union are 


associative. 


Definition Let A and B be sets. The relative complement of B in A, denoted by A \ B or A — B (read “A setminus 


(or minus) B’’), is the set whose elements are those belonging to A but not belonging to B, that is, 
A\B={xEA:x¢ Bh. 
Example Let A = {a,b,c} and B = {c,d, e}. Then we have A \ B = {a, b}. 


For each problem, we will consider a set that is “large” enough, containing all objects under consideration. 
Such a set is called a universal set and is usually denoted by U. In this case, all sets under consideration are 


subsets of U and they can be written in the form {x € U : P(x)}. 


Example In considering addition and subtraction of whole numbers (0, 1, 2,3,4,...), we may use Z (the set of 


all integers) as a universal set. 
(1) The set of all positive even numbers can be written as {x € Z: x > 0 and x is divisible by 2}. 


(2) The set of all prime numbers can be written as {x € Z : x > 0 and x has exactly two divisors}. 


Definition Let U be a universal set and let B be a subset of U. Then the set U \ B is called the complement of 
B (in U) and is denoted by B’ (or B°). 


Example Let U = Z,, the set of all positive integers. Let B be the set of all positive even numbers. Then B’ is 


the set of all positive odd numbers. 


Example Let U = {1,2,3,..., 12} and let 


A = {x¢€U:xisa prime number} 
B = {xeU: xis aneven number} 
C = {xeéeU: xis divisible by 3}. 
Find the following sets. 

(1) AUB 

(2) ANC 

(3) BNC 

(4) (AUB)NC 

(5) (ANC)U(BNC) 
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(AU BY’ 


(7) A’ B’ 


Solution Note that 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


A = {2,3,5,7,11} 
B = {2,4,6,8, 10, 12} 
C = {3,6,9, 12}. 


AUB = (2,3,4,5,6,7,8,10, 11, 12} 


ANC = {3} 
BNC = {6,12} 
(AUB)NC = {2,3,4,5,6,7,8, 10, 11, 12} 0 {3,6,9, 12} 
= {3,6,12} 
(ANC)U(BNC) = {3}U{6, 12} 
= {3,6,12} 

(AUBY = {2,3,4,5,6,7,8, 10, 11, 12) 

= {1,9} 
A’ B’ = {1,4,6,8,9, 10, 12} {1,3,5,7,9, 11} 

= {1,9} oO 


Remark In the above example, we have 


(AU BY =A’NB and (AUB)NC =(ANC)U(BNC). 


In fact, these equalities are true in general. 


Venn Diagrams 


A Venn diagram is a very useful and simple device to rep- 


resent sets graphically. 


In a Venn diagram, the universal set U is usually repre- 
sented by a rectangle. Inside this rectangle, subsets of the C 
universal set are represented by circles, rectangles, or some 


other geometrical figures. 


B 


Figure 1.2 


We can use Venn diagrams to obtain useful formulas for set operations. 


In Figure 1.3(a), the portion shaded by horizontal lines represents A U B and that by vertical lines repre- 
sents C; thus the portion shaded by both horizontal and vertical lines represents (A U B) NC. 


In Figure 1.3(b), the portion shaded by horizontal lines represents A M C and that by vertical lines repre- 
sents BM C; thus the portion shaded by vertical or horizontal lines represents (AN C) U (BNC). 
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Figure 1.3(a) 


From the two figures, we see that 


Figure 1.3(b) 


(AUB)NC =(ANC)U(BNC). 


Venn diagrams help us in a visual way to identify the above formulas. However, in order to prove these formulas 


in a rigorous manner, one should use formal mathematical logic. 


Proof Using definition of set operations, we have 


xE(AUB)NC = xE€AUBandxeC 


=— (xEeAorxe ByandxeC 

— (xEeAandxeC)or(xe Bandxe C) 
—S (xEANC)or(xE BNC) 

—S> xE(ANC)U(BNC) 


This means that every element of (A U B) 1 C is also an element of (AN C) U (BNC) and vice versa. Thus the 


two sets are equal. 


oO 


Remark For more than three subsets of U, observations obtained from Venn diagrams may not be correct. For 


four subsets, we need to draw 3-dimensional Venn diagrams. 


Exercise 1.1 


1. LetA = {xe U: x < 10}, B= {x € U: xisa prime number} and C = {x € U: xis an even number}, 


where U = {1,2,3,..., 19} is the universal set. Find the following sets. 
(a) ANB (b) ANC 
(c) BNC (d) AUB 
(ec) AUC ff) BUC 
(g) AUBUC (h) ANBNC 
GG) (AUB)NC gG) (ANB)UC 
(k) ANB qd) A’ NB 


*2. Let A, B and C be subsets of a universal set U. For each of the following statements, determine whether 


it is true or not. 
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(a) A-B=A'NB 

(b) (AUB)NC=AU(BNC) 

(c) (A°’UB)NB=B-A 
A statement above is true means that it is true for all possible choices of A, B, C and U. To show that 
the statement is false, it is enough to give a counterexample. To show that it is true, you can draw a Venn 


diagram to convince yourself; but to be more rigorous, you should use formal mathematical logic. 


1.2 Real Numbers 


1.2.1 The Number Systems 


(1) The numbers 0, 1,2,3,... are called natural numbers. The set of all natural numbers is denoted by N, 
that is, 
N = {0, 1,2,3,...}. 


Remark The three dots “...” means that the pattern is repeated indefinitely. 
FAQ In some books, N is defined to be {1, 2,3,...}. Which one should we follow? 


Answer Some authors do not include 0 in N. This is just a convention; once we know the definition, it 


will not cause any problem. Oo 
(2) The numbers 0, 1,—1,2,—2,... are called integers. The set of all integers is denoted by Z, that is, 
Z= {++ ,—3,-2,—-1,0,1,2,3,---}. 


(3) Numbers in the form 2 where p.q € Zand g # O are called rational numbers. The set of all rational 


numbers is denoted by Q, that is, 
JP. : 
Q= {2 : p,q are integers, and g # 0}. 
q 
: ; : ‘ : ‘ 2 
Note Z C Q, that is, every integer is a rational number. For example, the integer 2 can be written as i 
and is therefore a rational number. 


All rational numbers can be represented by decimal numbers that terminate, such as = 0.75, or by 


non-terminating but repeating decimals, such as < = 0.363636::-. 


Numbers that can be represented by non-terminating and non-repeating decimals are called irrational 


numbers. For example, z and V2 are irrational numbers. The following shows the first 50 decimals of z: 
™ = 3.141592653589793238462643383279502884 197 16939937511... 


Remark The proof for the fact that z is irrational is difficult. 


(4) Rational numbers together with irrational numbers are called real numbers. The set of all real numbers 
is denoted by R. 
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, 2. Numbers 


In R, we have the algebraic operations +, x (and —, + also) as well as binary relations <, <, > 


greater than (respectively smaller than) 0 are called positive (respectively negative). 


Real Number Line Real numbers can be represented by points on a line, called the real number line. 


: > 
-1 0 1 2 
Figure 1.4 
Notation The following nine types of subsets of R are called intervals: 

[a,b] = {xe R:ia<x<b} (1.2.1) 
(a,b) = {xE€R:a<x<b} (1.2.2) 
[a,b) = {xE€R:a<x<b} (1.2.3) 
(a,b] = {xE€R:a<x<b} (1.2.4) 
[a,o) = {xER:a<x} (1.2.5) 
(a,c) = {xER:a< x} (1.2.6) 
(-o0,b] = {xER:x<b} (1.2.7) 
(-o0,b) = {xER:x<b} (1.2.8) 
(—co,co) = R (1.2.9) 


where a and b are real numbers with a < b and oo and —o (read “infinity” and “minus infinity’) are just symbols 


but not real numbers. 


FAQ What are the meaning of co and —co? 


Answer Intuitively, you may imagine that there is a point, denoted by oo, very far away on the right (and —co 
on the left). So (a, co) is the set whose elements are the points between a and ov, that is, real numbers greater 


than a. oO 


Remark The notation (a, b), where a < b, has two different meanings. It denotes an ordered pair as well as an 
interval. To avoid ambiguity, some authors use Ja, b[ to denote the open interval {x € R : a < x < b}. In this 


course, we will not use this notation. Readers can determine the meaning from the context. 


Terminology 


e Intervals in the form (a,b), [a,b], (a,b] and [a,b) are called bounded intervals and those in the form 


(—oo0, b), (—co, b], (a, 00), [a, 00) and (—09, oo) are called unbounded intervals. 


e Intervals in the form (a,b), (—c0,b), (a,0o) and (—co, co) are called open intervals. For each of such 


intervals, the endpoint(s), if there is any, does not belong to the interval. 


e Intervals in the form [a, b], (—0o, b], [a, co) and (—ce, oo) are called closed intervals. For each of such 


intervals, the endpoint(s), if there is any, belongs to the interval. 


e Intervals in the form [a, b] are called closed and bounded intervals. 
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e A set {a} with exactly one element of R is called a degenerated interval (its length is 0). 
© Some authoratsolintindela d-arthtdrvat teabtedthe omprytntervay, 1 FC 


In this course, an interval means a nonempty, non-degenerated interval, that is, an infinite subset of R that can 
be written in the form (1.2.1), (1.2.2), (1.2.3), (1.2.4), (1.2.5), (1.2.6), (1.2.7), (1.2.8) or (1.2.9). 


Example For each of the following pairs of intervals A and B, 
(1) A=[l1,5] and B = (3, 10] 
(2) A=[-2,3] and B=(7, 11] 
(3) A=[-7,-2) and B = [—2, o) 
e determine whether it is (i) an open interval, (ii) a closed interval , (iii) a bounded interval; 
e find A B and determine whether it is an interval. 
e find A U B and determine whether it is an interval. 
Solution 
(1)  BothA and B are not open intervals. 
A is a closed interval but B is not a closed interval. 
Both A and B are bounded intervals. 
AN B = (3, 5]; it is an interval. 
AU B= [I, 10]; it is an interval. 
(2)  BothA and B are not open intervals. 
A is a closed interval but B is not a closed interval. 
Both A and B are bounded intervals. 
AN B = Q; it is not an interval. 
AU B= [-2,3] U(7, 11]; it is not an interval. 
(3) BothA and B are not open intervals. 
B is a closed interval but A is not a closed interval. 
A is a bounded interval but B is not a bounded interval. 
AN B = Q; it is not an interval. 


AU B = [-7, ov); it is an interval. oO 


1.2.2 Radicals 
Definition 
(1) Let aand b be real numbers and let g be a positive integer. If a? = b, we say that a is a qth root of b. 
Example 


(a) —2 is the cube root of —8. 


(b) 3 and —3 are the square roots of 9. 
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Note 
(a) If q is odd, then every real number has a unique gth root. 
(b) If q is even, then 
(i) every positive real number has two gth roots; 
(ii) negative real numbers do not have qth root; 


(iii) the gth root of 0 is 0. 


(2) Let b be a real number and let g be a positive integer. The principal qth root of b, denoted by ¥/b, is 


defined as follows: 
(a) if gis odd, Vb is the unique gth root of b; 
(b) if g is even, 
(i) Vb is the positive gth root of b if b > 0; 
(ii) Vb is undefined b if b < 0; 
(iii) Vb is Oifb =0. 
When g = 2, /x is simply written as yx. 
FAQ Can we write V4 = +2? 


Answer According to the definition, V4 is the principle square root of 4, which is the positive real number 
whose square is 4. That is, V4 =2. oO 


FAQ In solving x? = 4, we get x = +2. Is this different from the above question? 


Answer To find V4 is different from solving x? = 4. 
(a) V4isa uniquely defined real number. 


(b) To solve x? = 4 is to find real numbers whose square is 4. There are two such numbers, namely 2 


and —2. 
Don’t mix up the two questions. Oo 
Example 
(a) V8I=3 
(b) V-8 = -2 
(c) vV25 = 925 =5 
(d) vVO= VO=0 


(e) V-3 is undefined. 
Terminology The symbol /b is called a radical (q is called the index and b the radicand). 


FAQ Is Va? =a always true? 


Answer It is true if (and only if) a > 0. If a < 0, we have Va? = —a. Oo 
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(3) Let b be a positive real number. Let p and g be integers where g > 0. We define 
bi = Vb, 
which is the same as (Vo)”. 


Example 83 = V82 = V64 =4 
Remark Equivalently, we have git (vay a2? 24, 


FAQ Are the rules for exponents on page 1 valid if m and n are rational numbers? 


Answer The rules remain valid for rational exponents, provided that the base is positive (this is required in the 
ai P 
definition of b+). For example, we have b*b' = b‘*', where b > 0 and s,t € Q. 


Proof Write s = ” and t = 2 where m,n, p,q are integers with g,n > 0. Note that 
n qd 


+ 
sz, t= and s+fa= “at? 
nq nq nq 


By definition (equivalent form), we have 
b’ = (Vo) and =’ = (‘Vo)"” 


Denote a = ‘Vb. Then we have 


bS- bt a". qg"P 
= qmagtnp 
_ Qttstt) 
= (a1)**! 


— pstt 


FAQ Can we define b raising to an irrational power? For example.) can we define 27? How? 


Answer This is deep question. The idea will be discussed Chapter 8. Oo 


Exercise 1.2 


1. Find the following sets. 
(a) {xE€R: x? =2} 
(b) {xe€R:x>Oand x* = 2} 
(c) {x€Q:x* =2} 
2. Let A = [1,5], B = [3,9), C = {1,5} and D = [5, 00). Find 


(a) ANB (b) AUB 
(c) A-C (d) BNC 
(ec) C-B (f) B-C 
(g) B-(B-C) (h) AUD 


(i) CAD 
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1.3. Solving Inequalities 


An inequality in one unknown x can be written in one of the following forms: 
(1) F(x) >0 
(2) F@)20 
(3) F(x) <0 
(4) F(x) <0 


where F is a function from a subset of R into R. 


Definition Consider an inequality in the form F(x) > 0 (the other cases can be treated similarly). 
(1) Areal number x9 satisfying F(x9) > 0 is called a solution to the inequality. 
(2) The set of all solutions to the inequality is called the solution set to the inequality. 
To solve an inequality means to find all the solutions to the inequality, or equivalently, to find the solution set. 
In this section, we consider polynomial inequalities 


1 


AnX" + Anp-{X" +++ Fayx+ay<0 (or >0, or <0, or >0) (1.3.1) 


where n > 1a n #0. 


When n = 1, (1.3.1) is a linear inequality. A revision for solving linear inequalities is given in Chapter 0. 


In the following examples, we consider several linear inequalities simultaneously. 
Example Find the solution set to the following compound inequality: 
1<3-2x<9 


Solution The inequality means 
1<3-2x and 3-2x<9. 


Solving them separately, we get 


2x < 2 -6 < 
and 
x < il 3 < 
The solution set is {x€ R:x< land -—3<x}={xeER:-3<x< ]}. Oo 


Remark Using interval notation, the solution set can be written as [—3, 1]. 


Example Find the solution set to the following: 

2x+1<3 and 3x+10<4. 
Give your answer using interval notation. 
Solution Solving the inequalities separately, we get 


2x < 2 3x < -6 
x <= J x < 2, 
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Therefore, we have 


solution set = {xe€R:x<landx <-2} 
= {xER:x<-2} 


Example Find the solution set to the following: 
2x+1>9 and 3x+4< 10 


Solution Solving the inequalities separately, we get 


2x > 8 3x < 6 
and 
x > 4 x <2. 
The solution set is {x € R: x >4andx <2}=90. oO 


1.3.1 Quadratic Inequalities 
A quadratic inequality (in one unknown) is an inequality that can be written in the form 
ax? +betcko (or >0, or <0, or >0) (1.3.2) 


where a # 0. This corresponds to n = 2 in (1.3.1). 


We use an example to describe three methods for solving quadratic inequalities. The first two methods 


make use of the following properties of real numbers. 

(1) a>OandB>0 > a-B>0 

(2) a<OandB<0 > a-B>0 

(3) a>OandB<0 > a-B<0 

From these we get 

(4) a-B>0O — (a> Oand£ > 0) or (a < OandB < 0) 
(5) a-B<0O — (a> Oand£ < 0) or (a < OandB > 0) 


Example Find the solution set to the inequality x7 + 2x — 15 > 0. 


Solution 


(Method 1) First we factorize the quadratic polynomial: 


42x-15 > 


(x + 5)(x — 3) 


Vv 
SP 


and then apply Property (4): 
(x+5>Oandx-3>0) or (*+5<0Oandx-3 <0) 
(x>-Sandx>3) or (x<-—5andx <3) 
x>3 or x<-5 


The solution set is {x € R: x < —5 or x > 3} = (—co, —5) U (3, &). 
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(Method 2) By factorization, we have 


LS. = (x + 5)(x— 3). 
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The left-side is zero when x = —5 or 3. These two points divide the real number line into three intervals: 


(—00, —5), 


(-5, 3), 


(3, 00). 


In the following table, the first two rows give the signs of (x + 5) and (x — 3) on each of these intervals. 


Hence, using Properties (1), (2) and (3), we obtain the signs of (x + 5)(x — 3) in the third row. 


| x<-5 x=-5 | -5<x<3)x=3 x>3 | 
| x+5 - 0 + + + | 
| x= 3 - - 7 + | 
| + 5)(a- 3) + 0 z | 


The solution set is (—0o0, —5) U (3, 00). 


Remark To determine the sign of (x + 5), first we note that it is 0 when x = —5. Since (x + 5) increases as 


x increases, it is positive when x > —5 and negative when x < —S. 


(Method 3) The graph of y = x* +2x—15 is a parabola opening upward 


and it cuts the x-axis at x} = —5 and x» = 3. To solve the 


inequality x7 + 2x — 15 > 0 means to find all x such that 


the corresponding points on the parabola has y-coordinates 


greater than 0. From the graph, we see that the parabola is 


above the x-axis if and only if x < —5 or x > 3. Therefore, 
the solution set is (—oo, —5) U (3, co). 


1.3.2 Polynomial Inequalities with degrees 2 3) 


s / 
5 


Figure 1.5 oO 


In this section, we consider polynomial inequalities (1.3.1) of degree n > 3. To solve such polynomial inequal- 


ities, for example p(x) > 0, we can use methods similar to that for quadratic inequalities. The first step is to 


factorize p(x). 


Example Factorize the polynomial p(x) = x° + 3x* — 4x — 12. 


Solution First we try to find a factor of the form (x — c) where c is an integer. For this, we try 


c= +1,+2,4+3,+4, +6, +12. 


Direct substitution gives p(2) = 0 and so (x — 2) is a factor of p(x). Using long division, we obtain 


+ 3x" —4x- 12 = (x - 2) + 5x +6) 


and then using inspection we get 


x? + 3x? — 4x - 12 = (x-2)(x + 2)(x + 3). 


In the above procedure, we make use of the following 
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Theorem 1.3.1 Let 
P(X) = Cy xX" + Cp x +++ tel x + C9 


be a polynomial of degree n where co, C1,...,Cn € Z. Suppose (ax — b) is a factor of p(x) where a, b € Z. Then 
a divides c, and b divides co. 


FAQ Can we use Factor Theorem to find all the linear factors? 


Answer If some linear factors are repeated more than once, we can’t determine which one is repeated (and also 
how many times?). For example, let p(x) = x° — 3x + 2. Using Factor Theorem, we get linear factors (x — 1) 


and (x + 2). It is incorrect to write p(x) = (x — 1)(x + 2). Indeed, we have 
p(x) = (x- 1° + 2). 
Remark We say that (x — 1) is a factor of p(x) repeated twice. oO 


Example Find the solution set to the inequality x° + 3x7 — 4x — 12 < 0. 
Solution Factorizing the polynomial p(x) on the left side we obtain 
p(X) = x + 3x7 — 4x - 12 = (x -2)(x + 2)(x + 3). 


The sign of p(x) can be determined from the following table: 


x<-3 x=-3 | -3<x<-2) x=-2 | -2<x<2/ x=2 2<x 
x-2 - - 7 - - 0 + 
x+2 - - - 0 + + 
x+3 - 0 + + + + 
p(x) — 0 + 0 — 0 + 
The solution set is {x € R: x < -—30r -2< x 2hF (—oo, —3] U [—2, 2]. oO 


FAQ Can we use Method / described in Section 1.3.1? 


Answer You can use that method. However the “and/or” logic is more complicated. If the degree of the 
polynomial is 3, there are 4 cases; if the degree is 4, there are 8 cases. The number of cases doubles if the 
degree increases by 1. 

For the table method, if the degree increases by 1, the number of factors and the number of intervals increase 


by (at most) | only. Oo 


FAQ Can we use graphical method? 


Answer If you know the graph of y = x° + 3x” — 4x - 12, y=x+3x?-4x-12 
you can write down the solution immediately. For that, 


you need to know the x-intercepts (obtained by factoring 


the polynomial) and also the shape of the graph (on which -4 /-3 


er 5. 


interval is the graph going up or down?). This will be dis- 
cussed in au 


Figure 1.6 oO 


1.3. Solving Inequalities 


Exercise 1.3 


1. Solve the following inequalities: 


(a) 2x-32>4+7x (b) 
2 

@ 2 @) 
x +] 

(ec) x2-2x-3<0 (f) 

(e) 2x?-3x<-4 (h) 

(i) =i 


Note:  < 0 is equivalent to a- b < 0. 


2. Factorize the following polynomials: 


(ay. 2x4 7x7 = 15x 
Ce eax —e-2 
(e) 24-32 +27 43x-2 


3. Solve the following inequalities: 
(a) (x-4)9-—5x)(2x +3) <0 
(c) x -2x7-5x+6<0 
(e) 2» -2x7-5x-3>0 
(g) x4422° - 13x -— 14% + 24>0 
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8(x + 1)-2 < 5(x-6)4+7 


(2x + 7)(5 — 11x) <0 


2x7 -3x>4 
2x +3 

>0 
x-4 7 
(by) 29° 432° —2%-—3 
(dy) a°=32" = 132° + 15% 
GQ) x= 427-3742 


(b) 
(d) 
(f) 
(h) 


(x — 3)(2x + 1) <0 
2x3 +57 +4 15x-18 <0 
34+ 3x7 4+5x4+3<0 
6x* + x3 — 15x? <0 
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Chapter 1. Sets, Real Numbers and Inequalities 


Chapter 2 


Functions and Graphs 


2.1 Functions 
Informal definition Let A and B be sets. A function from A into B, denoted by f : A — B, is a “rule” that 
assigns to each element of A exactly one element of B. 


Remark If the sets A and B are understood (or are not important for the problem under consideration), instead 
of saying “a function from A into B’, we simply say “a function” and instead of writing f : A —> B, we simply 


write f. 


Terminology and Notation The sets A and B are called the domain and codomain of f respectively. The domain 
of f is denoted by dom (f). 


FAQ In the above informal definition, what is the meaning of a rule? 


Answer It is difficult to tell what a rule is. The above informal definition describes the idea of a function. There 


is a rigorous definition. However, it involves more definitions and notations. Interested readers may consult 


books on set theory or foundation of mathematics. Oo 


Notation & Terminology Let f be a function. For each x belonging to the domain of f, the corresponding 
element (in the codomain of f) assigned by f is denoted by f(x) and is called the image of x under /. 


Remark Some people write f(x) to denote a function. This notation may be misleading because it also means 
an image. However, sometimes for convenience, such notations are used. For example, we write x? to denote 


the square function, that is, the function f (from R into R) given by f(x) = x’. 


In this course, most of the functions we consider are functions whose domains and codomains are subsets 
of R. A variable that represents the “input numbers” for a function is called an independent variable. A variable 
that represents the “output numbers” is called a dependent variable because its value depends on the value of 


the independent variable. 
Example Consider the function f : R — R given by 


f(~) =x +2. 


44 Chapter 2. Functions and Graphs 


We may also write y = x” + 2 to represent this function. For each input x, the function gives exactly one output 
x* + 2, which is y. If x = 3, then y = 11; if x = 6, then y = 38 etc. The independent variable is x and the 


dependent variable is y. 


Example Let g(x) = x* — 3x +7. Find the following: 


(1) g(10) 
(2) g(a+1) 
(3) g(’) 
(4) g(xt+h) 
(5) g(x + 0 — g(x) 
Solution 
(1) g(10) = 10?-—3(10)+7 
= 77 
(2) g(at+l1) = (@4+1)?-3(4+1)+7 
= (a?+2a+1)-3a-3+7 
= @—at5 
3) g@?) = @-30°)+7 
= r—3r° +7 


(4) gixth) = (+h? -3(x+h)4+7 
= 7742xht+h?-3x-3h+7 


(5) g(x +h) — g(x) 7 [(x+ h)* — 3(x + bh) + 7) -— GX? - 3x +7) 
h h 
(+ xh + he - 3x - 3h +7) - (7? - 3x47) 
~ h 
_ 2xh+h 3h 
. h 
= 2x+h-3 oO 


Exercise 2.1 


1. Let f(x) = —. Find the following: 
(a) f(2) (b) (3.5) 
(c) f(a+1) (d) f(va) 
(e) f(a’) (f) f(a) + fC) 
2. Let f(x) = = i and g(x) = Vx — 1. Find the following: 
(a) fd)+egC) (b) f(2)g(2) 
© (@) fla-1) + 9(a+1) 


(e) fi +)g@ +1 
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3. Let f(x) = x? — 3x + 4. Find and simplify the following: 


(a) fla+b) o eer 
(c) Meena te 


2.2 Domains and Ranges of Functions 


To describe a function f, sometimes we just write down the rule defining f, omitting its domain and codomain. 
e In this course, the codomain is always taken to be R unless otherwise stated. 

e For the domain, it can be determined from the rule defining the function. For example, f(x) = x is 

defined for all real numbers x > 0 but undefined for x < 0. Therefore, we may take [0, 00) as the domain 


of f. The domain obtained in this way is called the natural domain of the function. For a function that is 


described by formula, we always take its domain to be the natural domain unless otherwise stated. 


Summary Suppose f is a function described by a formula. Then the domain of f is the set of all real numbers 
x such that f(x) is defined. 


Remark For functions appeared in many applied problems, we do not take their natural domains. For example, 
the area A of a circle (to be more accurate, a circular region) with radius r is given by A(r) = ar’. Although ar? 


is defined for all real numbers r, for the area function A, its domain is taken to be {r € R: r > 0} = (0, 0). 
FAQ For the above area function, can we take the domain to be [0, co)? 


Answer When the radius is 0, we get a point only. A point may be considered to be a circle, called a degenerated 
circle. Under this convention, 0 is included in the domain. In many problems, it doesn’t matter whether we 


take (0, co) or [0, c0) as the domain. oO 


Example For each of the following functions, find its (natural) domain. 


(1) f@=2 +3; 


1 
Q) s@) =—: 


(3) A(x) = V1 +5x 


Solution 


(1) Since f(x) = x* + 3 is defined for all real numbers x, the domain of f is R. 


(2) Note that g(x) is defined for all real numbers x except 2. 
The domain of g is {xE€ R: x #2} =R\ {2}. 


Remark The domain can also be written as {x € R: x < 2 or x > 2} = (—ow, 2) U (2, 09). 


(3) Note that V1 + 5x is defined if and only if 1+ 5x = 0. 


The domain of his {xER:14+5x>0} = {keR: x 2-3) 
1 
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Definition Let f : A — B be a function and let § ¢ A. The image of S under f, denoted by f[S], is the 
subset of B given by 

SUS] = {ye B: y = f(x) for some x € S$}. 
Note /[S] is the subset of B consisting of all the images under f of elements in S. 


Example 


(1) Let f :R— Rbe the function given by f(x) = x”. For S = {1,2,3}, we have f[S] = {1,4, 9}. 


(2) Let f : R — R be the function given by f(x) = 2x + 1. For S = [0,1], we have f[S] = [1,3]. 


Definition Let f : A — B bea function. The range of f, denoted by ran (f), is the image of A under f, that 
is, ran(f) = f[A]. 
Remark By definition, ran(f) = {y € B: y = f(x) for some x € A}. The condition 

(«) y= f(x) for some xE A 


means that y is an output (image) corresponding to some input (element of A). When A and B are subsets of R, 


(*) means that the equation 
y=f@ 


has at least one solution belonging to A. 


Example Let f : R — R be the function given by f(x) = x? + 2. Then 


(1) 3 belongs to the range of f because f(1) = 3, that is, 3 is the image of | under f. In terms of solving 
equation, 3 belongs to the range means that the equation 3 = x* + 1 has solution in R (the domain of f). 


Indeed, the equation has two solutions in R, namely 1 and —1; 
(2) 2 belongs to the range because the equation 2 = x? + 2 has solution in R, namely, 0; 
(3) 1 does not belong to the range because the equation 1 = x? + 2 has no solution in R. 


Steps to find range of function To find the range of a function f described by formula, where the domain is 


taken to be the natural domain: 
(1) Puty = (2). 
(2) Solve x in terms of y. 


(3) The range of f is the set of all real numbers y such that x can be solved. 


Example For each of the following functions, find its range. 


(1) f@=x7 +2 


1 
Q) s&o=—> 
(3) h(x) = V14+5x 
Solution 


(1) Put y= f(x) = x7 +2. 
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(2) 


(3) 


Solve forx. x = y-2 
+ 


; 


Note that x can be solved if and only if y— 2 > 0. 


The range of fis {ye R: y-22>0} = 


Alternatively, to see that the range is [2, co), 


{ye R:y2> 2} 
[2, 00). 


we may 


use the graph of y = x* + 2 which is a parabola. The 


lowest point (vertex) is (0,2). For any y > 2, we can 


always find x € R such that f(x) = y. 


1 
Put y = g(x) = : 
x-2 
ty 1 
Solve for x. Y= 2 
p28 2s 
y 
—— d 25. 
y 


Note that x can be solved if and only if y # 
The range of gis {y€ R: y# 0} =R \ {0}. 


0. 


Put y = A(x) = ¥1 + 5x. Note that y cannot be negative. 


Solve for x. y = V1+4+5x, y20 
ys 145x, y=0 

ee ae 
x= 7 y>0. 


Note that x can always be solved for every y > 0. 


The range of his {fy € R: y => 0} = [0, 00). 


Remark y = V1 +5x = y* =1+5x 


but the converse is true only if y > 0. 
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-3 -2  -1 1 2 3 
Figure 2.1 
4 1 
2} | 
-T7N.1 2B 
-2 
-4 
Figure 2.2 


1 2 3 oO 


Figure 2.3 


Example Let f(x) = Vx +7— Vx? + 2x — 15. Find the domain of f. 


Solution Note that f(x) is defined if and only if x + 7 > 0 and x* + 2x — 15> 0. 


Solve the two inequalities separately: 


0 


x+7 


IV 


x 


IV 
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° 7 +2x-15 > 0 
Geig3) S 0 x<-S |} x=-5 | -5<x<3|x=3 | x>3 
x-3 — - - 0 
x+5 7 0 + + 
(x- 3x45) ] + 0 - oo s 
thus, x < —5 or x > 3. 
Therefore, we have dom(f) = {x¢€R:x2>-—-7and(x <—-Sor x > 3)} 
= {xe€R:(x>-7andx < —5) or (x= —-7 and x > 3)} 
= {xE€R:-7<x<-Sorx2> 3} 
2x+1 
Example Let f(x) = _— Find the range of f. 
x +1 
Solution 
2x4+1 
Puty =) = 
2x+1 
Solve for x. y ae 
yr+y = 2x+1 
yr -2x+(y-1) = 0 
e= anew ify £0, x = > ify=0, 


PENIS Gea 
y 


Combining the two cases, we see that x can be solved if and only if 1 — y* + y > 0, that is, yr» -y—1 <0. 


The range of f is fy € R: y>-y—1 <0}. 


To solve the inequality y* — y — 1 < 0, first we find the zero of the left-side by quadratic formula to get : =e) 
By the factor theorem and comparing coefficient of y”, we see that y* — y — 1 = ( : 4) f : ) 
y< ENS y= a 15 <y< ENS y= Ee y> EAS 
y- 1s = 0 + + + 
a : 0 4 
y-y-1 + 0 = 0 + 
From the table, we see that ran(f) = {yeR: : — <y< : ast 
| 1-V5 14+¥5 | 
7 2 9 9 oO 


2.3. Graphs of Equations 


Remark To solve the inequality y* — y — 1 < 0, we 


may also use graphical method: 


The figure shown is the graph of z = y*—y—1, where 
the horizontal and vertical axes are the y-axis and the 


z-axis respectively. 


Figure 2.4 
Exercise 2.2 


1. For each of the following functions /, find its domain. 


(a) fh=2-5 (b) f(a= — 
© fw®=z @) f®)=s 5 
(ce) f(x) = aS () fl) = -ves3 
(g) f(x) = —_ +V2x4+5 (h) f(x) = TT 
2. For each of the following functions f, find its range. 
(a) f@=x-5 (b) fx) =x -2x-3 
©) f@=o, @) fa) =3-55 
(ce) fix) = = ® f@=z5 
@ f®=s5-5 
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3. Consider a rectangle with perimeter 28 (units). Let the width of the rectangle be w (units) and let the 


area of the region enclosed by the rectangle be A (square units). Express A as a function of w. State the 


domain of A and find the range of A. 


2.3. Graphs of Equations 


Recall that an ordered pair of real numbers is denoted by (xo, yo) where xo and yo are real numbers. The set of 


all ordered pairs is denoted by R? (read “R two”). The superscript 2 indicates that elements in R? are represented 


by two real numbers. Since an ordered pair of real numbers represents a point in the coordinate plane, R* can 


be identified with the plane. 


Let f : A —> R be a function where A C R”. Each element in the domain of f is an ordered pair (x, y) of 


real numbers. Its image under f is denoted by f((x, y)), or simply f(x, y). Functions whose domains are subsets 


of R? are called functions of two variables. 

Example Let f : R* — R be the function given by f(x, y) = x + y*. Then we have 
GQ) fGj2=14+2 =5 
(2) f2,)=24+1 =3 
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| 
F(x,y) =0 (2.3.1) 


Consider an equation in the form 


where F is a function of two variables. The set of all ordered pairs (x, y) satisfying (2.3.1) is called the graph 
of (2.3.1). That is, the graph is the following subset of R?: 


{(x,y) € R* : F(x, y) = 0}. 


Since ordered pairs can be considered as points in the coordinate plane, the graph can be considered as a subset 
of the plane. 


Example Consider the following equation 
2x+3y-4=0. 
(1) Since 2(2) + 3(0) — 4 = 0, the point (ordered pair) P(2, 0) belongs to the graph of the equation. 


(2) Since 2(—1) + 3(2) — 4 = 0, point Q(—1, 2) belongs to the graph of the equation. 
(3) Since 2(1) + 3(2) — 4 = 4 # O, the point R(1, 2) does not belong to the graph. 


Remark The graph of the equation is the line passing through P and Q. 


Definition An x-intercept (respectively a y-intercept) of the graph of an equation F(x, y) = 0 is a point where 


the graph intersects the x-axis (respectively the y-axis). 
Example The graph of the equation 
2x+3y-4=0 (2.3.2) 


is a line. Its Feinies eet is (2,0) and its y-intercept is (0, *) These are obtained by putting y = 0 and x = 0 
respectively into (2.3.2). 


Example The graph of the equation 


is a circle centered at the origin (0, 0) with radius 1. 


The graph has two x-intercepts, namely (1,0) and (—1, 0) and two 
y-intercepts, namely, (0, 1) and (0, —1). 


Figure 2.5 
Example Find the x-intercept(s) and y-intercept(s) of the graph of 


y=x*-5x+6 (2.3.3) 
Solution To find the x-intercepts, we put y = 0 in (2.3.3). Solving 


= x*7—5x+6 


(x — 2)(x — 3) 


So 
ll 
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we get x = 2 or x = 3. Thus the x-intercepts are (2, 0) and (3, 0). 


To find the y-intercept, we put x = 0 in (2.3.3) and get y = 6. Thus the y-intercept is (0, 6). Oo 
Symmetry Consider the graph of the equation 
y=x". 


The graph is a parabola. If (a,b) is a point belonging to the parabola, that is 
b = a’, then (—a, b) also belongs to the parabola since b = (—a)*. Note that 
e the line segment joining (a, b) and (—a, b) is perpendicular to the y-axis; 


e the two points (a,b) and (—a, b) are equidistant from the y-axis (distances 


to the y-axis are the same). 


We say that the parabola is symmetric about the y-axis. 


Sot 2h ih i. 42 3B 


Figure 2.6 


In general, a subset A of the plane is said to be symmetric about a line ¢ if the following condition is 
satisfied: For any point P belonging to A (but not belonging to £), there is a point Q belonging to A such that 
(1) the line segment PQ is perpendicular to ¢; 


(2) Pand Q are equidistant from @. 


Example The parabola given by x = y” is symmetric about the x-axis. 


Figure 2.7 
Example The graph of 2x” + y” = 6 is an ellipse. It is symmetric 
about the x-axis and also symmetric about the y-axis. 
If (a, b) is a point belonging to the ellipse, then the point (—a, —b) 
also belongs to the ellipse. Note that 
e the line segment joining (a, b) and (—a, —b) passes through 
the origin; 
e the points (a,b) and (—a,—b) are equidistant from the ori- 


gin. 


We say that the ellipse is symmetric about the origin. 


Figure 2.8 


In general, a subset A of the plane is said to be symmetric about a point C if the following condition is 


satisfied: For any point P belonging to A (but different from C), there is a point Q belonging to A such that 
(1) the line segment PQ passes through C; 
(2) P and Q are equidistant from C. 
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Example The graph of y = x° is symmetric about the origin. 
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Figure 2.9 


We close this section with the following example of finding intersection of two curves (in fact, one is a 


line). This is the same as solving a system of two equations in two unknowns. 


Example Let € and £ be the ellipse and the line given by 


2°+y=6 and x+2y-3=0 


respectively. Find En £. 


Solution We need to solve the following system: 


| L x4 2y-3 


2vr+y = 6 (2.3.4) 
0 (2.3.5) 


From (2.3.5), we get x = 3 — 2y. Putting into (2.3.4) and solving 


we get y =2ory= - Substitute back into (2.3.5), we get (x,y) = (-1,2) or G, , 


2(3 - 2y)* + yr 
29 — 12y + 4y*) + 7 
Oy" — 24y + 12 


a — 2)(3y — 2) 


tou soll 
oOo NO 


2 
3 


Therefore we have EN £ = {(-1, 2), G. )} q 


Exercise 2.3 


1. 
2. 


Consider the graph of 2x? + 3y* = 4 (which is an ellipse). Find its x- and y-intercepts. 


Suppose the graph of y = ax? + bx +c has x-intercepts (2,0) and (—3, 0) and y-intercept (0, —6). Find a, 
band c. 


. Consider the graph of y = x7 + 4x +5. 


(a) Find its x- and y-intercepts. 


(b) Show that the graph lies entirely above the x-axis. 


. Let C = {(x, y) € R?: x? +y* = 5}, E = {(x, y) € R? : x7 +:2y? = 6} and L = {(@v, y) € R? : 2x+y—-3 =O}. 


Find the following: 
(a) LAC (b) LOE (c) CONE 


. Let C = {(x%, y) € Rta + y = lj} andLl = {(%, y) € R? : ax + y = 2} where a is a constant. Find the 


values of a such that CN Lis a singleton (that is, a set with only one element). 
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2.4 


Graphs of Functions 


Let f : A—> Rbea function where A C R. The graph of f is the following subset of R*: 


{(x,y) €R?: x € A and y = f(x)}. 


Example 


(1) 


(2) 


(3) 


Constant Functions A constant function is a function f that is given by 


f(x) =e, 
where c is a constant (a real number). 


The domain of every constant function is R. 


The range is a singleton: {c}. 


The graph is a horizontal line whose y-intercept 
is (0, c). 


Figure 2.10 


Remark Let f(x) = x°. Note that for all x # 0, we have f(x) = 1 and that f(0) is undefined. So there is 
a small difference between f and the constant function 1 whose domain is R. However, for convenience, 


we treat the function x° as the constant function 1. 


In the above discussion, we use the symbol | to represent the function with domain and codomain equal 
to R and assigning every x € R to the number 1. Thus the symbol 1 has two different meanings. It may be 
a function or a number. This abuse of notation is sometimes used in mathematics. Readers can determine 


the meaning from the context. 


Linear Functions — A Jinear function is a function f given by 
f(x) =ax+b, 
where a and b are constants and a # 0. 


The domain of every linear function is R. 


The range is also R (note that a is assumed to be non-zero). 


The graph is a line with slope a and y-intercept (0, b). 
Figure 2.11 


Quadratic Functions A quadratic function is a function f given by 
f[@= ax’ +bx+c, 
where a, b and c are constants and a # 0. 


The domain of every quadratic function is R. 
The range is [k, co) if a > 0 and (—cv, k] if a < 0 where k is the y-coordinate of the vertex. 


The graph is a parabola which opens upward if a > 0 and downward if a < 0. 
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(4) 


(5) 
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a>O 


oO Figure 2.12(a) Figure 2.12(b) 


Remark Besides using the completing square method to find the vertex, we can also use differentiation 
(see Chapter 5). 


Polynomial Functions A function f given by 
F(X) = nx" + dp_1x" | +++ + ayx + a9, 


where ao, d@1,..., 4, are constants with a, # 0, is called a polynomial function of degree n. 


If n = 0, f is a constant function. 
If n = 1, f is a linear function. 


If n = 2, f is a quadratic function. 


2 
Example Let f(x) = x° —3x* +.x—-1. / 


oe 


Figure 2.13 


The debh of f is shown in Figure 2.13. 
In Chapter 5, we will discuss how to sketch graphs of poly- 


nomial functions. 


The domain of every polynomial function f is R. 
There are three possibilities for the range. 
(a) If the degree is odd, then ran (f) = R. 
(b) Ifthe degree is even and positive, then 
(i) ran(f) = [k, &) if a, > 0; 
(ii) ran(f) = (—ov,k] if a, < 0, 
where k is the y-coordinate of the lowest point for case (i), or the highest point for case (ii), of the 
graph. 


Remark The constant function 0 is also considered to be a polynomial function. However, its degree is 


assigned to be —co (for convenience of a rule for degree of product of polynomials). 


Rational Functions — A rational function is a function f in the form 


_ pa) 
fo) = 


where p and q are polynomial functions. 
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(6) 


1 
Example Let f(x) = -. 2 
x 
The domain of f is R \ {0}. 1 
The range of f is also R \ {0}. 


The graph consists of two curves, one in the first quadrant -1 
and the other in the third quadrant. It is symmetric about 


the origin. This is because f(—x) = Boe —f (x). 


—x 


Figure 2.14 
1 
Example Let f(x) = 5 
x 
The domain of f is R \ {0}. ? 
The range of f is (0, co). 2 


The graph consists of two curves, one in the first quadrant 1 


and the other in the second quadrant. It is symmetric about 
r aa 1 1 
the y-axis. This is because f(—x) = mp =—= S(x). at ji 7 


Figure 2.15 


2x-1 
E le Let = ——.. 
xample Let f(x) as 


The domain of f is R. 


The graph of f is shown in Figure 2.16. Note | ita 


that when x is very large in magnitude, f(x) is 


very small. This is because the degree of the nu- 


fieraigon smaller than that of the denominator. 


See Chapter 3 for more details. [—] Figure 2.16 


The range of f can be found using the method described in Section 2.2. lternatively, it can be found if 


the x-coordinates of the highest and lowest point are known. See Chapter 5 for more details. 


Square-root Function 


Recall that for each positive real number x, there are two real numbers whose square is x. The two 
numbers are called the square roots of x. The principle square root of x, denoted by +x, is defined to be 
the positive square root of x. 

Example The square roots of 9 are 3 and —3. The principle square root of 9 is 3, that is, V9 = 3. 

By convention, the principle square root of 0 is defined to be 0, that is, YO = 0. 


The operation of taking principle square root can be considered as a function. Each nonnegative real 


number x can be used as an input and its corresponding output is x. 


Definition The principle-square-root function, denoted by sqrt, is the function given by 


sqrt (x) = vx. 
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Remark 


e Usually we use a single letter to denote a function. For functions that will be used very often, 
we create special notations for them. Usually, we use a few letters, taken from the names of the 


functions, to represent the functions. 
e For simplicity, the principle-square-root function is also called the square-root function. 
e Sometimes, the square-root function is also denoted by Vx. Thus the notation ¥x can have two 
different meanings: 
© a function (the square-root function) 
© areal number (the image of x under the square-root function) 


e Sometimes, the square-root function is also denoted by - (a dot inside vy). Thus, V- (x) = vx. 
The position of the dot indicates that the variable is put there. 


The domain of the square-root function is [0, 0). 
The range is also [0, oo). 
The following steps describe how to draw the graph of y = yx. 
(i) Square both sides to get y* = x. 
The graph pf y* = x is a parabola opening to the right. It can be obtained from the parabola given 


by y = x’ by rotating 90° in the clockwise direction. Note that in the two equations, the role of x 


and y are interchanged. 


(ii) The graph of y = x is the upper half of the parabola obtained in (i). 


. . . \ 4 
The lower part is not included because -Yx is always non- } 1 


negative. Squaring introduces extra points. 
In the equation y = x, it is implied implicitly that x > 0 
and y > 0. 


The graph of the equation is the following subset of R?: 


Graph = {(x,y)€R*:y=-yx, x>0, y>0} 


{(~y) €R?:y =x, x20, y>0} 


Figure 2.17 
Example For each of the following equations, sketch its graph. 


(a) y= yx-2 
(b) y=vVx-2 
(c) y=V2-x 
Solution 


(a) The graph is a half of a parabola. It is obtained by 


moving the graph of y = x two units down. 


Figure 2.18 
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Remark Let a be a positive constant. 
e The graph of y = f(x) + acan be obtained from that of y = f(x) by moving it a units up. 
e The graph of y = f(x) — acan be obtained from that of y = f(x) by moving it a units down. 


(b) Note that Vx -—2 is defined for x > 2 only. The 2 


graph of y = Vx — 2 is obtained by moving that of 1 
y = x two units to the right. 


1 2 3 4 5 6 
Figure 2.19 
Remark Let a be a positive constant. 
e The graph of y = f(x — a) can be obtained from that of y = f(x) by moving it a units to the 
right. 
e The graph of y = f(x+a) can be obtained from that of y = f(x) by moving it a units to the left. 


(c) Note that ¥2 — <x is defined for x < 2 only. The 
graph of y = V¥2-—.x and that of y = Vx-2 are 2 ee 
oe 
symmetric with respect to the vertical line x = 2. - an 
-4 mer 2 4 6 8 


Figure 2.20 


In general, two subsets of the plane are said to be symmetric about a line ¢ if for each point P 
belonging to any one of the two sets, there is a point Q belonging to the other set such that either 
P = Q belongs to ¢ or 


e the line segment PQ is perpendicular to ¢; 


e Pand Q are equidistant from f. 
Oo 


(7) Exponential Functions Let b be a positive real number different from 1. The exponential function 


with base b, denoted by exp,, is the function given by 
exp, (x) = b*. 


The domain of every exponential function is R. 
The range of every exponential function is (0, 09). 


The y-intercept of the graph of every exponential function is (0, 1). This is because b° = 1. 


Remark 


e Because there are infinitely many exponential functions, one for each base, the notation exp,, where 
b is written as a subscript, indicates that the base is b. Thus, for example, exp, and exp; are the 


exponential functions with base 2 and 3 respectively. 


e Sometimes, for convenience, we also write b* to denote the exponential function with base b. 
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(8) 


(9) 
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Example Consider exp,, the exponential function with base 8 


2. It is the function from R to R given by exp,(x) = 2*. 


The graph of exp, goes up (as x increases) and the rate that 


the graph goes up increases as x increases. 


=) =2 =i 1 2 3 


Figure 2.21 


Example Consider exp 1 the exponential function with base 25 
; x 
: It is the function from R to R given by exp i (x) = (;] : 


The graph of exp 1 goes down (as x increases). 


LO aS =2 =1 1. 2 3 


Figure 2.22 
In Chapter 8, exponential functions will be discussed in more detail. 


Logarithmic Function — Recall that for every positive real number x, there is a unique real number y 
such that 10” = x. Different positive x give different values of y. In this way, we obtain a function defined 
for all positive real numbers. This function, denoted by log, is called the common logarithmic function. 
For each positive real number x, log(x) is defined to be the unique real number such that 10! = x. 


That is, log(x) = y if and only if y = 10*. For simplicity, log(x) is also written as log x. 


Remark Sometimes, for convenience, we also write log x to denote the common logarithmic function. So 
the notation log x has two different meanings. It can be a function (the log function) or a number (the 


image of x under the log function). 
The domain of log is (0, ©). 
The range is R. 2 


The graph of log is shown in Figure 2.23. As x increases, 
the graph goes up. The rate that the graph goes up de- 


creases as x increases. Note that the x-intercept is (1,0). 


This is because log | = 0. 


20 40 60 80 100 


Figure 2.23 


Remark In Chapter 8, logarithmic functions with bases other than 10 will be considered. Relation be- 


tween exponential functions and logarithmic functions will be discussed. 


Trigonometric Functions Similar to the common logarithmic function, we use three letters sin, cos 
and tan to denote the sine, cosine and tangent functions respectively. Recall that sin(x) is defined to be 
the y-coordinate of the point on the unit circle x* + y* = 1 pet aia to the angle with measure x 


radians. More details on trigonometric functions can be found in Chapter~7. 
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For simplicity, we write sin(x) = sin x etc. 


The sine function: sin 


The domain of the sine function is R. 
The range is [—1, 1]. 
The graph of the sine function has a waveform as shown in Figure 2.24 (the symbol p stands for the 


number zr). The graph is symmetric about the origin. This is because sin(—x) = — sinx. The graph 


crosses the x-axis infinitely often, at points with x-coordinates 0,+7,+27,... 


aay 


Figure 2.24 


The sine function is periodic with period 27, that is, sin(x + 27) = sin x for all x € R. 


Definition If f is a function such that f(x + p) = f(x) for all x € dom(f), where p is a positive 
constant, then we say that f is periodic with period p. 


The cosine function: cos 


The domain of the cosine function is R. 

The range is [—1, 1]. 

The graph of the cosine function has a waveform. It is symmetric about the y-axis. This is be- 

cause cos(—x) = cos x. The graph crosses the x-axis infinitely often, at points with x-coordinates 
n 32 


+t-,+—,... 
aa) 


-4p -2p \/ 2p \/ 4p 


1 
Figure 2.25 


The cosine function is periodic with period 27, that is, cos(x + 27) = cos x for all x € R. 


Remark The graph of the cosine function can be obtained by shifting the graph of the sine function 


5 units to the left. This is because cos x = sin (x + a) for all x € R. 
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(a) The tangent function: tan 


Since tanx = ~~, tan x is undefined at x = ae ae 
cos x 2 2 ; ; 
The domain of the tangent function is R \ {+35, +32, Buch 
The range is R. 
The tangent function is periodic with period 7, that is, : : 
tan(x + 7) = tan x for all x belonging to the domain. ; 
Figure 2.26 
(10) Absolute Value Function The absolute value function, denoted by | - |, is the function from R to R 
given by 
x ifx>O0, 
IxjJ=4 O ifx=O, 
-x ifx<0. 


For each real number a, the number |a| is called the absolute value of a. 


In defining |x|, the domain R is divided into three disjoint subsets, namely (0, co), {0} and (—co, 0). 
(a) If x € (0,00) which means x > 0, then |x| is defined to be x. 

(b) If x € {0} which means x = 0, then |x| is defined to be 0. 

(c) If x € (—0o0,0) which means x < 0, then |x| is defined to be —x. 

Functions defined in this way are called piecewise-defined functions. 


Remark Unlike most functions, the image of a real number x under the absolute value function | - | is 


denoted by |x|. That is, |x| = | - |(x). Readers may compare this with the square-root function +/-, where 


WoW) = ve 


Example 

(a) |2|=2 

(b) |-3| = -(-3) =3 

(c) -|2| = -2 

(d) -|-3| = -3 

(e) [5 - (-7)| = |12| = 12 

(f) |[3 - 12| - |7 + 6]| = ||-9| - [13I] = 19 - 13] = |-4] = 4 
Remark 

(a) |a| is always nonnegative. 

(b) lal = |-al. 


(c) |a| is the distance from the point a to 0 on the real number line. 
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(d) |a—b| is the distance between a and b. 
(e) Va? = lal. 
The domain of | - | is R. 
The range is [0, co). 
The graph of the absolute value function a V-shape figure. 
It is the union of the following three subsets of R?. 7 
e {(x,y) € R? : x > Oandy = x} which is the half- 
line in the first quadrant with slope equal to 1, starting 


from the origin but not including the origin. 


e {(x,y) € R? : x = Oandy = 0} which is the point ee a - Ot 
{0, 0}, that is, the origin. Pa . . 

© {(x,y) €R?: x < O and y = —x} which is the half-line oo ‘. 
in the second quadrant with slope equal to —1, starting ae : S. 
from the origin but not including the origin. uae 


Remark We may also define the absolute value function in the following ways: 


? x ifx>0, 
(i) r={ 
—Xx 


ifx <0. 
(ii) [af x ifx>OdO, 
ii) |x| = 
—-x ifx<0. 
one x ifx>0, 
(iti) |x| = 
—-x ifx<0. 


In (i) or (11), the domain R is divided into two disjoint subsets. 

In (iii), although R is the union of (—co, 0] and [0, co), the two subsets are not disjoint; the number 0 
belongs to both. However, this will not cause any problem to define |0| because if we use the first rule, 
we get |0| = 0 and if we use the second rule, we get |O| = —O0 = 0. We say that |0| is well-defined because 


its value does not depend on the choice of the rule. 


Example For each of the following equations, sketch its graph. 


(a) y=1—-|a 
(b) y=|x-]| 
Solution 


(a) By the definition of the absolute value function, the equation is 
l-x ifx>0, 
y= 1-0 ifx=0, 
1-(-x) ifx<0O. 
The graph is shown in Figure 2.28. It consists of the half-line y = 1 — x, x > 0, the point (0, 1) and 
the half-line y = 1+ x, x <0. 
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Remark Alternatively, the graph can be obtained as 


follows: 


e The graph of y = —|x| and that of y = |x| are 
symmetric about the x-axis. So the graph of 
y = —|x| is an inverted V-shape figure. 


e Move the inverted V-shape figure | unit up. 


(b) The graph of y = |x — 1| is a V-shape figure. It can 


N 2 gy 
be obtained by moving the graph of y = |x| one unit ‘. v 
to the right. he, | Pa 
-2 -1 1 2 3 
Figure 2.29 


(11) Piecewise-defined Functions Below we give more examples of piecewise-defined functions. 


Example Let f : [-2,6] — R be the function given by 
x wte2ea<0 
fQys\ 2x iat0<x%<2 
4-x if2<x<6. 


For each of the following, find its value: 
(a) f(-)) 
1 
(b) f(5) 
(c) fG) 
Sketch the graph of /. 


Solution 
(a) f(-1I)=(-b? =1 
a 
(b) f(5)=2-5=1 
(c) fG)=4-3=1 ‘ 
The graph of f consists of three parts: 
e the curve y = x”, —2 < x < 0 (part of a parabola); 2 


e the line segment y = 2x, 0 < x < 2 (excluding the 


right endpoint); 


e the line segment y=4-x,2<x<6. 


Figure 2.30 


Remark In the figure, the little circle indicates that the point (2, 4) is not included in the graph. The little 
dot (which can be omitted) emphasizes that the point (2, 2) is included. oO 
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The next example shows that piecewise-defined functions can be used in daily life. The piecewise-defined 


function in the example is called a step function. It jumps from one value to another. 


Example Suppose the long-distance rate for a telephone call from City A to City B is $1.4 for the first 
minute and $0.9 for each additional minute or fraction thereof. If y = f(f) is a function that indicates the 


total charge y for a call of ¢ minutes’ duration, sketch the graph of f for0 <t< 45. 


Solution Note that 


14 ifO0<rt<1 
23 tist<2 
fO=$3.2 if2<t<3 
41 #3<r<4 


5.0 if4<r< 4b. 
The graph of y = f(t) is shown in Figure 2.31. 


5 @—e 
4.1 @———_* 
332 o@———_*® 

2.3 o——___® 


Figure 2.31 o 


Remark The ceiling of a real number ft, denoted by [f], is defined to be the smallest integer greater than 


or equal to t. Using this notation, we have 
f@ =14+40.9([f] - 1). 


Exercise 2.4 
1. For each of the following equations, sketch its graph. 


(a) y=2x-3 (b) y+3=2(x-5) 
(c) 7x-S5y+4=0 (d) y=|2x-1|+5 
(e) sy () ys-2x 
(g) y-2=-% bh) y-2=-G@-3/ 
(i) y=x+2x-3 Gj) y=V1l-x? 
(k) x= yy 

2. For each of the following equations, use a computer software to sketch its graph. 
(a) y=ax (b) yar -22° -3x44 
(c) y=2x-x+5 (d) y=x-3x7+3x-1 
(e) y=-x (f) y=—-x +2x°4+3x-4 
(g) tea (h) yer xr 4x41 
(i) yes -3 +227 42-1 oD) yore — 4x7 + 6x7 -— 4x 


(k) y=-xt Q) y=—x*— 223 + 3x 
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Can you generalize the results for graphs of polynomial functions of degree 3,4,... ? 


3. LeL f(x) = —_ . The graph of f is shown on page 55. Note that there is a highest point and a lowest 


point. Find the coordinates of these two points. Hint: consider the range of f 


The points are called relative extremum points. An easy way to find their coordinates is to use differentiation, see 
Chapter 5. 
4. An object is thrown upward and its height A(f) in meters after t seconds is given by h(t) = 1 + 4t — 52”. 


(a) When will the object hit the ground? 
(b) Find the maximum height attained by the object. 


5. The manager of an 80-unit apartment complex is trying to decide what rent to charge. Experience has shown that 
at a rent of $20000, all the units will be full. On the average, one additional unit will remain vacant for each $500 
increase in rent. 

(a) Letn represent the number of $500 increases. 
Find an expression for the total revenue R from all the rented apartments. 
What is the domain of R? 

(b) What value of n leads to maximum revenue? 
What is the maximum revenue? 


2.5 Compositions of Functions 


Consider the function f given by 
f(x) = sin’ x. 
Recall that sin?x = (sin x)?. For each input x, to find the output y = f(x), 
(1) first calculate sin x, call the resulted value u; 
(2) and then calculate w?. 
These two steps correspond to two functions: 
(1) uw=sinx; 
(2) yu’. 


Given two functions, we can “combine” them by letting one function acting on the output of the other. 


Definition Let f and g be functions such that the codomain of f is a subset of the domain of g. The composition 


of g with f, denoted by go f, is the function given by 


(g 0 fy(x) = (Ff). (2.5.1) 
L | 


The right-side of (2.5.1) is read “g of f of x’. 


Figure 2.32 indicates that f is a function from A to B and g is a function from C to D where BCC. 
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For each element x of A (the domain 
of f), its image f(x) is an element of 
B. Because B € C, f(x) is an element 
of C which is the domain of g. There- f g 
fore, f(x) can be used an input for the 
function g and the output g(f(x)) is an 
element of D. Thus g o f is a function 
from A to D. 

Figure 2.32 
Remark In the above definition, the condition that codomain of f © domain of g can be relaxed. In order to 


consider g(f(x)), we only need f(x) belong to the domain of g. This is satisfied if ran (f) € dom (g). 


In the following two examples, the domains of both f and g are equal to R. Therefore we can consider go f 
as well as f o g. The first example illustrates how the functions sin x and x? are used as building blocks for 
the more complicated function sin’x (see the discussion preceding the above definition). The second example 


shows that composition of functions is not commutative, that is, f o g # go f in general. 
Example Let f : R — Rand g: R — R be given by 
f(x) =sinx and g(x) =2°’. 


Then we have (go f)(x) 


(f(x) 
= g(sin x) 


= (sinx) = sin*x. 


Example Let f(x) = x? and g(x) = 2x + 1. Find (f © g)(x) and (go f)(x). 
Solution By the definition of composition, we have 


(fo gx) = flg(x)) 


= (2x41) = 4x74+4x4+1 


f(2x +1) 


(go ff) = g(f@) = gQ’) 


= 2741, 
O 


Remark If the range of f is not contained in the domain of g, then we have to restrict f to a smaller set so that 


for every x in that set, f(x) belongs to the domain of g. The domain of g o f is taken to be the following: 


dom (go f) = {x € dom(f) : f(x) € dom (g)}. 
Example Let f(x) = x + 1 and g(x) = yx. Find the domain of go f. 
Solution Note that the domain of f is R and the domain of g is [0, co). Thus the domain of go f is 


dom(go f) = {xER:x+1€ [0,~)} 
{xER:x>-l} 
[-1, 09). 
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Remark Alternatively, note that (g o f)(x) = Vx + 1. Thus we have dom(go f) = {x€R:x+12 0}. 


Exercise 2.5 


1. Let f(x) = x7 + 1 and g(x) = x + 1. Find the following: 


(a) (fog) (b) (go fC) 
(c) (f° 8)(x) (dq) (go f)Q) 
(ce) (fog)(a’) (f) (go f)(va) 


2. For each of the following, find f(x) and g(x) where g(x) is in the form x’ with r # 1 such that (g o f)(x) 
equals the given expression. 


(a) Ve41 (b) 


2.6 Inverse Functions 


Let f be the function given by f(x) = 2* for x € R. Consider the equation y = f(x), that is, 


— y= 2". (2.6.1) 


e In Equation (2.6.1), if we put x = x,, we obtain the corresponding value of y, namely yj = 2"'. The 


number x; is an input of the function f and the value y; is the corresponding output. 
e Now we consider the reverse problem. If we put y = y;, can we find a real number x; such that 2*! = y,? 
(1) If; < 0, there is no solution because 2” is always positive. 
(2) Ify, > 0, there is exactly one solution because f is injective (see definition below) and its range is 
(0, o0). 
Definition Let f be a function. We say that f is injective if the following condition is satisfied: 
(*) x1,x2 € dom(f) and x1 # x2 => f(x1) # f(x). 
Condition (*) means that different elements of the domain are mapped to different elements of the codomain. 
It is equivalent to the following condition: 
(i) x1,%2 € dom (f) and f(x1) = f(x2) => x1 = 2X2. 


Example Let f(x) = 2*. The domain of f is R. The function f is injective. This is because if x1, x2 € R and 
xX, # X, then 27! #2”, 


Example Let g(x) = x?. The domain of g is R. The function g is not injective. This is because —1 # 1 (both 
are elements of R), but g(—1) = g(1). 


To show that a function f is injective, we have to consider all x,, x2 belonging to the domain with x; # x2 
and check that f(x1) # f(x2). However, to show that a function g is not injective, it suffices to find two different 
elements x, x2 of the domain such that g(x,) = g(x2). Below we give a geometric method to determine whether 


a function is injective or not. 


Horizontal Line Test Let f : X — R be a function where X € R. Then f is injective if and only if every 


horizontal line intersects the graph of f in at most one point. 
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Example The following two figures show the 


4| g(x) = x4 


graphs of f and g in the last two examples. It 


is easy to see from the Horizontal Line Test 


that f is injective whereas g is not injective. 
not injective 


Figure 2.33 Figure 2.34 


Let f be an injective function. Then given any element y of ran(f), there is exactly one element x of 
dom (f) such that f(x) = y. This means that if we use an element y of ran (/) as input, we get one and only one 


output x. The function obtained in this way is called the inverse of /. 


Definition Let f : X — Y be an injective function and let Y, be the range of f. The inverse (function) of 
f, denoted by f~!, is the function from Y, to X such that for every y € Yi, f~'(y) is the unique element of X 


satisfying f(f~!(y)) = y. 


The following figure indicates a function f from a set X to 
a set Y. Assuming that f is injective, for each y belonging 
to the range of f, there is one and only one element x of X 
such that f(x) = y. This element x is defined to be f~!(y). 
That is, 


f(y =x ifandonlyif f(%)=y. 


Remark 
(1) For every x € X, we have o f\(x) =x. 
For every y € ¥;, we have (f 0 f~!)(y) = y. 
(2) f7! is injective and (f-!)"'(x) = f(x) for all x € 
dom (f). 


‘ie 


Figure 2.35 


Steps to find inverse functions 


Let f : X —> R be an injective function where X C R. To find the inverse function of f means to find the 
domain of f~! as well as a formula for f~'(y). If the formula for f(x) is not very complicated, dom (f~!) and 
f~'(y) can be found by solving the equation y = f(x) for x. 

(Step 1) Puty = f(x). 
(Step 2) Solve x in terms of y. The result will be in the form x = an expression in y. 


(Step 3) From the expression in y obtained in Step 2, the range of f can be determined. This is the domain of 
f7'. The required formula is f~!(y) = the expression in y obtained in Step 2. 


Remark Steps 1 and 2 can be used to find range of a function. If the function is not injective, the expression in 


y obtained in Step 2 does not give a function; some y give more than one values of x. 
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Example Let f(x) = 2x° + 1. Find the inverse of f. 


Solution The domain of f is R. It is not difficult to show that f is injective and that the range of f is R. These 


two facts can also be seen from the following steps: 


Put y = f(x). That is, y = 2x7 + 1. 


Solve for x: y-1 = 2x 
yor = .3 
i eens 
; = = x (xcan be solved for all real numbers y) 
-1 
Thus we have dom(f~!) = R and f~!(y) = (oe . 


Example Let g : [0,00) —> R be the function given by g(x) = x’. Find the inverse of g. 


Solution Because the domain of g is [0, 00), the function g is injective . Moreover, the range of g is [0, 0). 
These two facts can also be seen from the following steps: 


Put y = g(x). That is, y = x”. Note that y > 0 and that x > 0 since x € dom(f). 


Solve for x: y= ey, VEO 420 


vy = x («can be solved if and only if y = 0, x = —+/y is rejected) 
Thus we have dom (g~!) = [0, c0) and g7!(y) = vy. oO 


Remark Usually, we use x to denote the independent variable of a function. For the above examples, we may 


write f—!(x) = 5 and g!(x) = vx. 


Caution f~!(x) # a 


' or arcsin to denote the inverse of sin etc. 1 ee ee. 


Remark We use sin™ 
Although the sine function is not injective, we can make it injec- 


tive by restricting the domain to [—5, 5]. 


Nd |'o 


x = sin’! y means sinx = y and —5 <x < 5. The domain of “2 


sin! is [-1, 1] because —1 < sinx < 1. 


-1 
Figure 2.36 
FAQ Why do we use the notation f~!? 


Answer The following example gives a reason why we use such a notation. Let f(x) = 2x. Then / is injective 


and its inverse is given by f~!(x) = ae The multiplicative constant ; is 2-1, 


Another reason is to have the “index law” (details omitted): 


i ie ° f? = pin for mn € 7, 
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Graph of the inverse function 


Let f : X —> R bea function, where X C R. Then its graph is a subset of the plane. If, in addition, f is 
injective, then f has an inverse and dom(f~!) C R. Hence the graph of f~! is also a subset of the plane. There 
is a nice relationship between the graph of f and that of f~!: 


(*) The graph of f and the graph of f~! are symmetric about the line x = y. 
Reason Suppose P(a, b) belongs to the graph of f. This means that b = f(a) or equivalently, a = f~'(b). Thus 


Q(b, a) belongs to the graph of f~!. It is straightforward to show that the line segment PQ is perpendicular to 
the line y = x (denoted by @) and that P and Q are equidistant from ?. Oo 


A. 2 


Figure 2.37 


Figure 2.37 is an illustration for (+). The function f : [0,00) —> R given by f(x) = x” is injective. Its range is 
[0, co). The domain of f~! is [0, co) and f-!(x) = -yx. 


Exercise 2.6 


1. For each of the following functions f, determine whether it is injective or not. 


(a) f(x)=x+2x (b) f(x) =x -5 

2. For each of the following functions /, find its inverse. 
(a) f(x) =3x-2 (b) fx) =2943 
(c) f(x)=1+42x7 (d) fi) = V28-1 


2.7 More on Solving Equations 


In this section, we will consider fractional equations and radical equations. In solving equations, if there is a 
one-sided implication (=>) in any one of the steps, we have to check solution. If all the steps are two-sided 


implications (<=>), there is no need to check solution. 


Example For each of the following equations, find its solution set. 


5 10 
(1) = 


*=2 «x43 


x 2 1 


(2) 


Solution 
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(1) Multiplying both sides of the given equation by (x — 2)(x + 3), we get 


S10 
x-2 x+3 
5 Dor+3) = ay D3) 
5(x+3) = 10(x-2) 
5x+15 = 10x-20 
35. =: Sx 
x 7 


By direct substitution, we see that 7 is the solution to the given equation. 


The solution set is {7}. 


(2) Multiplying both sides by x(x — 1) which is the LCM of the denominators of the terms appearing in the 


equation, we get 


x 42 _ 1 
x-l x -x 
2 1 
7 sated = -x(x—1) 
x-1° x x-— x 
x 4+2(x-1) = 1 (2.7.1) 
x +2x-3 = 0 
(x-1)(x+3) = 0 


x=1 or x=-3 


By direct substitution, we see that —3 is a solution but | is not a solution to the given equation. 


The solution set is {—3}. oO 
FAQ Why do we need to check solution? C_] 


Answer When we multiply both sides by x(x— 1), extra solutions may be introduced. Solutions to (2.7.1) 


may not be solutions to the original equation. This is because 


a=b=ac=bce, but the converse is true only if c # 0. 


FAQ Can we add some conditions on x so that the implication can go backward? 


Answer In the given equation, it is understood that x # 0 and x # 1. This is because the domain of both 
f@® = = i + z (the left-side) and g(x) = 3 : : (the right-side) are R \ {0, 1}. Adding the conditions 
x #0 and x # 1, each step below is a two-sided implication: 

x 2 1 


— => 74+2(x-1)=1 and x#0 and x#1 
x-1l x x-x 


—S (x*-1)(x+3)=0 and x#0 and x¥1l 


== x=—3, 
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Example For each of the following equations, find its solution set. 
(1) Vx? -74+x=7 
(2) yx-vx-3=3 


Solution 


(1) Rearranging terms and squaring both sides, we get 


Vx2-T+x = 7 
w-7 = T-x 


x-7 = (7-x)y 
x°-7 = 49-14x+ x? 
-56 = -14x 
x = 4 
By direct substitution, we see that 4 is the solution to the given equation. 


The solution set is {4}. 


(2) Rearranging terms and squaring both sides, we get 


y¥x—-Vx-3 = 3 
vVx-3 = vVx-3 (2.7.2) 
(vVx-3) = x-3 (2.7.3) 
x-6yx+9 = x-3 
-~6yx = -12 
vx = 2 
x = 4 


By direct substitution, we see that 4 is not a solution to the given equation. 


The equation has no solution. The solution set is 0. Oo 


FAQ Why do we need to check solution? 


= 


Answer When we square} both sides of an equation, extra solutions may be introduced. Solutions to (2.7.3) 


may not be solutions to (2.7.2). This is because 


a=b—=a’ =b’, but the converse is true only if a and b have the same sign. 


FAQ Can we add some conditions so that the implication can go backward? 


Answer In the equation, it is understood that x > 0 and x — 3 > 0. Moreover, it is also understood that x > 3. 


This can be seen easily fr -7.2) Simplifying the three conditions: x > 0, x => 3 and x > 9, we get x > 9. 
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Adding this condition, each step below is a two-sided implication: 
vx-vVx-3=3 — yx-3=vx-3 
==> (y¥x-3)=x-3 and x>9 


= x-6y¥x+9=x-3 and x29 


== vyx=2 and x>9 


— x=4 and x29 


From this we see that there is no solution. oO 


Exercise 2.7 


1. For each of the following equations, find its solution set. 


(a) (2x+1)(x-2) = x(x+4 2) (b) (2x4+1)(x—- 2) = x(x - 2) 
1 2 x x —4Ax 

(c) x+1 x42 (d) x+2 x-2 #4 

(ec) 3-V2x+5=0 (f) Vx?-9+x=9 

(g) Vx2?-94+9=x (h) Vx+54+1=2¥x 


(i) 2x©-9x3+8=0 

2. Let C(q) = 2q + 12 be the cost to produce q units of a product and let R(q) = 10g — q” be the revenue. 
(a) Find the profit (function). 
(b) Find the break-even quantity. 


3. The stopping distance y in feet of a car traveling at x mph is described by the equation 
y = 0.056057x7 + 1.06657x. 


(a) Find the stopping distance for a car traveling at 35 mph. 
(b) How fast can one drive if one needs to be certain of stopping within 200 ft? 
4. Find the right-angle triangle such that the sides adjacent to the right angle differ by | unit and the perime- 


ter is 12 units. 


Chapter 3 
Limits 


Calculus is the study of differentiation and integration (this is indicated by the Chinese translation of “calcu- 
lus’). Both concepts of differentiation and integration are based on the idea of /imit. In this chapter, we use an 


intuitive approach to consider limits, omitting the more difficult e-6 definition. 


3.1 Introduction 


In this section, we introduce the idea of limit by considering two problems. The first problem is to “find” the 
velocity of an object at a particular instant. The idea is related to differentiation. The second problem is to 


“find” the area under the graph of a curve (and above the x-axis). The idea is related to integration. 


Problem 1 Suppose an object moves along the x-axis and its displacement (in meters) s at time f (in seconds) 
is given by 
s(t) = f°, {> 0, 


We want to consider its velocity at a certain time instant, say at t = 2. 
Idea Velocity (or speed) is defined by 


distance traveled 


_ velocity = rc (3.1.1) distance 
(3.1.1) can only be applied to find average velocities over time intervals. “nie 
We (still) don’t have a definition for velocity at t = 2. 
Figure 3.1 
To define the velocity at t = 2, we consider short time intervals 
about t = 2, say from t = 2tot = 2+ 7 Using (3.1.1), we Time interval Velocity 
can compute the average velocity over the time intervals [2, 2.5], [2.2.5] 4.5 m/s 
[2, 2.25] etc. [2,2.25] 4.25 m/s 


[2,2.125] 4.125 m/s 
[2,2.0625] | 4.0625 m/s 


Blwl Mle || s 
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1 


In general, the velocity v, over the time interval [2,2 + ail is 
(2+ yy - 2? 
as 
OD 
1 1\2 
44+2-2-54+() -4 1 
a ee ee, 
T Qn 
Qn 
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It is clear that if n is very large (that is, if the time interval is very short), v, is very close to 4. The velocity, 


called the instantaneous velocity, at t = 2 is (defined to be) 4. 


Problem 2 Find the area of the region that lies under the curve y = x* and 


above the x-axis for x between 0 and 1. 


Idea Similar to the idea in Problem 1, we use approximation to find/define 


area. First we divide the interval [0, 1] into finitely many subintervals of equal 


js. al Bak = ES 
n nn non n 


‘ i-1 i : : ; 
For each subinterval [—. “|, we consider the rectangular region with base on 
n n 


lengths: 


1 Ne 

the subinterval and height (=) (the largest region that lies under the curve). 
n 

If we add the area of these rectangular regions, the sum is smaller than that of 

the required region. However, if n is very large, the error is very small and we 


get a good approximation for the required area. 


The following table gives the sum S ,, of the areas of the rectangular regions (correct 


to 3 decimal places) for several values of n. 


In general, if there are n subintervals, the sum S ,, is 


1 1777 1 (eV t (re=17 
Sx = -07 + i + i Janat(* 
n n n n n n n 


1742? +---+(n—- 1? 


= eS) By Sum of Squares Formula 
6n3 
2n? —3n? +n 
6n3 
1 1 1 


3 an OF 


: F é . : 1 
It is clear that if n is very large (so that the error is small), S,, is very close to 3 


Figure 3.2 


Figure 3.3 


n Sum of areas 
2 0.125 
3 0.185 
4 0.219 
10 0.285 
100 0.328 
500 0.332 
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. : | 
Conclusion The area of the region is > 


12 1 
Sum of Squares Formula 1? + 27 +--- +7? = mae ene 


Exercise 3.1 
“1. In the first problem: If we consider short time intervals other than [2,2 + xh for example consider 
[2,2+ 2) or [2 — 4,2], do we get the same result? 
n n 
*2. In the second problem: 

(a) For each subinterval, we use the value of y at the left endpoint as the height of the rectangular 
region. If we take the right endpoint instead (we will get a surplus in this case), do we get the 
same result? How about taking an arbitrary point in each subinterval? 

(b) In finding the approximations, we divide [0, 1] into equal subintervals. How about dividing it into 


unequal subintervals? 


3.2 Limits of Sequences 


In the last section, we obtained formulas for v, and S,, in Problems | and 2 respectively. Each of these formulas 
gives a sequence (which is a special type of function). To consider the behavior of a sequence for large n, we 


introduce the concept of limit of a sequence. 


Definition 
e A sequence is a function whose domain is Z, (the set of all positive integers). 


e A sequence of real numbers is a sequence whose codomain is R. 


A sequence of real numbers is a function from Z, to R. In this course, we will not consider sequences with 


codomains different from R. Thus, in what follows, a sequence means a sequence of real numbers. 


Let f : Z; —> R bea sequence. For each positive integer n, the value f(n) is called the nth term of the 
sequence and is usually denoted by a small letter together with n in the subscript, for example a,. The sequence 


is also denoted by (a,)°_, because if we know all the a,,’s, then we know the sequence. 


Sometimes, we represent a sequence (a,)°_, by listing a few terms in the sequence: 


a1, 42, 43, a4, a5, ... 


co 


In the following example, the sequences (ay) , 


and (b,)* , are the sequences obtained in Problem | and 


Problem 2 in the last section respectively. 


Example 


(1) Leta, =4+ 7 The sequence (a,)° , can be represented by 


9 17 33 65 
> va 3° 16’ see (3.2.1) 
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1 1 co 
a Ge Pe The sequence (b,)° , can be represented by 
7 


1 5 6 
8° 77° 32° 25” ee (3.2.2) 


Remark = | 


e It is not a good way to describe a sequence by listing a few terms in the sequence. For example, in 
(3.2.1) or (3.2.2), it may not be easy to find a formula for the nth term. Moreover, different people may 
obtain different formulas. It is better to describe a sequence by writing down a formula for the nth term 


explicitly. 


e To denote a sequence, some authors use the notation {a,}” , instead of (a,)”°_,. 


Definition A sequence (a,)”°_, is said to be convergent if there exists a real number L such that 


(*) dy, is arbitrarily close to L if n is sufficiently large. 


Remark Condition (*) means that we can make |a, — L| as small as we want by taking n large enough. For the 


1 ? ; : 
sequence (day) , where ay = mar We can make a, arbitrarily close to 0 by taking n large enough. For example, 


if we want FE — 0| < 0.01, we can take n > 7; if we want E — 0| < 0.001, we can take n > 10 etc. 


Intuitively, Condition («) means that if we let n increase without bound (or let n approach “co”, an imag- 
inary point very far on the right), the value a, approaches L. Geometrically, this means that the point (1, ay) 


approaches the horizontal line y = L as n increases without bound. 


Figure 3.4 


Remark For simplicity, instead of saying Condition («), we will say 


(**) dy, is close to L if n is large. 


In the definition of “convergent”, it is clear that if L exists, then it is unique. We say that L is the limit of 


(an);°_, and we write lim ay, = L. 


n—-oo 
FAQ Can we just write lima, = L, omitting n > 00? 


Answer For sequences, this will not cause ambiguity. However, for functions, we will consider (in later 
sections) limits at infinity as well as limits at a point a (where a € R). The notations lim f(x) and lim f(x) have 
X— 00 xa 


different meanings. Oo 


The following rules can be proved by definition using an alternative method, called e-N method, to describe 
condition (*). However, the e-N definition is outside the scope of this course. Readers may convince themselves 


that the rules are true using intuition. 
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Rules for Limits of Sequences 


(L1) lim k=k_ (where k is a constant) 
n—-co 


1 
(L2) lim a= 0 (where p is a positive constant) 
noo PL 


1 
(L3) lim — =O (where b is aconstant greater than 1) 


noo bp” 
(L4) lim (ay + bp) = lim ap + lim by, 
n—-co n—-oo noo 


(L5) lim a,b, = lim a, + lim by 
n-oco n n—-co 


i 
— 00 


P lim dy 

. n—-oo . . 

(L6) Jim i, = an b, provided that Jim bn #0. 
n—-co 


Remark 


e The meaning of (L1) is that if a, = k for all n where k is a constant, then the sequence (ay), is 


convergent and its limit is k. 


e The meaning of (L4) is that if both (a,)°, and (by), are convergent and their limits are L and M 


respectively, then (a, + bn)”, is also convergent and its limit is L + M. 
e The following is a special case of (L5). It can be obtained by putting a, = k for all n and applying (L1). 
(L5s) im kbp, = k lim bn 
e Using (L4) and (L5s), we get 
CD ee ee 
In fact, Rule (L4) is valid for sum and difference of finitely many sequences. This general result will be 


referred to as Rule (L4). Similarly, the result for product of finitely many sequences will be referred to 
as Rule (L5). 


: : . 1 
In Problem | in the last section, the sequence obtained can be represented by the formula a, = 4 + ae Our 


intuition tells us that the limit of the sequence is 4. Below we use rules for limits to justify this result. 
se ate See 
Example Find lim |4 + — ], if it exists. 
n—-0o Qn 
Explanation The sequence under consideration is given by a, = 4 + The question asks for the following 


(1) Does the limit of (a,)”° , exist or not (or equivalently, is the sequence convergent)? 


(2) If the answer to (1) is affirmative, find the limit. 


1 1 
Solution lim (/ + =| = lm4+ lim — Rule (L4) 
noo Qn noo no Qn 
= 4+4+0 Rules (L1) and (L3) 
= A 
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Remark Below is the logic in the above calculation: 


(1) In the first step, because the constant sequence (4) , and the sequence (=), are convergent, we can 
apply Rule (L4). 


(2) The limits of the two sequences are found by Rule (L1) and Rule (L3) respectively in the second step. 


The sequence in the next example is the one obtained in Problem 2 in the last section. 


2n3 — 3n2 +n 


Example Find lim , if it exists. 
n—-oo 


6n> 
Solution 
lim an? — 3h +n 1 : : + : Rewrite the expression 
i = =-=— i x i 
n-co 6n3 n—-co 3 Qn 6n2 tis P 
in 1 1 : 1 1 ; 
= lim —- lim|=-—]+ lim|-- — Rule (L4), rewrite 2nd and 3rd terms 
n203 nowo\2 7n n>0\6 n2 
1 1 1 
= -—---—-lm-+-- lm — Rules (L1) and (L5s) 
3 oD now fl noo n2 
1 1 1 
= ~-~=-:0+--0 Rule (L2 
a. 2G ee 
— tl 
3 


Example Find lim (1 + 2n), if it exists. 
n—-co 


Solution Limit does not exist. This is because we can’t find any real number L satisfying the condition that 
2n + 1 is close to Lif n is large. Oo 


Remark If we apply rules for limits, we get 


lim(n+1) = lim 2n+ lim 1 Rule (L4) 
n—-co noo noo 
= 2limn+1 Rules (L1) and (L5s) 
n—-co 


However, we can’t proceed because lim n does not exist. From this, we see that the given limit does not exist. 
n—- oo 


FAQ Can we say that lim (1 + 27) is co? 
n-oco CL] 


Answer Limit of a sequence is a real number satisfying Condition (*) given in the definition on page 76. 
Because oo is not a real number, we should say that the limit does not exist. 


In the next section, we will discuss the meaning of lim f(x) = o etc. Oo 
XxX—-0o 


n+l... . 
° if it exists. 


Example Find lim 
n—-oo 


Explanation We can’t use Rule (L6) because limits of the numerator and the denominator do not exist. However, 
we can’t conclude from this that the given limit does not exist. To find the limit, we use a trick: divide the 


numerator and the denominator by n. 
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1 
Sie. Hee =. &. Tien 


a Divide numerator and denominator by n 
n-0oo Qn+ 1 n—-0oo 2n+1 


x oan is Rule (L6), rewrite numerator and denominator 
n—-oo 


lim 1+ lim 4 


noo noo 7 


Sr Rule (L4) 
lim 2 + lim ; 
n—-co n—-co 
14+0 
= ag Rules (L1) and (L2) 
~ sf 
~ 2 


oO 


Remark We can apply the following shortcut (called the Leading Terms Rule). The method is to throw away 
the constant term | in the numerator and the denominator (note that ifn is very large, compared with n or 2n, 
1 is very small). 


n+1 = in n 
n>oo 2n + 1 noo 2n 
= lim = : 
noo 2 2 


The Leading Terms Rule for limits of functions at infinity will be discussed in more details in the next section 
(see page 83). 


Exercise 3.2 


1. For each of the following, find the limit if it exists. 


spf ; 5 
a ‘ah (b) . im =) 

. 3n2 — 4000 3 n2 — 12345 
(c) jim 72+ 10000 ee errs 

: 52 +4 : 1 a 
(e) jim 5343 (f) Jim (, +(-1)') 


2. Suppose $50,000 is deposited at a bank and the annual interests rate is 2%. 


(a) What amount (correct to the nearest cent) will the account have after one year if interests is 
(i) compounded quarterly; 
(ii) compounded monthly? 
(b) If interest is compounded n times a year, express the amount A, after one year in terms of n. 
*“(c) Does Jim An exist? What is the value? 
*3. For each of the following sequences (a,)°_,, use computer to find the first 100 (or more) terms. Does 


n=1? 
lim a, exists? If yes, what is the value? 
n—-co 


(a) a, =(1+ “y" 
2 


- 


sd : : 
(c) d,=nsin- _ (angles are in radians) 
n 


(b) a, =(1+ 
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“4. Suppose (a,) is a sequence such that 0 < a, for all n and aj > az > a3 >---. Does lim ay exist? What 
n—-co 


can you tell about the limit? 


3.3 Limits of Functions at Infinity 


co 


When we consider limit of a sequence (a,)”°_,, 


we let n approach co through the discrete points n = 1,2,3,.... 
Recall that a sequence means a sequence of real numbers; it is a function from Z; to R. In many cases, we will 
consider functions f from a subset of R to R such that f(x) is defined when «x is large. For such functions, we 


can let x approach co continuously (through large real numbers) and consider the behavior of f(x). 


Convention A function means a function whose domain is a subset of R and whose codomain is R, unless 


otherwise stated. 


Definition Let f be a function such that f(x) is defined for sufficiently large x. Suppose L is a real number 


satisfying the following condition: 
(x) f(x) is arbitrarily close to L if x is sufficiently large. 


Then we say that L is the limit of f at infinity and write lim f(x) = L. 
X— 090 


Remark 


e The condition “f(x) is defined for sufficiently large x” means that there is a real number r such that f(x) 


is defined for all x > r. 
e Liscalled the limit because it is unique (if it exists). 
e For simplicity, instead of saying Condition («), we will say 


(x*) f(x) is close to L if x is large. 


Condition (*) means that if we let x increase without bound, then the value f(x) approaches L. To visualize 
this, imagine a small creature living on the curve y = f(x). Suppose the small creature moves to the right 


indefinitely. It will get “closer and closer’ to the horizontal line y = L. 


Figure 3.5 


FAQ For sequences, we just say “limit”. For functions, why are the words “at infinity” added? 


Answer For functions, there are other types of limits. In Section 3-5, we will discuss limits of functions at a 
(where a € R). oO 
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The following rules for limits of functions at infinity are similar to that for limits of sequences. In (4), (5), 
(5s) and (6), f and g are functions such that f(x) and g(x) are defined for sufficiently large x. 


Rules for Limits of Functions at Infinity 


(L1) lim k=k _ (where k is a constant) 
xX—0o 


1 
(L2) lim = 0 (where p is a positive constant) 
X00 X! 


1 
(L3) lim a3 =0 (where b is a constant greater than 1) 


(L4) lim ( f(x)+ g(x) = lim f(x) + lim g(x) 


The result is valid for sum and difference of finitely many functions. 


(L5) lim (f(x) - (2) = lim f(x) lim g(x) 

x00 x00 X— 00 

The result is valid for product of finitely many functions. 
(L5s) lim (k+ g(x) = k- lim g(x) 

xX— 00 X00 
lim f(x) 


inl ee 
seo g(x) lim g(x) 


(L6) provided that lim g(x) # 0. 


To consider limits of functions at infinity, we should first check the domains of the functions. For example, 
if f(x) = V1 — x, the domain of f is {x € R: 1 — x => 0} = (co, 1]; it is meaningless to talk about limit of f at 
infinity. In the next example, the domain of the function | — = is R \ {0}; the function is defined for large x and 


hence we may consider its limit at infinity (whether the limit exists; and if exists, find the value). 


2 
Example Find lim ( - =} if it exists. 
xX 00 x 


2 1 
Solution lim{1-—-—] = lim 1 - lim [2-— Rule (L4), rewrite 2nd term 
X—0o x3 X00 X—0o x3 
1 
= 1-2-lm-— Rules (L1) and (L5s) 
x09 x3 
= 1-2-0 Rule (L2) 
= 


Example Find lim (2~* + 3), if it exists. 
X— 090 


Solution lim(2-*+3) = lim 2-* + lim 3 Rule (L4) 
X00 xX—- 00 xX— 00 
. 1 ; 
= lm ae 3 Rewrite first term and Rule (L1) 
XxX— 00 
= 0+3 Rule (L3) 
= 3 
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Example Find lim 


2 


x +] 


, if it exists. 


x00 3x3 —Ax + 5 
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Explanation Because limits of the numerator and denominator do not exist, we can’t apply Rule (6). The first 


step is to divide the numerator and denominator by x° so that the limits at infinity of the new numerator and 


denominator exist. 


Solution 


' e+ 
lim —————— 
x00 3x3 —4x +5 


P41 
3 


lim + 
x00 3x° —4x4+5 


¥ : 1 
lim - + lim = 


X00 X X00 X" 


lim 3— lim 4 + lim > 


xX— 00 


0+0 
3-0+0 


0 


X00 X X00 X” 


Divide numerator and denominator by x° 


Rule (L6), rewrite numerator and denominator 


Rule (LA) 


Rules (L1), (L2) and (L5s) 


oO 


The next example is similar to the last one. To find limits at infinity for rational functions, we can divide 


the numerator and denominator by a suitable power of x. 


Example Find lim 


x00 3x3 — Ax + 5 


Solution 


e+] 


MN a a 
x00 3x? — 4x +5 


3 


xt] 


, if it exists. 


lim 1+ lim 4 
X— 090 X00 X 
5 


lim 3 - lim 4 +2 


X— 00 x00 X x 


14+0 
3-0+0 


1 
3 


Divide numerator and denominator by x° 


Rule (L6), rewrite numerator and denominator 


Rule (L4) 


Rules (L1), (L2) and (L5s) 


To find limits at infinity for rational functions, we can also use the following shortcut. 
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Leading Terms Rule Let f(x) = dnx” + dn_1x! +++ +ayx+ag and g(x) = bmx" + Dy | +++ +b, x+ bo, 


where a, # 0 and b,, # 0. Then we have 


. SQ  AnX + Gp! ++ + ax + ay . Ayx" 
lim —— = lim = lim 


x00 9(X) x00 Diy xX + Dy xl tees + byx tb x30 bx 


Proof The idea is to extract factor a,x" in the numerator and b,x” in the denominator. Putting 


Gn-1 1 Gn-2 1 a 1 i) 1 
v(x) Le Gy | x 7 Gn x2 gE A ay, xT ” an x" 
~ bmn-1 1 bin-2 1 by 1 bo 1 
! - bin x - ‘m x2 anaes a : xn Dn ‘ am 
FQ) _ nx" 
we Nave —— = * Q(X). 1S Stral orward to chec at am x) = 1. Mence ule , we ootain 
h y(x). It is straightforward to check that lim y(x) = 1. Hence by Rule (5), we obt 
gO) Bx” i900 


the required result. 


Remark 


e (a) Ifn =m, the limit is @ 


n 


(ey leeches mis sate oe) =0. 


xin-n 


oO 


Bn 
c) Ifn > m, the limit is iim - x"~"™ | which does not exist because as x increases indefinitely, x”~” 
y. 


increases indefinitely. 


e The Leading Terms Rule can also be applied to “functions similar to rational functions”, for example, for 


x+2Vx +3 it & 


f(x) =x + 2x +3 and g(x) = 5x + 6x +7, we have ee ae jim = 


e The Leading Terms Rule can’t be applied to limits of rational functions at a point: lim 


Below we re-do the last two examples using the Leading Terms Rule. 


x +1 oo . 
Example lim ————__ =_ lim —> Leading Terms Rule 
x00 3x3 —4x+5 X00 3x3 
: 1 1 Ata 3 : 
= lm ae Simplify and rewrite expression 
X00 x 
1 
= 37 0 Rules (L2) and (L5s) 
= 0 
3 1 3 
Example lim pe a lim ~~ Leading Terms Rule 
x00 3x3 — Ax + 5 x00 3x3 
= lm 3 Simplify expression 
xX— 090 
1 
5 Rule (L1) 


ne, where a € R. 
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In the next example, the function can be considered as a product or a quotient of two functions. However, 
we can’t apply Rule (5) or (6) because limit at infinity of one of the functions does not exist. To find the limit, 


we need the following result. 


Sandwich Theorem Let f, g and h be functions such that f(x), g(x) and h(x) are defined for sufficiently large 
x. Suppose that f(x) < g(x) < h(x) if x is sufficiently large and that both lim f(x) and lim h(x) exist and are 
X—0o X—0o0 


equal (with common limit denoted by L). Then we have lim g(x) = L. 
X— 00 
Remark The condition “f(x) < g(x) < h(x) if x is sufficiently large” means that there is a real number r such 
that the inequalities are true for all x > r. 
Example Find lim == if it exists. 
x00 Xx 


. : : . : ; 1 
Explanation The given function can be written as a product of two functions: sinx and —. For the second 
x 
function, its limit at infinity is 0. However, for the first function, its limit at infinity does not exist. Thus we 


can’t apply Rule (5). 
Solution Since —1 < sinx < 1 for all real numbers x, it follows that 


—-1 — sinx 


—< an for all x > 0. 
x x x 
Note that iim — = lim . = 0. Thus by the Sandwich Theorem, we have iim “me = 0. Oo 
Example Find Jim (1 + log x), if it exists. 
Remark Since Jim log x does not exist, we can’t apply Rule (L4). 
Solution iim (1 + log x) does not exist. This is because if x increases without bound, so does | + log x. Oo 


Infinite Limits 


In the last example, although limit does not exist, we know that if x increases indefinitely, so does (1 + log x). 
In the limit notation lim, the symbol x — co indicates that “x increases indefinitely’, or “x approaches o’’. 
Using the same idea, we also write 1 + log x — oo which indicates that the value increases indefinitely (as x 
increases indefinitely). Putting y = 1 + log x, we write y > oo as x > oo. Concerning the graph of y = f(x) in 
the coordinate plane, x — co means that x goes to the right indefinitely, approaching the point oo (an imaginary 
point on the right) and y — oo means that y goes up indefinitely, approaching the point oo (an imaginary point 
at the top). 


Notation Let f be a function such that f(x) is defined for sufficiently large x. Suppose that 
(x) f(x) is arbitrarily large if x is sufficiently large. 


Then we write lim f(x) = ~. 
X— 00 


Remark 


e Because oo is not a real number, lim f(x) = co does not mean the limit exists. In fact, it indicates that 
X00 


the limit does not exist and explains why it does not exist. 
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e Instead of jim f(x) = &, we also write f(x) — co as x > ~. 
e For dimple instead of saying Condition (*), we will say 
(«*) f(x) is large if x is large. 
e Similar to tim f(x) = ©, we also have iim f(x) = —co which means that 


(**) f(x) is large negative if x is large. 


Example (a) lim(1 + x*) =o (limit does not exist) (b) lim(1 — x”) = —co (limit does not exist) 
X—0o X00 
100 
80 56 2 6 8 10 
60 -40 
40 -60 
20 -—80 
-100 
2 4 6 8 10 
Figure 3.7 
Figure 3.6 
- Lex ae : = 
Example lim = lm — Leading Terms Rule 
x00 1 +X x00 X 6 
= limx : 
x00 


co (limit does not exist) 


2 4 6 8 10 


Figure 3.8 


Limits at negative infinity 


Similar to limits at infinity, we may consider limits at negative infinity provided that f(x) is defined for x 


sufficiently large negative. Readers can figure out the meaning of the following notations: 
e lim f(x) = L where L is a real number; 
X—-co 
e lim f(x) = 09; 
X—-0o 


+ lim fo) = 


Example 


(1) lim er 


X7-00 X 


(2) lim x? =-oo (limit does not exist) 


X00 


(3) lim (1—x°)=0o (limit does not exist) 
xX——-0o 


FAQ Can we perform addition, multiplication etc. with co or —co? 


Answer Yes and no. For example, 


e 1+o=00, 
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e 2-w=a, 
However, 

e co-—oo is undefined, 

e (Q-oo is undefined. 


Be careful when you perform such operations. Oo 


Exercise 3.3 


1. For each of the following, find the limit if it exists. 


(a) lim (b) lim (15 — 16x73) 
X00 x- 1 x— 00 
a eee 
vara 24 
(ce) lim 2%? if. tims 
xo00 4+ 1 x00 Xx? 
. 49 . [al 
(gy ed OS 
@) lim 2! (j) lim xsinx 
X--0co X X——00 


2. The concentration C of a drug in a patient’s bloodstream t¢ hours after it was injected is given by 


C(t) = 


0.15¢ 
P+3° 
(a) Find lim C(t). 

(b) Interpret the result in (a). 


10000 


3. The population P of a certain small town ¢t years from now is predicted to be P(t) = 35000 + GAD?” 
(a) Find the population in the long run. 


(b) Use computer to sketch the graph of P. What can you tell from the graph? 
“4. For each of the following functions f, use computer to find f(x) for large x. Guess whether iim f@ 
exists or not. If the limit exists, what is the limit? 
(a) fe) = Vx41— yx 
(b) f(x) = V2 4x-x 
99 


©) f@= > 


3.4 One-sided Limits 


In the last section, we consider limits at infinity (or negative infinity) by letting x approach the imaginary point 
co (or —co). In this section, we consider limits at a point a on the real line by letting x approach a. Because x 
can approach a from the left-side or from the right-side, we have left-side and right-side limits. They are called 


one-sided limits. 
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Right-side Limits 
Definition Let a € R and let f be a function such that f(x) is defined for x sufficiently close to and greater than 
a. Suppose L is a real number satisfying 
(«) f(x) is arbitrarily close to L if x is sufficiently close to and greater than a. 
Then we say that L is the right-side limit of f at a and we write im fW=L. 
Remark 


e The condition “f(x) is defined for x sufficiently close to and greater than a” means that there is a positive 
real number 6 such that f(x) is defined for all x € (a,a+6). For simplicity, instead of saying the condition, 
we will say “f is defined on the right-side of a’. 


e Instead of saying Condition (*), we will say 


(«*) f(x) is close to L if x is close to and greater than a. 


e In the definition, it doesn’t matter whether f is defined at a or not. If f(a) is defined, its value has no 
effect on the existence and the value of lim f(x). This is because right-side limit depends on the values 
x7 at+ 


of f(x) for x close to and greater than a. 


1 
Example Let f(x) = 1-2 ¥*. The domain of f is (0,00) and so f is 


defined on the right-side of 0. The graph of f is shown in the following ; 
figure. iy 

0.6 
Imagine a small creature living on the curve. Suppose it moves to the 0.4 
left so that the x-coordinate of its position approaches 0 (from the right). 0.2 
From the graph, we see that the y-coordinate will approach |. In other 

sol 
words, the right-side limit of f at 0 is 1, that is, lim (1 - 2°) = 1. = i nr 
x30+ Figure 3.9 


FAQ How can we know the graph of f ? 


Answer This example is chosen to illustrate the idea of right-side limit. The graph is generated by computer. 


3 oe ee ae : 1, me 
e Tosee why lim (1-2 ¥*) = 1, note that if x is small positive, then so is Vx and hence cE is large positive; 
x 0+ ae 


1 


ao ve 
the expression 2. v* = 2~!#ree positive — ___"_ 
glarge positive 


close to 1. 


is small positive and so f(x) = (1 — small positive) is 


: ‘ : 1 
e To see why the graph goes down (as x increases), note that if x increases, then so does x and so aE 
x 


1. al ; 
decreases; hence ——— increases; therefore 2" increases apd thus f(x) decreases. An alternative way 
x 


to see this is to use differentiation (see Chapter 5 and Chapter 9). Oo 
Example Let f(x) = x. The domain of f is [0, co) and so f 1 
is defined on the right-side of 0. O08 
0.64 


Note that if x is close to and greater than 0, then f(x) is close 
to 0. This means that lim vx = 0. 
x>0+ 


Figure 3.10 
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Example Let f(x) = sin The domain of f is R \ {0}. Thus f is defined on the right-side of 0 and we can 
consider the right-side limit of f at 0. 


Remark In fact, f(x) is also defined for x < 0 and so we can 


consider its left-side limit. See the definition for left-side limit i 
below. 0.5 (—— 


The graph of f (for 0 < x < 2) is shown in Figure 3.11. Note that 0.5 1 1.5 2 
when x approaches 0 from the right-side, f(x) oscillates between 


: z 1 . 
—1 and 1. Thus lim sin - does not exist. Figure 3.11 
x30+ x 


Example Let f(x) = ae, The domain of f is R \ {0, 1}. Thus 
f(x) is defined for 0 < x < 1 and we can consider fina F(x). 
x—O0+ 


The graph of f (for 0 < x < 0.8) is shown in Figure 3.12. From 
the graph, we see that lim at ail, 0.2 0.4 0.6 0.8 
xX30+ X — xX “1 


Remark The limit can be calculated using the following fact: 


sin x 


lim =1 = 
x00 xX 


It is a two-sided limit. See next section for more details. Figure 3.12 


Left-side Limits 


If a function f is defined on the left-side of a, we can consider its left-side limit. The notation lim f(x) = L 
xa 


means that 


(«) f(x) is arbitrarily close to L if x is sufficiently close to and less than a. 


sin x 


Example Let f(x) = on The domain of f is R \ {0, 1}. Thus 


F(x) is defined for x < 0 and we can consider lim Fo). 
x0- 


The graph of f (for x close to and less than 0) is shown in the 


following figure. From the graph, we see that lim ome =-1. 


x20- X° — X i, 5 


Figure 3.13 
Similar to lim f(x) = o9 etc., we have the following notations: 
X— 00 

(1) lim f(x) = 0 

Xa+ 
(2) lim f(x) = -00 

xX a+ 
(3) lim f(x) = 0 

x7 a— 


(4) lim f(x) = -00 
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Readers can figure out the meaning of the notations themselves. Geometrically, if any one of these notations is 


true, then the line x = a is a vertical asymptote for the graph of f. 


rae | 
Example lim — =o lim = —00 
x0+ X xol-x-1 

50 

40 0.2 0.4 0.6 0 1 
-10 

30 
-20 

20 -30 

10 -~40 


0.2 0.4 0.6 0.8 a 
; Figure 3.15 
Figure 3.14 


Exercise 3.4 


1. For each of the following, find the limit if it exists. 


‘ : 1 
ie DS ne 
1 1 
ae O, en 
(ec) lim (2-31) (f) lim (2-31) 
x0+ x30- 


3.5 Two-sided Limits 


Definition Let a € R and let f be a function that is defined on the left-side and right-side of a. Suppose that 
both tim F(x) and im f(x) exist and are equal (with the common limit denoted by L which is a real number). 


Then ‘the 1 two-sided line or more simply, the limit of f at a is defined to be L, written lim nf (x) = 


Remark 
e lim f(x) = L means that 
xa 
(*) f(x) is arbitrarily close to L if x is sufficiently close to (but not equal to) a. 


e The condition “f be a function that is defined on the left-side and the right-side of a’ means that there is 
a positive real number 6 such that f(x) is defined for all x € (a— 6) U (a,a+ 6). 


e Inconsidering lim f(x), it doesn’t matter whether f is defined at a or not. 
xa 


Example Let f(x) = 
f is defined on the left- ae ‘and right-side of 0. In 2 3.4, the 
left-side and right-side limits of f at 0 were found to be 


sinx _ | 
x Figure 3.16 


Thus, by definition, the limit of f at 0 exists and lim = 
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Example Let f(x) = = 


e For x > 0, we have |x| = x and so f(x) = x=], 
Xx 


Hence we get lim ~ =1. 


x30+ |x| 0.5 
Xx 
e For x < 0, we have |x| = —x and so f(x) = — =-1. 
=x% 
. x =3 -2 -1 1 2 3 
Hence we get lim — =~-1. -0.5 
x30- |x| 
¢ x : =1T0 
Therefore, lim — does not exist. 
x0 lal Figure 3.17 


The following rules are useful to find limits of functions at a point a. In Rules (La4), (La5), (La5s) and 
(La6), f and g are functions that are defined on the left-side and right-side of a. Some of the rules are similar 


to that for limits of functions at infinity. 
Rules for Limits of Functions at a Point 
(Lal) lim k=k_ (wherea € Rand k is a constant) 
(La2) lim x" =a" (where a € R and nis a positive integer) 
(La2’) lim 4/x = Va (where a € R and nis an odd positive integer) 


lim Vx = Va (where 0 < a € Rand nis an even positive integer) 
x7 a 


(La3) limb* = b* (where a € R and bis a positive real number) 


x7a 
(La4) lim (f(x) + g(x)) = lim f(x) + lim g(x) 

xa Pio 7 9 xa 

The result is valid for sum and difference of finitely many functions. 
(LaS) lim (f(x) - g(x)) = lim f(x) - lim g(x) 

xa xa PP fae 

The result is valid for product of finitely many functions. 


(LaSs) lim (k- g(x)) =k lim g(x) (where k is a constant) 
xa xa 


lim f(x) 
li f( _ xa 


(La6) provided that lim g(x) # 0. 
xa 


im —— = — 
xa g(x) lim g(x) 


Example Find lim( 1 + x), if it exists. 
x7 


Solution lim(1 +27) = lim 1+ lim x? Rule (La4) 
x4 x x4 
= 14+4 Rules (Lal) and (La2) 
= 17 im 


Recall that a polynomial function p is a function that can be written in the following form 


P(X) = Cnx" + G4! Som gee ey, 


3.5. Two-sided Limits 91 


where co, C1,..-,Cn are constants. Using the method in the above example, we can prove the following theorem 


which means that the limit of a polynomial function at any real number can be found by substitution. 
Theorem 3.5.1 Let p(x) be a polynomial and let a be a real number. Then we have 


lim p(x) = p(a). 


-1 
Example Find lim > if it exists. 


x92 x27 +4.X— 
; lim(x - 1) 
Solution lim————~ = —~ Rule (La6) | 
x2 x24+x-2 lim(x* + x ~ 2) 

x 

= ee Theorem 3.5.1 
22+2-2 
1 

— ri oO 


Recall that a rational function r is a function that can be written in the form 


_ Ps) 
r(x) a q(x) ? 

where p and qg are polynomial functions. Using the method in the above example, we can prove the following 
theorem which means that the limit of a rational function at any a belonging to its domain can be found by 


substitution. 


Theorem 3.5.2 Let p(x) and q(x) be polynomials and let a be a real number. Suppose that g(a) # 0. Then we 


have 
lim 2 = PO 
xa g(x) g(a) 
eee oe ae ee 
Example Find lim , if it exists. 
xl x*+x-2 


Explanation The rational function f(x) = ss is uncefined at x = 1. This means that | does not belong 
x xXx 
to the domain of f and so we can’t apply Theorem 3.5.2. If we substitute x = 1 into the numerator and 


: 0 Ss i F F 0 
denominator, we get a We say that the limit is in the indeterminate form 0° 


To find the limit, we replace f by a function g which coincides with f on the left-side and right-side of 1 
such that the limit of g at | can be found by substitution (see the following figures). 


1 


Figure 3.18(a) Figure 3.18(b) 
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The function g is given by g(x) = — It can be found by simplifying the expression defining f: 


x-1 
fw= Sse g(x) forallxeR\ {1,-2}. 
-1 -1 
Solution lim —~——~ = lim —~——_ 
xol x2 +x-2 x1 (x — 1)\(x + 2) 
1 
= lim aay Simplify expression 
= : Theorem 3.5.2 
~ 142 ~ 
1 
= 3 oO 
1 
Example Find lim , If it exists. CL] 
xol x’ +x-—2 
Explanation The rational function f(x) = —— 3 is undefined at x = 1. Thus we can’t use Theorem 3.5.2. 


If we put x = | into the numerator and denominator, we get 0° Limits (left-side and right-side) of the form 
non-zero number 


7 are co or —oo. See the solution below for more details. 


. : x+1 : a3 ae: 
Solution lim ————— does not exist. This is because if x is close 
a1 x? + x — ' , 
to 1, the numerator is close to 2 whereas the denominator is close to 


0 and so the fraction is very large in magnitude (may be positive or 


negative). Oo 
. oe) -1 1 2 3 
Remark Indeed, the denominator is x° + x — 2 = (x — 1)(x + 2). 
Therefore, if x is close to and greater than 1, the denominator is -10 
ae : c+ 1 rae 
small positive. Hence we have lim a 7 = oo. Similarly we 
xol+ XO tX- 2 

‘ x+1 -20 

have lim ———~ = —09, 
xol- xw+x-2 Figure 3.19 


h)- 
Example Let f(x) = x° + 3. Find lim = 


fath)— fo 
h 


Explanation The expression involves two variables x and h. However, the question asks for lim 


s 
(limit of the expression as h approaches 0). This implies that x is considered as a constant. In this way, the 


fest fe) is considered as a function of h, defined for all h # 0. The limit is in the indeterminate 


expression 

0 : ; . . Boe 
form 5 because if we put / = 0 in the expression, the numerator and denominator are both 0. To find the limit, 
we simplify the expression so that the troublesome factor A in the denominator is canceled. 


fa+th)—f@) (a+ hy? +3) -— OG? +3) 


Solution es = A 
_ (x? + xh t WP +3) - @? +3) 
7 h 
_ 2xht+h? 
~ h 
hx +h) 
- h 


= 2Ax+h 
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f(x +h) — Ff) 


Since ————_————. and 2x + h (considered as functions of h) are equal on the left-side and right-side of 
h = 0, it follows that [| 
fig = ion 
= 2x+0 Theorem 3.5.1 
=. 2% 


0 | 


f(xth)- f@ 
h 


Remark The expression is called a difference quotient. Limits of difference quotients will be 


discussed in detail in Chapter 4. 

Summary for Limits In this chapter, we have introduced the following types of limits: 
lim ap, lim f(x), lim f(x), lim f(x), lim f(x), lim f(x). 
n—-co xX— 00 X——090 x->a-— xX-at+ xa 


Since the definitions for lim a, and lim f(x) are similar, we will omit limits of sequences in the following 
— 00 X— 090 


discussion. Note that for functions, the five types of limits take the form 
lim f() 

where O can be oo, —oo0, a—, a+ or a. The notation 

lim f(x) = L, 

x7oO 
where L is a real number, means the following 

f(x) 1s arbitrarily close to L if x is “sufficiently close to (and different from)” O, 
which, in short, is written as 
f(x) is close to L if x is “close to (and different from)” 0, 


where f(x) is close to L has the usual meaning and 

e xis “close to (and different from)” co means x is large; 

e xis “close to (and different from)” —co means x is large negative; 

e xis “close to (and different from)” a— means x is close to and less than a; 

e xis “close to (and different from)” a+ means x is close to and greater than a; 

e xis “close to (and different from)” a has the usual meaning. 
If we cannot find a real number L such that lim f(x) = L, then we say that lim F(x) does not exist. There are 
several possibilities for this. We may have 


lim f(x)=co or lim f(x)=-—co or other behavior such as oscillation. 
x>-oO x>?oO 


Similar to the above discussion, the notation lim f(x) = co means that f(x) is “close to” oo if x is “close to (and 
x-0 


different from)” 0, where “close to” oo means large. 
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Exercise 3.5 


1. For each of the following, find the limit, if it exists. 


(a) lim(? + 3x ~4) (b) lim(x? — 5x 8)° 

© im( S55) @ tin EH 

(©) Jim 25" tim 25 

(@) tim, cm) lim 2g 

: 7 

O ys O lim se 

() tim tim 5 
2. For each of the following f, find lim a 

(a) f(x) =4x-13 () fax 

() fa) =- (df) = ve 


3.6 Continuous Functions 


In the last section, we see that for “nice” functions, we can use substitution to find limits, that is, lim f(x) equals 
xa 
f(@. Functions with this property are called continuous functions. They are very important in the theory of 


more advanced calculus because they have many other nice properties. 


Definition Let a € R and let f be a function such that f(x) is defined for x sufficiently close to a (including a). 
If the following condition holds, 


(+) lim f(x) = f(a). 
xa 
then we say that f is continuous at a. Otherwise, we say that f 1s discontinuous (or not continuous) at a. 
Remark 


e The condition “f(x) is defined for x sufficiently close to a’ means that there exists a positive real number 
6 such that f(x) is defined for all x € (a—6,a+6). This condition implies that f is defined on the left-side 
and right-side of a as well as at the point a. Condition (*) means that the left-side and right-side limits 
exist and lim f(x) = lim f(x) = f(a). 

xX—a+ x->a- 

e Condition (*) can be replaced by the following: 

(*’) f(x) is arbitrarily close to f(a) if x is sufficiently close to a. 


Many authors use (*’) as definition for “f is continuous at a’. 
e Since lim x = a, condition (*) means that 
xa 
(2) lim f(x) = f (lim x} 
xa xa 


If we consider f(x) as an operation: f acts on x, (*’”) means that the operation of taking f and that of 


taking limit commute, that is, the order of taking f and taking limit can be interchanged. 
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e Instead of saying (*’), we will say 
(x*) f(x) is close to f(a) if x is close to a. 
Roughly speaking, (**) means that if x is change from a to a+ Ax 
where Ax is a small number (see the following figure which shows 


the graph of y = f(x) where f is a function continuous at a), then 


the corresponding change in y, denoted by Ay, is small, where 
Ay = f(a+ Ax) — f(@. 


Remark Ax is a symbol to denote a small change in x; it doesn’t 


mean a product of two numbers A and x. P 


Figure 3.20 
If a function f is undefined at a, it is meaningless to talk about whether f is continuous at a. Condition (*) 
means that 
(1) lim f(x) exists; 
xa 
(2) the limit in (1) equals f(a). 


If lim f(x) does not exist or if lim f(x) exists but does not equal f(a), then f is discontinuous at a. 
x7a xa 


-1 ifx<0O 
Example Let f(x)=40 — if x = 0. Determine whether f is continuous at 0 or not. 
1 ifx>0 


Explanation The function is defined on the left-side and the right-side of 0 as well as at 0. Therefore, we may 
consider whether f is continuous at 0. In fact, we may consider whether f is continuous at | etc., but this is 


another question. 


Solution By the definition of f, we have: 1 


lim f(x) = lim -1=-1 and lim f(@) = lim 1=1. 
x30- x 0- x30+ x30+ 


=-3 HZ = 1 2 
= 04/5) 
Since lim f(x) # lim f(x), it follows that lim f(x) does not a 
. x0- . x>0+ 7 x0 
exist. Hence f is not continuous at 0. Figure 3.21 Oo 
a it xO, ; ; ; ; . 
Example Let f(x) = For each real number a, determine whether f is continuous or discontin- 
1 ifx=0. 


uous at a. 


Explanation The domain of f is R. So we may consider continuity of f at any point a € R (that is, whether f 


is continuous at a). 


Solution Consider the two cases where a = 0 or a # 0: 
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(a=0) Note that f(x) = x on the left-side and the right-side of 0. Thus we have 


lim f(a) 


Therefore, f is not continuous at 0. 


lim x? 
x0 


02 
0 
f(0) 


Theorem 3.5.1 


(a #0) Note that f(x) = x? on the left-side and the right-side of a. Thus we have 


lim f(x) 


Therefore, f is continuous at a. 


Remark The graph of f is shown in Figure 3.22. 


a | 


lim x2 
xa 


ae Theorem 3.5.1 


f(@ 


pall 1 2 


Figure 3.22 


In the preceding definition, we consider continuity of a function f at a point a (a real number is considered 


as a point on the real line). In the next definition, we consider continuity of f on an open interval. Recall that 


an open interval is a subset of R that can be written in one of the following forms: 


(a, ) 


(a, co) 


(—0o, 8) 


(—0o, oo) 


{xe Ria<x<B} 
{xER:a< x} 
{xER:x< ZB} 

R 


where a@ and f are real numbers, and for the first type, we need a < B. 


Definition Let / be an open interval and let f be a function defined on /. If f is continuous at every a € J, then 


we Say that f is continuous on I. 


Remark 


e In the definition, the condition “f is a function defined on I’ means that f is a function such that f(x) is 


defined for all x € J, that is, J C dom (f). 


e Since J is an open interval, we may consider continuity of f at any point a belonging to /. 


e If there exists a € IJ such that f is not continuous at a, then f is not continuous on I. 


3.6. Continuous Functions 97 


Example In the last example, the domain of f is R. The function is not continuous on R because it is not 
continuous at 0. For the open interval (0, co), the function f is continuous at all a belonging to this interval. 


Therefore, f is continuous on (0, co). Similarly, f is continuous on (—os, 0). 


1 
Example Let f(x) = —. Show that f is continuous on (0, co) as well as on (—o9, 0). 
x 


Explanation The domain of f is R \ {0}. Since f is undefined at 0, we can’t consider continuity of f at 0. The 
domain can be written as the union of two open intervals: (—co, 0) and (0, co). The question is to show that f 
is continuous on each of these two intervals, that is, f is continuous at every a in the two intervals. We may 
also say that f is continuous on (—oo, 0) U (0, co). However, this terminology will not be used in this course. 
We will consider continuity on intervals only, because functions continuous on (closed and bounded) intervals 


have nice properties (see Intermediate Value Theorem and Extreme Value Theorem below). 


Proof For every a € (0, 00), we have 


l = 


lim f(x) = lim- 

xa xa xX 
= : Theorem 3.5.2 
= f@ 


Therefore, f is continuous at a. By definition, f is continuous on (0, co). Similarly, f is continuous on (—os, 0). 
Oo 


Remark The graph of f is shown in Figure 3.23. 


Figure 3.23 


Remark Geometrically, a function f is continuous on an open interval J means that the graph of f on J has no 
“break’’; if we use a pen to draw the graph on paper, we can draw it continuously without raising the pen above 


the paper. 


The following two results give examples of continuous functions. They are just immediate consequences 


of the corresponding results for limits. 
Theorem 3.6.1 Every polynomial function is continuous on R. 


Explanation The result means that if p is a polynomial function, then it is continuous on R. 


Proof Let p be a polynomial function. For every a € R, by Theorem = : we have lim p(x) = p(a), that is, p 
xa 


is continuous at a. Thus by definition, p is continuous on R. Oo 


Theorem 3.6.2. Every rational function is continuous on every open interval contained in its domain. 
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Explanation The result means that if f is a rational function and if J is an open interval with J ¢ dom (f/f), then 


f is continuous on /. Recall that f can be written in the form f(x) = a“ where p(x) and q(x) are polynomials. 
x 
e If g(x) is never 0, then dom (f) = R. 


e If q(x) = 0 has solutions, then dom (/) is the union of finitely many open intervals: 
dom (f) = R \ {21, 225. «+5 Zk—-15 Zk} = (09, 21) U (21, 22) U = U (2-15 ZK) U (Zr, ©), 
where Z1,...,Z, are the (distinct) solutions arranged in increasing order. 


Proof Let f be a rational function, that is, f(x) = PG) where p(x) and q(x) are polynomials. Let J be an open 


q(x) 
interval with J C dom(/). For every a € J, we have a € dom (f) and so by the definition of domain, we have 


q(a) # 0. Therefore, by Theorem 3.5.2, we have lim f(x) = ENG f(q), that is, f is continuous at a. Thus by 
xa 


qa) 
definition, f is continuous on J. Oo 
In the preceding definition, we consider continuity on open intervals. If the domain of a function f is in the 
form [a, b), we cannot talk about continuity of f at a because f is not defined on the left-side of a. Since f is 


defined on the right-side of a, we may consider lim f(x) and also whether the right-side limit equals f(a). 
xd+ 


Definition Let a be a real number and let f be a function defined on the right-side of a as well as at a. If 


lim f(x) = f(a), then we say that f is right-continuous at a. 
xX7at+ 


Example Let f(x) = x. The domain of f is [0, co). Using a rule 
similar to Rule (La2’), we get 


lim f(x) = lim yx 1.5 
x70+ x30+ 
He 
= 0 
0.5) 
= f(O). 
. * . 1 2 3 4 
Therefore, f is right-continuous at 0. 
Figure 3.24 


In the above example, f is also continuous at every a > 0. Thus, it is “continuous” at every a belonging to 


its domain, where “continuous at 0” means right-continuous at 0. 


Definition Let / be an interval in the form [c, d) where c is a real number and d is co or a real number greater 
than c. Let f be a function defined on J. We say that f is continuous on J if it is continuous at every a € (c,d) 


and is right-continuous at c. 


Similar to the above treatment, we may also consider continuity of functions f defined on intervals in the 
form (c, d] or [c, d]. 


Definition Let a be a real number and let f be a function defined on the left-side of a as well as at a. If 


lim f(x) = f(a), then we say that f is left-continuous at a. 
x7a— 


Definition Let J be an interval in the form (c, d] where d is a real number and c is —co or a real number less 
than d. Let f be a function defined on J. We say that f is continuous on I if it is continuous at every a € (c,d) 


and is left-continuous at d. 
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Definition Let / be an interval in the form [c,d] where c and d are real numbers and c < d. Let f be a function 
defined on J. We say that f is continuous on I if it is continuous at every a € (c, d) and is right-continuous at c 


and left-continuous at d. 


Example Let f : R — R be the function given by 


Ix] if -1<x<1, 
r= 


—1 otherwise. 


Discuss whether f is continuous on [—1, 1]. 


Explanation In defining f, the word “otherwise” means that if x < —1 or x > 1; this is because it is given that 
dom (f) = R. Thus we have f(x) = -lifx<-—lorx>1. 


Solution It is straightforward to check that f is continuous at every a € (—1, 1) and that f is left-continuous at 


1 and right-continuous at —1. Thus by definition, f is continuous on [—1, 1]. Oo 


Remark 


e Note that f is also defined on the right-side of 1 (for example). 
Thus we can also consider the continuity of f at 1. In fact, since 
lim f(x) = -1 and lim f(x) = 1, it follows that lim F(x) does 
x1+ x>1- x 
not exist and so f is not continuous at 1. 

e Let / be an interval in the form [c,d] or [c,d) or (c,d] and let 


f be a function defined on an open interval containing I. Then 


for every a € I, we may consider whether f is continuous at a. 
The above example shows that f may be continuous on J but not Sg ky oe __ 


continuous at some a € I. Figure 3.25 


The following theorem describes an important property of continuous functions on intervals. The proof 


requires a deep understanding of real numbers and is beyond the scope of this course. 


Intermediate Value Theorem Let f be a function that is defined and continuous on an interval I. Then for 
every pair of elements a and b of I, and for every real number 7 between f(a) and f(b), there exists a number € 
between a and b such that f(€) = 7. 


Explanation In the theorem, the condition “f is a function that is defined and continuous on an interval I” 


means that “f is a function, I is an interval, I € dom (f) and f is continuous on I’. 
e Let x,y and z be real numbers. We say that z lies between x and y if 
(1) x <z<_y for the case where x < y; 
(2) y <z< x for the case where y < x. 
Note that if x = y, then z lies between x and y means that z = x = y. 
e Because / is an interval, if a and b belong to J and a < & < b, then & belongs to J also. 


e The result means that if f is a continuous function whose domain is an interval, then its range is either a 


singleton (in this case, f is a constant function) or an interval. 
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The following result is also called the Intermediate Value Theorem. 


Corollary 3.6.3 Let f be a function that is defined and continuous on an interval I. Suppose that a and b 
are elements of I such that f(a) and f(b) have opposite signs. Then there exists € between a and b such that 


F() = 0. 


Explanation The condition “f(a) and f(b) have opposite signs” means that one of the two values is positive 


and the other is negative. 


Proof The result is a special case of the Intermediate Value Theorem. This is because f(a) and f(b) have 


opposite signs implies that 0 lies between f(a) and f(b). Oo 


In the Intermediate Value Theorem, the assumption that f is continuous cannot be omitted. The following 


example is an illustration. 


Example Let f : [0,2] —> R be defined by 


r09=| -1 if0<x<l, 


1 ifl<x<2. 
———— 
Note that f(0) = —1 and f(2) = 1 have opposite signs. However, , 
there does not exist any & € [0,2] such that f(€) = 0. ~~ 
We can’t apply the Intermediate Value Theorem. This is because us ; tras 2 
f is not continuous on [0,2]. Indeed, it is not continuous at 0 “O22 
since Jjirn f(x) and lim f(x) are not equal. =a 
— oo Figure 3.26 


Corollary 3.6.4 Let f be a function that is defined and continuous on an interval I. Suppose that f has no zero 


inI. Then f is either always positive in I or always negative in I. 


Explanation The condition “f has no zero in I” means that the equation f(x) = 0 has no solution in /, that is, 
F(x) # 0 for all x € J. The conclusion “f is either always positive in I or always negative in I” means that 


either one of the following two cases is true: 
(1) f(x) > Oforallxe J; 
(2) f(x) < Oforall xe TJ. 
Proof Suppose f takes both positive and negative values in J, that is, there exist a,b € I such that f(a) < 0 


and f(b) > 0. Then by the Intermediate Value Theorem (Corollary 1), f has a zero between a and b which 


contradicts the assumption that f has no zero in J. Oo 


The above corollary is also called the Intermediate Value Theorem. The following example illustrates how 


to apply the theorem to solve inequalities. 


Example Find the solution set to the inequality x° + 3x7 — 4x — 12 < 0. 


Solution Let p : R — R be the function given by 


P(x) = x 43x" —4x- 12. 
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Factorizing we get 
P(x) = (x — 2)(x + 2)(x + 3). 


The zeros of the function p are —3,—2 and 2 (and no more). Since p is continuous on R, it follows from 
the Intermediate Value Theorem that on each of the following intervals, p is either always positive or always 
negative: 

(—00, —3), (-3, -2), (-2, 2), (2, 00). 


To determine the sign of p on each of these intervals, we can just pick a point there and find the value (sign) of 
p at that point. Taking the points —4, —2.5, 0 and 3, we find that 


P(-4) < 0, p(-2.5) > 0, pO) < 0, p@) > 0. 


Thus we have 
e p(x) < 0 for x < —3; 
e p(x) > 0 for -3 < x < -2; 
e p(x) < 0 for -2 < x < 2; 
e p(x) >0for x > 2. 


The solution set is {x € R: x < -3 or —2 < x < 2} = (—0oo, —3] U [-2, 2]. oO 


Remark The above steps can be expressed in a compact form using a table: 


| x<-3 goed | Bega) gaat oie ees |e a8 x>2 
p(x) — 0 + 0 — 0 + 
p(-4) < 0 p(-2.5) > 0 p(0) <0 p(3) >0 


The next result describes an important property of functions continuous on closed and bounded intervals. It 


has many important consequences (for example, see the proof of the Mean Value Theorem in the appendix). 


Extreme Value Theorem Let f be a function that is defined and continuous on a closed and bounded interval 


[a,b]. Then f attains its maximum and minimum in [a, b], that is, there exist x,, x2 € [a,b] such that 
far) < fQ) < foe) forall x € [a,b]. 
Explanation The theorem is a deep result. Its proof is beyond the scope of this course and is thus omitted. 


The following two examples illustrate that in the Extreme Value Theorem, 
e closed intervals cannot be replaced by open intervals; 


e the assumption that f is continuous cannot be omitted. 
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Example Let f : (0, 1) — R be the function given by 
1 
f(x) = = 
It is straightforward to show that f is continuous on (0, 1). However, the function f 
does not attain its maximum nor minimum in (0, 1). This is because the range of f is 


(1, co); f(x) can be arbitrarily large and it can be arbitrarily close to and greater than 


1 but it can’t be equal to 1. 


1 


Figure 3.27 
Example Let f : [0,1] —> R be the function given by 
4 
1 ifx=0, 
f(x) = 
1 if0<x<L : 
x 
The function f does not attain its maximum in [0, 1]. This is because the range of f . 
is [1, co); f(x) can be arbitrarily large. 
10 
Note that f is not right-continuous at 0 since lim f(x) = co (limit does not exist). 
x>0+ 
- a 
Exercise 3.6 Figure 3.28 


xe ifx<1, 


1. Let f()=41 ifl<x<2, 
1 ifx>2. 


(a) Sketch the graph of f for x € [0,5]. 
(b) Find all the point(s) in R at which f is discontinuous. 
e+x-2 
1— yx ° 
(a) What is the domain of f? 
(b) Find lim F(x). 


2. Let f(x) = 


(c) Can we define f(1) to make f continuous at 1? If yes, what is the value? 
3. Let f(x) = sin 2 
(a) What is the domain of f? 
(b) Find lim F(x). 
(c) Can we define f(0) to make f continuous at 0? If yes, what is the value? 
4. Let p(x) = 0° — x4 — 5x3 + x? + 8x +4. It is given that the equation p(x) = 0 has exactly two solutions, 
namely 2 and —1. Use this information to solve the inequality p(x) > 0. 
5. Let p(x) = x — 6x* — 3x3 + 5x7 +7. 
(a) Show that the equation p(x) = 0 has a solution between | and 2. 


(b) Itis given that p(x) = 0 has exactly one solution between | and 2. Is the solution closer to | or 2? 


Chapter 4 


Differentiation 


4.1 Derivatives 


Consider the curve shown Figure 4.1. It is clear from intuition that the “slope” changes as we move along the 
curve. At P’, the slope is very steep whereas at P, the slope is gentle (in this sentence, slope means a piece of 


ground going up or down). 


P 


Figure 4.1 


In elementary coordinate geometry, readers have learnt the concept “slope of a line”. It is a number which 


measures how steep is the line. For a non-vertical line, its slope is given by 


V2. YA 
x2 — X] 


where (x1, y1) and (x2, y2) are two distinct points on the line and the value is independent of the choice of the 


two points. 


Figure 4.2 


For curves, we shouldn’t say “slope of a curve” because at different points of the curve, the slopes are different. 


Instead we should say “slope of a curve at a point’. Below is how we define this concept. 
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First we have a curve © and a point P on the curve. To define the slope of € at P, take a point Q on the 
curve different from P. The line PQ is called a secant line at P. Its slope, denoted by mpg, can be found using 


the coordinates of P and Q. If we let Q move along the curve, the slope mpg changes. 


Figure 4.3 


Suppose that as O approaches P, the number mpg approaches a fixed value. This value, denoted by me p or 
simply mp if the curve is understood, is called the slope of © at P; and the line with slope mp and passing 


through P is called the tangent line to the curve € at P. 


Remark The number me p (if exist) is the unique real number satisfying 
(*) mpg is arbitrarily close to me p if QO belonging to C is sufficiently close to (but different from) P. 


In view of the concept “limit of a function at a point’ and the notation lim f(x), we may write 
xX7a 


lim mpg = Me p 
Q-P 
along C 
to mean that (*) holds. Below, we will discuss how to find lim mpg by rewriting it as the limit of a difference 
Q>P 


along C 
quotient. 


Formula for Slope Suppose € is given by y = f(x), where f is a function; and P(xo, f(xo)) is a point on C. 
For any point Q on € with Q # P, its x-coordinate can be written as x9 + h where h # 0 (if h > 0, Q is on the 
right of P; if h < 0, Q is on the left of P). Thus, Q can be written as (xo + h, f(xo + h)). The slope mpg of the 
secant line PQ is 


Sf (x0 + h) — f(%0) 


MpoQ = 


(xo + h) — x0 
(xo +h) — f%o) 

h 

Note that as Q approaches P, the number / approaches 0. From these, we see that the slope of C at P (denoted 
by mp) is 
+h) —- 

mein tw) (4.1.1) 

h-0 h 


provided that the limit exists. 


Remark The limitin (4.1.1) is a two-sided limit. This is because Q can approach P from the left or from the 


right and so A can approach 0 from the left or from the right. 
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Example Find the slope of the curve given by y = x? at the point P(3, 9). 

Solution Put f(x) = x’. By (4.1.1), the required slope (denoted by mp) is 
3+h)— f(3 

ta f¢ )- fG) 


‘ar h>0 h 
. B+rhyr-? 
= lim —— 
h-0 h 


_ (9+6h+h?)-9 
2 ig 


h30 h 
_ 6h+h? 
= lim 
ho0) Oh 


= ii h 
pakore ) 
=3=2=1 i 2 3 


6. Figure 4.4 Oo 


| 


Definition Let xo be a real number and let f be a function defined on an open interval containing xo. Suppose 
the limit in (4.1.1) exists. Then we say that f is differentiable at xo. 


Convention Open intervals will be denoted by (a, b) including the cases where a = —co and/or b = ov, unless 


otherwise stated. Thus (a, b) can be any one of the following: 
e (a,b) where a,b € Randa <b; 
e (—oco, b) where a = —co and b € R; 
e (a,co) where a € R and b = 09; 


e (—oco, co) where a = —oo and b = ow, 


Remark 


e The condition “f is a function defined on an open interval containing xo” means that there is an open 
interval (a, b) such that (a, b) € dom (f) and x9 € (a, b). Hence, f is defined on the left-side and right-side 


Sf (x0 + h) — f(%0) 
h 


of xg as well as at x9. The expression in the limit in (4.1.1), considered as a function of h, 


is defined on the left-side and the right-side of 0 but is undefined at 0. 


e “f is differentiable at xo” means that the slope of the curve € at P exists, where C is given by y = f(x) 


and P is the point on C whose x-coordinate is xo. 


e There is an alternative way to describe the limit in (4.1.1). Putting x = x9 +h, we have x — xo = h. Note 


that as h approaches to 0, x approaches to x9. Hence we have 


lim foo ee) = lim LO feo) 


h-0 X>XO xX— XO 


Theorem 4.1.1 Let x9 be a real number and let f be a function defined on an open interval containing Xo. 


Suppose f is differentiable at x9. Then f is continuous at xo. 
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Proof Since f is differentiable at xg, by definition, lim exists (a real number). Hence we have 
X>X0 


lim (f= Sf (Xo) (x- x0) 


f(x) — f%o) 
x0 


x-— 


lim (£0) - f0)) 


x X09 X— Xo 

= ihn (A foo). lim (xx) Limit Rule (Las) 
x Xo 

=. dan (2 Loo) Gas Theorem 3.5.1 
x X09 

= lim (2-0 fe0)..9 
x X0 X— Xo 

Sa 


Therefore, we get 
fim f(x) = lim (£0) ~ FO) + fo) 


= lim (f(x) — f(%o)) + lim f(x) Limit Rule (La4) 


= 0+ f(x) From above and Limit Rule (Lal) 
= f(Xxo). 
That is, f is continuous at xo. [| Oo 


The following example illustrates that converse of Theorem 4.1.1 is not true. 


Example Let f(x) = |x|. The domain of f is R. 2 
The function f is continuous at 0. This is because 
e lim f(x) = lim (-x) = 0; . 
x0- x0- 


e lim f(x) = lim x=0, 
x0+ x30+ 


and so lim F(x) =0= F(O). Figure 4.5 


ui 


However, f is not differentiable at 0. This is because lim ree does not exist as the left-side and 
ni 


right-side limits are unequal: 


fa ok and im fe 2 te 
h0+ h had+ A h>0- h h0- 
= lim 1 = lim -l 
h-0+ h-0- 
= 1 = —1. 


Definition Let f be a function. 


(1) Suppose that f is differentiable at every point belonging to an open interval (a, b). Then we say that f is 
differentiable on (a, b). 
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(2) Suppose that f is differentiable at every point belonging to its domain. Then we say that f is a differen- 


tiable function. 
Remark If f is a differentiable function, then its domain can be written as a union of open intervals. 


Example Let f(x) = |x|. In a previous example, we have seen that f is not differentiable at 0. Thus f is not a 
differentiable function. Below we will show that / is differentiable at every xo # 0. Thus, f is differentiable on 


(0, co) as well as on (—0o, 0). 
(x9 > 0) In this case, if h is a small enough real number, then x9 + h > 0 and so we have 


f(x0 + h) — f(xo) 


Ixo + hl — |xol 


(xo th)-x = A, 


which yields 
h)— 
im 10+) = FO) = lim— 
h=0 h ho0h 
= liml = 1. 
ho0 


(x) < 0) In this case, if h is a small enough real number, then xp + h < 0 and so we have 


f(%0 +h) — f(xo) = |x0 + Al - |xol 
= —(x0+h)-(-x9) = —A, 
which yields 
fim [20+ -fG0) _ 4,7 
ho0 h ho0 h 
= lim-l = -l 
h-0 


A function f is differentiable means that for every x € dom(/), the limit of the difference quotient 
lim La+- SO exists; the limit is a real number and its value depends on x. In this way, we get a func- 


h-0 
tion, called the derivative of f and denoted by f’, from dom (f) to R. 


The graph of f is a curve. The assumption that f is a 
differentiable function implies that at every point on the 
curve, the slope exists; at the point whose x-coordinate is 


Xo, the slope is f’(xo). Thus f’ can be considered as slope 


function. 


slope = f’(x1) 
Figure 4.6 


More generally, if f is differentiable only at some points in its domain, we can still define the derivative of 


f ona smaller set. 


Definition Let f be a function that is differentiable at some points belonging in its domain. Then the derivative 


of f, denoted by /’, is the function (from a subset of dom (f) into R) given by 
Fath —f@ 
0 h i‘ 


f(x) = lim 
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where the domain of f” is {x € dom (f) : lim Perma exists i 
h— 
Example Let f(x) = |x|. Using results in a previous example, we see that 


1 ifx>0, 


reo={ <i 4x <0, 


where dom (f’) = {x € R: x # O}. 


Example Let f(x) = x’. Find the derivative of f. 


Chapter 4. Differentiation 


Explanation To find the derivative of f means to find the domain of f’ and find a formula for f’(x). 


Solution By definition, we have 


tim £2 +9 -f@ 


Pa) = h0 h 
_ (xt+h)?—- x 
= lim 
h-0 h 
(2 +2xh +h?) - x? 
= lim —_ 
h0 h 
_ 2xh+h? 
= lim ——— 
h-0 h 


= lim2x+h 
ee 
= 2x. 
The domain of f’ is R. 


Remark The logic in the above solution is as follows: 


(1) First we find that lim fora te = 2x for all xe R. 


(2) From (1), we see that the domain of f’ is R and f’(x) = 2x forall x ER. 


Example Let f(x) = x°. Find f’(x). 
Solution By definition, we have 


lim ey 72) 


f@) = h0 h 
. (xt+hPp-x 
= lim 
h-0 h 


= ii 
Pan h 


3x2h + 3xh? + h3 
m ee 
h0 h 


= lim (3.x? +3xh + h?) 


= 3x2, 


_ (x3 + 32x°h + 3xh? + he) -— 3 
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Remark The domain of f’ is R. 
Terminology The process of finding derivatives is called differentiation. 


In a previous example to find the slope of the parabola y = f(x) = x* at the point (3, 9), we use definition to 
find f’(3). In fact, if we know that f’(x) = 2x, then by direct substitution, we get f’(3) = 6. In the next section, 


we will discuss how to find f’(x) using rules for differentiation. 


Terminology /’(xo) is called the derivative of f at xo. 


To represent a function f, we sometimes write y or f(x). Similarly, the derivative of a function can be 


represented in many ways. 
Notation 


e To denote the derivative of a function f, we have the following notations. 


dy 


d 
fs Ws ax’ Df, Dy, f(x) and —f(x). 
x dx 


e To denote the derivative of f at x9, we have the following notations. 


f'(xo), (x0), Df(xo) and Dy(xo). 


dy 

dxlx=x9” 
Some readers may wonder why we have the ’ notation as well as the < 
notation. Calculus was “invented” by Newton and Leibniz independently 
in the late 17th century. Newton used x whereas Leibniz used 2 to denote 
the derivative of x with respect to t (time). The notation y’ is simple whereas 


i reminds us that it is defined as a limit of difference quotient: 
xX 


Ay 
dy . Ay 
dx ~ pea Ax Ax 
where Ax = h = (x +h) — x and Ay = f(x +h) — f(x) are changes in x and Figure 4.7 
y respectively. oO 


- dy. . 
Caution = is not a fraction. 
xX 


dy . ag 3 i : : : d : d 
e x is f’ or f’(x); it is a function or an expression in x. It can be written as ay also. The notation . 
x X Xx 


: : d : ae : 
can be considered as an operation; to find 7 means to perform the differentiation operation on y. Some 
X 
authors use the notation Dy instead, where D stands for the differentiation operator (some authors use 


D,y to emphasize that the variable is x). 


° Ithough we can define dy and dx (called differentials), ° does not mean “divide dy by dx”. In Chap- 


ter 10, we will describe differentials briefly (the purpose is to introduce the substitution method for 


integration). 
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F d ‘ ? ‘ : 
Using = notation, the results obtained in the last two examples can be written as 
xX 


d 
at = 2x 
d 
ae =. ae, 


F : . d : : 
In Exercise 3.5, Question 2(c) and (d), in terms of the ae notation, the answers can be written as 
xX 


ae 


—x- = —x2 

dx 

a ae Ha 
dx ~ 9 


These are particular cases of a general result, called the power rule which will be discussed in Section 4.2. 


Rate of Change 


e The slope of a line is the rate of change of y with respect to x. The slope of a curve y = f(x) at a point 
P(xo, f(%)) is the limit of the slopes of the secant lines through P, so it is the rate of change of y with 
respect to x at P. That is, f’(xo) or | is the rate of change of y with respect to x when x = xo. 

XIX=X9 


e If x = tis time and y = s(f) is the displacement function of a moving object then s’(fg) or = is the 
t=to 

rate of change of displacement with respect to time when f = fo, that is, the (instantaneous) velocity at 

t = tg. In the Introduction of Chapter 3, we consider the velocity of an object at time ¢t = 2, where the 


displacement function is s(t) = ¢*. Using differentiation, the velocity at f = 2 can be found easily: 


; d 
s(2) = at i 
= 21 3 
= 4, 


Remark The notation 24 /=2 Means substitute t = 2 into the expression 2t. More generally, the notation 


fx 


ex) Means FS (%o)- 


Exercise 4.1 


1. For each of the following f, use definition to find f’(x). 
(a) f(x) =2x?4+1 (b) f@)=2 -3x 


1 
© f@=* @ f®=5 
4.2 Rules for Differentiation 
Derivative of Constant The derivative of a constant function is 0 (the zero function), that is 
—c=0, 
dx” 


where c is a constant. 
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Explanation In the above formula, we use c to denote the constant function f given by f(x) = c. The domain 
of f is R. The result means that f is differentiable on R and that f’(x) = 0 for all x € R. 


Proof Let f : R — R be the function given by f(x) = c for x € R. By definition, we get 
Wye 
tim Jet D- FO 


h-0 h 


f) 


ll 
So 


oO 


Geometric meaning The graph of the constant function c is the horizontal line given by y = c. At every point 


on the line, the slope is 0. 


Derivative of Identity Function The derivative of the identity function is the constant function 1, that is 


d 
—xe=l. 
a 


Explanation In the above formula, we use x to denote the identity function, that is, the function f given by 
f(x) = x. The domain of f is R. The result means that f is differentiable on R and f’(x) = | forall x ER. 
Proof Let f : R — R be the function given by f(x) = x for x € R. By definition, we get 


tm ft D-FO 


h>0 h 


f') 


oO 


Geometric meaning The graph of the identity function is the line given by y = x. At every point on the line, the 


slope is 1. 


Power Rule for Differentiation (positive integer version) Let n be a positive integer. Then the power function 
x" is differentiable on R and we have 
n n-1 
x Sn 
dx 
Explanation In the above formula, we use x” to denote the n-th power function, that is, the function f given 


by f(x) = x". The domain of f is R. The result means that f is differentiable on R and f’(x) = nx"! for all 
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d ‘ : : . 
x € R. When n = 1, the formula becomes a = 1x°. In the expression on the right side, x° is understood to 
xX 


be the constant function | and so the formula reduces to a= 1 which is the rule for derivative of the identity 
xX 

function. To prove that the result is true for all positive integers n, we can use mathematical induction. For base 

step, we know that the result is true when n = 1. For the induction step, we can apply product rule (will be 


discussed later). Below we will give alternative proofs for the power rule (positive integer version). 
Proof Let f : R— R be the function given by f(x) = x" for x € R. By definition, we get 

+h)- 
fim Lot) - LO 


f(xy = lim A 
~ (xthy-x" 
= lim 
h-0 h 


To find the limit, we “simplify” the numerator to obtain a factor A and then cancel it with the factor h in the 


denominator. For this, we can use: 


e afactorization formula a" — b" = (a—b)(a™! + a"?b+--- + ab™? +b") 


e the Binomial Theorem (a+b)" =a" + (i)a"-'b + (Zia 2e? feet a + (," ab"! +b" 


where (‘) = nand (5) a F ) and (;) = ow etc. are the binomial coefficients (see Binomial 
Theorem in the appendix). However, in the proof below, we only need to know the coefficient (‘) =n; 


the other coefficients are not important. 


(Method 1) By the factorization formula, we get 


(x+hy'-x” = (x+h—x((x thy! + (ethene + (thx? + xl) 
= A(x thy! + (e+ hy xe + (thx? + x7) 
Theref ! =. li thy! + (xt hy ext + (ct hyxt? tx! 
erefore, f’(x) lim ((x ) (x + hy"-2x (x + h)x x ) co 
= («+0 440)? x 4-440)? 4071 Theorem 3.5.1 


a ae ae ee ae 
oO 


n terms 


= we 


(Method 2) From the Binomial Theorem, we get 


(eth =< as (yen + (ee poeet ya + ee + hh — x" 


Ge tk + ae peed (one + Cee +h" 


ij (nx! + (5)x"?h Se chodeth (an? + (sae 4 i) because (‘) =n 


Therefore, f(x) = lim(nx"! + (5)x?h +--+ (,%))7H 3 + (," Jah? + At) 
h— 


nxt) 4 ee -O4ee-4 (cae -O+ (fue -0+0 Theorem La 


= nxl, 
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d 
Example Let y = x!”°. Find = 
x 


‘ : : dy raid 
Explanation The notation y = x!*? represents a power function. To find x. means to find the derivative of the 
xX 
function. 
dy d 
Solution — = —x!?3 
dx dx 


= 123x!23-1 Power Rule 


& 12324 o 


19! 


- ‘ os de bys gs 88 : dx!23 ‘ A 
Caution In the above solution, the first step is “substitution”. It can also be written as . Itis wrong to write 
x 


dy . dy er 3 d ? Basta ; 
alae which means x multiplied by x!*3. The notation ae is the derivative of the power function x!**. If 
xX Xx Xx 


123 123% 


: d d Me : ee : : 
we consider q, 2s an operator, a, _means ‘perform the differentiation operation on the function x 
xX Xx 


Remark 


7... d : ea. = : . 
e Inthe power rule, if we put n = 0, the left side is at and right side is 0x7!. The function x° is understood 
xX 


: d Bd putas : 
to be the constant function 1. Thus real = 0 by the rule for derivative of constant. The domain of the 
xX 
function x7! is R \ {0}. Therefore, 0x7! is the function whose domain is R \ {0} and is always equal to 0. 
If we extend the domain to R and treat 0x7! as the constant function 0, then the power rule is true when 
n=0. 
e Later in this section, we will show that the power rule is also true for negative integers n using the quotient 


rule Gp tact it is true for all real numbers n; the result will be called the general power rule). 


e In Chapter 6, we will discuss integration which is the reverse process of differentiation. There is a result 
called the power rule for integration. However, in this chapter, “power rule” always means “power rule 


for differentiation’. 


Constant Multiple Rule for Differentiation Let f be a function and let k be a constant. Suppose that f is 


differentiable. Then the function kf is also differentiable. Moreover, we have 


d d 
gy KO) =k FO): 


Explanation The function kf is defined by (kKf)(x) = k- f(x) for x € dom(f). The result means that if f’(x) 
exists for all x € dom (f), then (Kf)’(x) = k- f’(x) for all x € dom (f), that is, (Af)’ =k- f’. 


Proof By definition, we have 


im C+ - ENE) 


(kA) = tim : 
=. i EI Heaitionates 
h-0 h 
, ig (e LES) 
h>0 h 
= k tim LAF L) Limit Rule (La5s) 


k- f’(x) oO 
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Remark There is a pointwise version of the constant multiple rule: the result remains valid if differentiable 


function is replaced by differentiable at a point. 


Let f be a function and let k be a constant. Suppose that f is differentiable at x9. Then the function kf is 
also differentiable at x). Moreover, we have (kf)'(xo) = k- f’ (x0) 


There are also pointwise versions for the sum rule, product rule and quotient rule which will be discussed 


later. Readers can formulate the results themselves. 


d 
Example Let y = 3x‘. Find om 
x 


d d 
Solution sc = —3x'4 
dx 
d 4 
de 


3. 


Constant Multiple Rule 


3-(4x*-!) Power Rule 


= 12x Oo 


Sum Rule for Differentiation (Term by Term Differentiation) Let f and g be functions with the same domain. 
Suppose that f and g are differentiable. Then the function f + g is also differentiable. Moreover, we have 


d d d 
ag + g)(x) = af + qo: 


Explanation The function f + g is defined by (f + g)(x) = f(x) + g(x) for x belonging to the common domain 
A of f and g. The result means that if f’(x) and g’(x) exist for all x € A, then (f + g)’(x) = f’(x) + g’(x) for all 
x €A, that is, (f + g) =f’ +9’. 


Proof By definition, we have 


lim (f + g(x t+h)—-(f + g(x) 


(ft+g)(x) = lim hy 
= fim (f(x +h) + g(x +) — (F(x) + g(x) Definition of f +g 
Sn Tee f(x +h) — f(x) + g(x + h) — g(x) 
h30 h 
_ jim (FEF in aaa 
h-0 h h 


lim f(x +h) — f@) + lim g(x + h) — g(x) 
h-0 h h-0 h 


= f'()+9'() 


Limit Rule (La4) 


Remark 


e Ifthe domains of f and g are not the same but their intersection is nonempty, we define f + g to be the 
function with domain dom (f) N dom (g) given by (f + g)(x) = f(x) + g(x). The following is a more 


general version of the sum rule: 
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Let f and g be functions. Suppose that f and g are differentiable on an open interval (a,b). Then the 


function f + g is also differentiable on (a, b). Moreover, on the interval (a, b), we have 


d d d 
rtd + g(x) = z fo) + 8: 


There are also more general versions for the product rule and quotient rule. Readers can formulate the 


results themselves. 


e The result is also true for difference of two functions, that is, 


d d d 
rats — g(x) = qf) = G8: 


The result for difference can be proved similar to that for sum. Alternatively, it can be proved from the 


sum rule together with the constant multiple rule: 


Cf — g)’(x) 


(f + (-Dg)’@) 
f'@) + (Day 
f'(x) + (-1)- 8’) 


f'() — 8'(). 


Sum Rule 


Constant Multiple Rule 


e Term by Term Differentiation can be applied to sum and difference of finitely many terms. 


dy 


Example Let y = x* +3. Find —. 


d 
Solution = 
dx 


dx 


Term by Term Differentiation 


Example Let f(x) = x° — 6x’. Find f’(x). 


Power Rule and Derivative of Constant 


Explanation This question is similar to the last one. If we put y = f(x), then f’(x) = 2. Below, we use the 
X 


‘ d : iat 
notation cE to perform differentiation. 
xX 


Solution f’(x) 


d 
ae - 6x’) 


d 5 d_, 

aa = Pha 
d 

4_¢, "8% 7 

5x* -6 a 

5 = 6) 
5x* — 42x6 


Term by Term Differentiation 


Power Rule and Constant Multiple Rule 


Power Rule 
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The last two examples illustrate that polynomials can be differentiated term by term. 
Derivative of Polynomial Let y = a,x" + dy_)x""! + +++ + ayx* + a,x + ao be a polynomial. Then we have 


d = _ 
~ = nant’) + (a Dag? +50--+ Qaax + ah, 
x 


d d 
Proof =. — (aynx" +g ix +++ ax” + a1x + ao) 
dx dx 
i ies ae ce es a Term by Term Differentiati 
= —ayx" + —ay- +--+ 4+ —anx* + —ajx+ —a 
ant an ay ae! an erm by Term Differentiation 


Constant Multiple Rule and 
Derivative of Constant 


d d d d 
= Aqn—X" + Gn — x! +--+ + ag—x* +aj,—x+0 
dx dx dx 


dx 


= a,nx™!4a,1(n—1)x"? +---+a2- Qn) +a, -1 Power Rule oO 


Example Let f(x) = 2x (x* — 5x +7). Find the derivative of f at 2. 

Explanation The question is to find f’(2). We can find f’(x) using one of the following two ways: 
e product rule (will be discussed later); 
e expand the expression to get a polynomial. 


Then putting x = 2, we get the answer. Below we use the second method to find f’(x). 


: (2x (x? - 5x +7) 


Solution f'(x) = dn 
x 


= (2x3 — 10x? + 14x) 


= 2-(3x*)-10-(2x) + 14-1 Derivative of Polynomial 
= 6x*-20x+14 
The derivative of fat2is f’(2) = 6(27) — 20(2) + 14 


= 2 = 


Product Rule Let f and g be functions with the same domain. Suppose that f and g are differentiable. Then 


the function fg is also differentiable. Moreover, we have 


d d d 
Gy ) = 8) > FO) + FO)> a). 


Explanation The function fg is defined by (fg)(x) = f(x) - g(x) for x belonging to the common domain A of f 
and g. The result means that if f’(x) and g’(x) exist for all x € A, then (fg)’(x) = g(x) f’(x) + f(x)g’(x) for all 
x € A, that is, (fg) = ef’ + fe’. 


Proof By definition, we have 


kim (fg)(x + h) — (fg)(x) 
h>0 h 


in f(x + h)g(x + h) — f(xg(x) 
h0 h 


(fg) (x) 


Definition of fg 
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To find the limit, we use the following technique: “subtract and add” f(x + h)g(x) in the numerator. 


Him fet DB +B) — A+ hg) + PH + Ag) — FOB) 


(fg) (x) = lim , 
Ala f(x + h)g(x + h) — f(x + h)g(x) % f(x + h)g(x) — fxg(x) 
~ h-0 h h 
= lim ( f(xt+h)- ai + lim (20 : ed Limit Rule (La4) 


+h) - +h 
= har@eas in St 8) lim g(x) lim — Limit Rulb- a4) 
h0 h0 h 
= f(x)g’(x) + g(x) f"(~) Theorem 4.1.1 & 
Limit Rule (Lal) 
In the last step, the first limit is found by substitution because f is continuous; the third limit is g(x) because 
considered as a function of h, g(x) is a constant. oO 
5 _, dy 
Example Let y = (x + 1)(x* + 3). Find dx 
x 


Explanation The expression defining y is a product of two functions. So we can apply the product rule. Alter- 


natively, we can expand the expression to get a polynomial and then differentiate term by term. 


d d 
Solution 1 7 = maG + 1)(x2 +3)) 
2 d d 2 
= (4° +3)-—(x4+1)+ (44+ 1)- —(x* +3) Product Rule 
dx dx 
= (x7 +3)-(1+0)+ (+ 1)-@x4+0) Derivative of Polynomial 
= 3x7 +2x+3 Oo 
d d 

Solution 2 x = = (e + 1)(x2 +3)) 


d 
= que + + 3x +3) 


= 327 +2x4+3 Derivative of Polynomial oO 


Quotient Rule Let f and g be functions with the same domain. Suppose that f and g are differentiable and that 
f 


g has no zero in its domain. Then the function — is also differentiable. Moreover, we have, 
& 


d d 
e (2) oc g(x) - al f(x): 48) 
dx \g (g(x) 


Explanation The condition “g has no zero in its domain” means that g(x) # 0 for all x € dom (g). The function 
. is defined by (Z J = 2 - — for x € A, where A is the common domain of f and g. The result means that if 


f(x) and g’(x) exist for all x € A, then (£ ) ioe SOP FOEO for all x A, that is, (4) = = a. 
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Proof The proof is similar to that for the product rule. Oo 
2 
x°+3x-4 _. . dy 
E le Let y = . Find 
xample Let y oe in q 
dy d (x*+3x-4 
luti = 
eNO =( 2x+1 


(2x +1): © (2 +3x-4)— (0 + 32-4): “(xt 1) 

—————EE————E—————— Quotient Rule 
(2x + 1p 

(2x + 12x +3) — (x2 + 3x—4)(2) 


Derivative of Polynomial 
(2x + 1)? 


(4x? + 8x + 3) — (2x? + 6x — 8) 
(2x + 1)? 


2x2 +2x4+11 
(2x + 1)? Oo 


Power Rule for Differentiation (negative integer version) Let n be a negative integer. Then the power func- 
tion x" is differentiable on R \ {0} and we have 

d 

— x =nx!, 

dx 


Explanation Since n is a negative integer, it can be written as —m where m is a positive integer. The function 


Sx = - is defined for all x # 0, that is, the domain of x” is R \ {0}. 


Proof Let f : R \ {0} —> R be the function given by f(x) = x”, where m = —n. By definition, we have 


fa =o 5 


= oT Quotient Rule 


x" -0-1-mx"! Derivative of Constant & 
xem Power Rule (positive integer version) 


= —mxn-1)-2n 


= —mx7-! 


= -1 
= nx" oO 


Example Find an equation for the tangent line to the curve y = 3x! ot the point (1, 2). 
x 


oe 
Explanation The curve is given by y = f(x) where f(x) = = a Since f(1) = 2, the point (1, 2) lies on the 


curve. To find an equation for the tangent line, we have to find the slope at the point (and then use point-slope 


form). The slope at the point (1, 2) is f’(1). We can use rules for differentiation to find f’(x) and then substitute 
x = 1 to get f’(1). 


F dy : é ee 
Solution To find ae we can use quotient rule or term by term differentiation. 
Xx 
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dy d 3x7-1 
Method!) =~ = — 
veer) dx dx x 
x . (3x2 — 1) — (3x2 -1)- ‘ x 
= 7 : * Quotient Rule 
x 
-3-(2x) - (3x? -1)-1 
= ee Derivative of Polynomial 
x 
_ 3x7 +1 
= 2 
d d 
(Method 2) = ((3x° 1x") 
x dx 
d 
— a =e) 
d d_, . me 
= —3x-—x Term by Term Differentiation 
dx dx 
= 3-(-1x” Derivative of Polynomial & Power Rule 
1 
: : _ dy 1 
The slope of the tangent line at the point (1, 2) is dx =3+ oo 4. 
X|y=1 


Equation for the tangent line: y-—2=4(x-1) (point-slope form) 


4x-y-2=0 (general linear form) oO 


The next result is a special case of the general power rule. Since the square root function appears often in 


applied problems and the proof is not difficult, we give the result here. 


Derivative of the Square Root Function The derivative of the square root function yx is aR that is, 
x 

d 1 

—vx = —. 

a 2x 
Explanation The domain of the square root function is [0, co). Since the function is undefined on the left-side 
of 0, we can only consider differentiability of the function on (0, co). The result means that f’(x) = xi for all 

Xx 


x € (0, co) where f(x) = x. 


Proof Let f : [0,co) —> R be the function given by f(x) = x. For every x > 0, note that if / is a small 


enough real number, then x + h € dom (f) and hence if h is a small enough non-zero real number, we have 


fle+m—f@) — Verh-ve 9 _ (Veth—vx)(ve+h+ v3) 
nn nn Toa et 
(x+h)-x h 
7 h(vx+h+ yx) 7 h(vx-+h+ yx) 
1 


Vxth+ yx 
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which, by definition, implies that 


1 
f(x) = lim ————_ 
h0 Vx+h+ yx 
1 
= Limit Rule (La6) 
lim (vx+h + yx) 
h—> 
1 
a Limit Rule (La4) 
lim Vx + A+ lim x 
h-0 h-o0 
7 1 By continuity & 
Vx +04 yx Limit Rule (Lal) 
_ 1 
= i 


In the second last step, the first limit is found by substitution because the square root function is continuous; 


the second limit is the limit of a constant. oO 


d 
Example Let y = x(x + 1). Find a 
x 


d d 
Solution 2 = —yx(x+ 1) 
dx dx 


d d 
= (x+1)-—yx4+ yx-—(x+ 1) Product Rule 
dx dx 


= (x+1)- as + yx-1 Derivative of Square Root Function 
oo & Derivative of Polynomial 
4,1 
2 2x 
oe te, 
2 2x Oo 


Remark If we expand the expression defining y, we get x? +.x2. The derivative can be found if we know the 


ae 3 
derivative of x2. 


Power Rule for Differentiation (n + 5 version) Let n be an integer. Then the function x"*? is differentiable 
on (0, co) and we have 


Explanation Denoting the function by f, if n = 0, then f is the square root function; if n is positive, then the 
domain of f is [0, co); if n is negative, then the domain of f is (0, co). Putting r =n+ 4 then we have f(x) = x" 
and the result means that f’(x) = rx’~! for all x > 0. This result has the same form as the power rule and it will 
be referred to as the power rule. 


Remark There is a more general result called the General Power Rule (see Chapter), 


Proof Let f be the function given by f(x) = x2, Note that f(x) = x" - vx and so by the Product Rule and the 


4.2. Rules for Differentiation 


Rule for Derivative of the Square Root Function, the function f is differentiable on (0, co) and we have 


f'(x) 


d 
a" v3) 
d 
Vx-—x" +x". a Product Rule 
eee 1 Power Rule & 
xX nx — 
2x Derivative Square Root Function 


; F 1 ‘ 
Below, we redo the preceding example using the n + 5 version of the power rule. 


d 
Example Let y = ¥x(x + 1). Find = 
XxX 


d d 
Solution 7 = a (x + 1) 
d;3 41 
= dx (x2 + x?) 
d3 di ; ar 
= —x2+—x?2 Term by Term Differentiation 
dx dx 
334 cl 
= an + =x2 Power Rule 
= 34 + 1 
~ 2 a 
2x" —3 d 
Example Let y = “ ae Find a 
2 
Solution 1 dy = ae aoa 
dx dx x 
e+ 22x? —3)- (22-3). A yz 
i dx dx : 
= 7 Quotient Rule 
(Vx) 
O08 - 02 —3)-<- 
_ Vx° 2+ (2x) — 2x" — 3) Ix Derivative of Polynomial & 
7 x Derivative of Square Root Function 
3 
- Axx — xv x + WE 
~ x 
= 3V¥x+——— 
Vets i 
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d d 
Solution 2 a — (An — 3)x72 
dx dx 
d 3 
= Pp (2x2 — 3x72 
d 3 d 1 : ea 
= 2. Pa —3-—x2 Term by Term Differentiation 
x 


Power Rule 


ll 

wo 
— 

[woos 

be 

NI 
i 

| 

we 
oes 2. 
NI Re 

a 

hI 
ir 


Oo 


We close this section with the following “Caution” and “Question”. The “caution” points out a common 


O 


d.. : ‘ 
Caution —2* # x-2*-', we can’t apply the Power Rule because 2* is not a power function; 
x 


mistake that many students made. 


it is an exponential function (see Chapter 8). 


Question Using rules discussed in this chapter, we can differentiate polynomial functions as well as rational 
functions. For example, to differentiate f(x) = (x? + 5)°, we can first expand the cube to get a polynomial of 


degree 6 and then differentiate term by term. How about the following 
(1) f(@) = @? +5)? 
(2) f(x) = Vx?+5? 


For (1), we can expand and then differentiate term by term (if we have enough patience). However, this doesn’t 
work for (2). Note that both functions are in the form x # (x? +5)" which can be considered as composition of 
two functions: 

oO xB (x7 +5) (x7 +5)". 


In Chapter 9, we will discuss the chain rule, a tool to handle this kind of differentiation. 


Exercise 4.2 


1. For each of the following y, find 2. 


(a) y=-a (b) y=2x"? +3x 
(c) y=x?t+5x-7 (d) y=x(x-1) 
(e) y= (2x- 3)(5 - 6x) @) y=? +5p 
() yas (ht) y= 
@® ys ) y= VEWE+D) 

2. For each of the following f, find f’(a) for the given a. 
(a) f@)=2-4x%, a=l (bs) f@=2+4, a=2 
(c) f(x) =3x3-5x3, a=27 (d) f(x)= a2 O45, asa 
©) f@)=(7 +308 +2), a=1 © 70=— 5 a2 
() f= 5233, onl 


x2 -— 7x45’ 
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3. Consider the curve given by y = 3x* — 6x? + 2. 
(a) Find the slope of the curve at the point whose x-coordinate is 2. 
(b) Find an equation for the tangent line at the point (1, —1). 


(c) Find the point(s) on the curve at which the tangent line is horizontal. 


: d . : d 
4. It is known that qy SIX = COS x. For each of the following y, find = 
Xx Xx 
sin x 
xt+1 


(a) y=xsinx (b) y= 

(c) 
5. Let f be a differentiable function. 

(a) Use product rule to show that < FO? = 2f(0)- fOd. 


r+i 


(d) y=x(x+2)sinx 


sin x 


(b) Use product rule and the result in (a) to show that < F003 = 3f (x)? < fQo. 


(c) Can you guess (and prove) a formula for < f(x)", where n is a positive integer? 
6. (a) Use the result in 5(a) to find “ce + 5x7 — 2). 
(b) Use the result in 5(b) to find Ge + 5)3. Compare your answer with that in Q.1(f). 


4.3 Higher-Order Derivatives 


Let f be a function that is differentiable at some points belonging to dom(/f). Then /’ is a function. 


e If, in addition, f’ is differentiable at some points belonging to dom (f’), then the derivative of f’ exists 


and is denoted by f’’; it is the function given by f”(x) = hae reson re and is called the second 


derivative of f. 


e If, in addition, f” is differentiable at some points belonging to dom (f”’), then the derivative of f’’ is 
denoted by f”’, called the third derivative of f. 


e In general, the n-th derivative of f (where n is a positive integer), denoted by f™, is defined to be the 
derivative of the (n—1)-th derivative of f (where the 0-th derivative of f means f). For n = 1, the first 
derivative of f is simply the derivative f’ of f. Forn > 1, f™ is called a higher-order derivative of f. 


Notation Similar to first order derivative, we have different notations for second order derivative of f. 


” ” d?y 2 2 wr d? 
y> i ’ dx2’ D Fe D y> f (x) and qa 
—_ 
Readers may compare these with that on page 109. Similarly, we also have different notations for other higher- 


order derivatives. 


Example Let f(x) = 5x° — 2x” + 6x + 1. Find the derivative and all the higher-order derivatives of f. 


Explanation The question is to find for each positive integer n, the domain of the n-th derivative of f and a 
formula for f(x). To find f’(x), we can apply differentiation term by term. To find f”(x), by definition, we 
have f’’(x) = - f’ (x) which can be simplified using the result for f’(x) and rules for differentiation. 


Chapter 4. Differentiation 


Derivative of Polynomial 


Derivative of Polynomial 


Derivative of Polynomial 
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: / d 3 2 
Solution f(x) = ae — 2x + 6x +1) 
ey 
= 15x°-4x+6 
d 2 
Sf’) = —(5x° -4x+6) 
dx 
= 30x-4 
d 
ff" = =G0x- 4) 
dx 
= 30 
fH = 0 


Derivative of Constant 


From this we see that for n > 4, f(x) = 0. Moreover, for every positive integer n, the domain of f” isR. oO 


ra 


Example Let f(x) = 


x 


Explanation 


=! Find f’(3) and f”(-4). 


e To find f’(3), we find f’(x) first and then substitute x = 3. Although f(x) is written as a quotient of two 
functions, it is better to find f’(x) by expanding (x° — 1)x7!. 


e To find f’’(—4), we find f’’(x) first and then substitute x = —4. To find f’” (x), we differentiate the result 


obtained for f’(x). 


f@ ((3 - Dar!) 


d 
Solution re 
= E-*) 
= 2x-(-1)x” 
= Ix+x? 
f’'G) = 2-@)+#3" 
55 


f'@) 


ll 
——a 
NO 
a 
+ 
= 

nN 
—* 


r"-4) = 


Meaning of Second Derivative 


e The graph of y = f(x) is acurve. Note that f’(x) = 


of y with respect to x. Since f’’(x) = : : 


Term by Term Differentiation & Power Rule 


By result for f’(x) 


Term by Term Differentiation & Power Rule 


dy 
dx 
- is the derivative of the slope function, it is the rate of change 


is the slope function; it is the rate of change 
2. 
y 


x2 
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of slope and is related to a concept called convexity (bending) of a curve. More details can be found in 
Chapter 5. 


e If x = tis time and if y = s(f) is the displacement function of a moving object, then s’(f) = = 1S 


it is the rate of change of the velocity 


@s. 


dt?’ 


the velocity function. The derivative of velocity is s’’(t) or 


(function), that is, the acceleration (function). 


Exercise 4.3 


1. For each of the following y, find =% 
(a) y=x—-32x2+4x-1 (b) y=(2x+3)(4-~x) 
1-2 
(©) y= vx +3) @ y= 


(e) y=(@3+1)? 
2. For each of the following f, find f’’ (a) for the given a. 
(a) f@)=7x° - 89 + 15x, al 
(b) f(x) =x -22), a=2 
() f®O=2+3x', a=0 
3. Let f(x) = ayx" + Gn x"! +--+ +ajyx+ao bea polynomial of degree n. 
(a) Find f(0) and f’(0). 
(b) Find f(x) and f(x). 
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Chapter 5 


Applications of Differentiation 


In this chapter, we will discuss applications of differentiation to curve sketching and extremal problems. For 
curve sketching, we need to consider geometric meanings of the first and second order derivatives. For conve- 
nience, some of the concepts and results are given not in their most general forms. Many of the concepts and 
results are stated for functions that are differentiable, twice differentiable etc. Below are the meanings of these 


terms. 
Terminology Let / be a function that is defined on an open interval (a, b). We say that 
e =f is differentiable on (a, b) if f’(x) exists for all x € (a, b); 


e =f is twice differentiable on (a, b) if f’’ (x) exists for all x € (a, b). 
Explanation The condition “f is a function defined on an open interval (a, b)” means that (a, b) € dom (f). 


Terminology Let f be a function and let x9 be a real number. We say that 


e f is defined on an open interval containing xo if there is an open interval (a, b) such that xg € (a, b) and 
(a,b) € dom (f); 


e ff is differentiable on an open interval containing Xo if there is an open interval (a, b) such that xo € (a, b) 
and f is differentiable on (a, b); 


Remark If f is a function defined on an open interval containing xo, then we may consider continuity and 
differentiability of f at xo. 


Example Let f(x) = x. The domain of f is [0, 0). 


e Although 0 € dom(/), the function f is not defined on an open interval containing 0. This is because 


there does not exist any open interval (a, b) such that 0 € (a, b) and (a, b) € dom (f). 


e If xo is a positive real number, then f is defined on an open interval containing xo. This is because 
xq € (0, co) and (0, 00) € dom (f). 


For x > 0, by the Power Rule, we have f’(x) = aR Thus, f is differentiable on (0, co). 
Xx 


e If xo is a positive real number, then / is differentiable on an open interval containing xo. 


For x > 0, by the Constant Multiple Rule and the Power Rule, we have f’’(x) = We 
x 


Thus, f is twice 


differentiable on (0, co). 
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5.1. Curve Sketching 


5.1.1 Increasing and Decreasing Functions 


Definition Let f be a function and let J be an interval such that J C dom (/f). We say that f is 
e strictly increasing on I if for any two numbers x;, x2 € I, where x; < x2, we have f(x) < f(x2); 


e strictly decreasing on I if for any two numbers x1, x2 in J, where x; < x2, we have f(x,) > f(x2). 


Remark 


e In the definition, 7 can be an open interval, a closed interval or a half-open half-closed interval in the 
form [a, b) or (a, D]. 

e Although we can define the concepts “f is strictly increasing (or strictly decreasing) on a set S, where 
S ¢ dom (f)’, we will not use such concepts in this course because the concepts “strictly increasing (or 
strictly decreasing) on an interval” are good enough for our consideration; moreover, a function strictly 
increasing (or strictly decreasing) on a set S; and also on a set Sz may not be strictly increasing (or 


strictly decreasing) on S$; U $2. 


Geometric Meaning A function is strictly increasing (respectively strictly decreasing) on an interval 7 means 


that for x € I, the graph of f goes up (respectively goes down) as x goes from left to right. 

Terminology For simplicity, instead of saying “strictly increasing’, we will say “increasing” etc. 

Remark Some authors have a different definition for “increasing”. In that case, “increasing” and “strictly 
increasing” refer to different concepts. 

Example Let f : R — R be the function given by f(x) = 2°. 

Then f is increasing on R. 


Reason If x, < x9, then x3 < x 


3 
1 2" 


Figure 5.1 
Example Let f : (0,00) —> R be the function given by f(x) = = 
x 
Then f is decreasing on (0, ©). 
Reason If 0 < x; < x2, then Vx) < +x and so > = 
Figure 5.2 


Example Let f : R — R be the function given by f(x) = x’. 
Then f is decreasing on (—oo, 0) and increasing on (0, co). 
Reason 
© If xy < x2 <0, then x7 > x}. 
2 
2 


© If0 <x) < x2, then x7 < x}. Figure 5.3 
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Remark 


e Ifa function is increasing (respectively decreasing) on an interval /, then it is also increasing (respectively 
decreasing) on any interval J with J C J. For the function f in the above example, we can also say that 


f is increasing on (0, 1]; f is decreasing on [—10, —2] etc. 


e Ifa function is continuous on an interval [a, b) and if it is increasing (respectively decreasing) on the 
open interval (a, b), then it is increasing (respectively decreasing) on [a, b). Similar results holds if [a, b) 
is replaced by (a, b] or [a,b]. For the function in the above example, it is decreasing on (—co, 0] and 


increasing on [0, co). These intervals are maximal in the sense that they cannot be enlarged. 


Definition Let f be a function and let J be an interval with J € dom (f) such that f is increasing (respectively 
decreasing) on J. We say that J is a maximal interval on which f is increasing (respectively decreasing) if there 


does not exist any interval J with J ¢ J C dom(f) such that f is increasing (respectively decreasing) on J. 


Example For the function f given in the preceding example, the interval (—co, 0] is the maximal interval on 


which f is decreasing and [0, co) is the maximal interval on which / is increasing. 


In the above examples, we can determine where the function f is increasing or decreasing using inspection 
or using the graph of f. In general, given a function f, for example, f(x) = 27x — x°, it is not easy to see 
where f is increasing or decreasing. For differentiable functions, the next theorem describes a simple way to 


determine where f is increasing or decreasing. 


Theorem 5.1.1 Let f be a function that is defined and differentiable on an open interval (a, b). 
(1) If f’(x) > 0 for all x € (a,b), then f is increasing on (a, b). 
(2) If f’(x) <0 for all x € (a,b), then f is decreasing on (a, b). 
(3) If f’(x) = 0 for all x € (a,b), then f is constant on (a, b), that is, f(x,) = f(x2) for all x,, x2 € (a,b), or 


equivalently, there exists a real number c such that f(x) = c for all x € (a, b). 


Explanation In the first result, the condition “f’(x) > 0 for all x € (a, b)” means that the slope is always positive. 
From intuition, we “see” that the graph of f goes up. However, this is not a proof. 

Proof The results can be proved rigorously using a result called the Mean-Value Theorem. For details, see 
Theorem B.3.1 in the Appendix. Oo 


Example Let f : R — Rbe the function given by 
f(x) = 27x— x. 


Find the interval(s), if any, on which f is increasing or decreasing. 
Explanation 


e The question is to find maximal interval(s) on which f is increasing and to find maximal interval(s) on 


which f is decreasing. 
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e Before getting the answer, we do not know whether there is any interval on which f is increasing or 
decreasing, so in the question, “if any” is added. Moreover, we do not know whether there are more 
than one intervals on which / is increasing or decreasing, so instead of asking for “interval”, we ask 
for “interval(s)”’. This kind of wording is cumbersome; therefore, sometimes, we simply ask: “Find the 


intervals on which f is increasing or decreasing”. 


e Because f is continuous, it suffices to find maximal open intervals on which f is increasing or decreasing. 
For this, we have to solve f’(x) > 0 or f’(x) < 0 respectively. 


Solution Differentiating f(x), we get f’(x) 


d 33 
q, (27 x”) 


(—00, -3) | (-3,3) | G09) 
= ae 3 + + + 
= 3(34+x)(3—- x). 34x Z + + 
3-x + + = 
From the table, we see that f _ + = 
e on the interval [—3, 3], f is increasing; f ~ a N\ 
e on the intervals (—co, —3] and [3, oo), f is decreasing. 
Oo 


Remark 


e In the last row of the above table, the first \, indicates that f is decreasing on (—co, —3) etc. This 
information is obtained from Theorem 5.1.1. 


e Since f is decreasing on (—oo, —3), by continuity, it is decreasing on (—09, 3] etc. 


Example Let f : R — R be the function given by 
f(x~) = x4 - 40 +5. 


Find where the function f is increasing or decreasing. 


Explanation This example is similar to the last one. The question is to find maximal intervals on which f is 
increasing or decreasing. 


Solution Differentiating f(x), we get —f’(x) 


A fy — 4x3 +5) 
dx 


(—00, 0) | (0,3) | G, 0) 
= 43° - 123" Fi 7 7 ‘A 
= 4x7(x—- 3) 2 . fi rn 
x—3 4 
From the table, we see that f - = + 
e on the interval [3, oo), f is increasing; f \ \ Vai 


e on the interval (—oo, 3], f is decreasing. 
Oo 


Remark In the above example, to get the maximal interval on which f is decreasing, the following simple result 


is used. 
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Theorem 5.1.2 Let f be a function that is defined on an open interval (a,c). If f is increasing (respectively 
decreasing) on (a,b) as well as on (b,c) and is continuous at b, then it is increasing (respectively decreasing) 


on (a, c). 


Proof We give the proof for the increasing case. Let x,;,x2 € (a,c) and xj < x2. We want to show that 


f(%1) < f(%2). For this, we consider the following cases: 
(1) If x1, x2 € (a,b), then f(x;) < f(x2) since f is increasing on (a, b). 
(2) If x1, x2 € (b,c), then f(x,) < f(%2) since f is increasing on (D, c). 
(3) If x; € (a,b) and x2 = b, then f(x) < f(x2) since f is increasing on (a, b) and continuous at b. 
(4) If x; = band x € (b,c), then f(x,) < f(x2) since f is increasing on (b,c) and continuous at b. 


(5) If x1 € (a,b) and xp € (b,c), then f(x1) < f(b) < f(x) by Cases (3) and (4). 


5.1.2 Relative Extrema LI 


In the last section, we use Theorem 5.1.1 to find where a function f is increasing or decreasing. For that, 
we solve inequalities f’(x) > 0 and f’(x) < 0. In each of the tables obtained in the last two examples, the 
intervals are obtained from R by deleting the zeros of f’. For example, in the last example, R \ {0,3} = 


(—oo, 0) U(0, 3) U (3, co). Zeros of f’ are important because they play an important role in extremum problems. 


Definition Let f be a function and let x9 be a real number such that f is defined on an open interval containing 


xo. If f’(xo) = 0, then we say that x9 is a stationary number of f. 
Explanation 


e If x = fis time and y = f(t) is the displacement (function) of a moving object, then of = f(t) is the 
velocity (function). Thus f’(f9) = 0 means that the velocity at time fo is 0, that is, the object is stationary 


at that moment. 


e In the definition, the condition “f is defined on an open interval containing xp” can be omitted because 
the condition “f’(x9) = 0” implicitly implies that f is defined on the left-side and right-side of xo as well 


as at xo. However, we will continue to use this lengthy description to give the general setting. 
Definition Let f be a function and let x9 be a real number such that f is defined on an open interval containing 
xo. If f’(xo) does not exist or f’(xo) = 0, then we say that xo is a critical number of f. 
Explanation 


e Most functions considered in this course are differentiable (on open intervals that are subsets of their 


domains). For such functions, critical numbers and stationary numbers are the same. 


e Instead of “critical number’, many authors use the term “critical point”. However, many students mis- 


understand this terminology and take (xo, f(xo)) as a critical point. 


Caution A critical point is a point on the real line (that is, a real number) rather than a point on the graph 


of f (an ordered pair). 
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Example Let f : R — R be the function given by f(x) = x? + 4x — 11. Find the critical number(s) of f. 


Explanation Because f is differentiable on R, the question is to find the stationary numbers of /. 


Solution Differentiating f(x), we get f’(x) = <2 +4x-11) 
= 2x+4. 
Solving f’(x) = 0, we get x = —2 which is the critical number of f. Oo 


Definition Let f be a function and let x9 be a real number such that f is defined on an open interval containing 


xo. We say that 
e | f has a relative maximum at x = xo if f(xo) = f(x) for all x sufficiently close to x0; 
e f has a relative minimum at x = xo if f(xo) < f(x) for all x sufficiently close to x9. 


Remark The condition “f(x9) = f(x) for all x sufficiently close to xo” means that there exists an open interval 
(a, 8) with x9 € (@, 8) such that f(xo) => f(x) for all x € (a, 8). The interval (a, 8) may be different from (a, b). 


Terminology Suppose that f has a relative maximum (respectively relative minimum) at xo. Then 


e the number xo is called a relative maximizer (respectively relative minimizer) of f; 


e the ordered pair (xo, f(xo)) is called a relative maximum point (respectively relative minimum point) of 
the graph of /; 


e the number f(xo) is called a relative maximum value (respectively relative minimum value) of f. 


Remark The terms relative maximum value and relative minimum value will not be used in this course because 


they are ambiguous; a value can be a relative maximum value as well as a relative minimum value. 


If a function f has a relative maximum (respectively relative min- 
imum) at xo, then the graph of f has a peak (respectively a valley) at 


Local maximum point 


(xo, f(xo)), that is, the point (xo, f(xo)) is higher than (respectively 


lower than) its neighboring points. However, it may not be the high- 


est point (respectively lowest point) on the whole graph. For this 


reason, we say that (xo, f(%o)) is a local maximum point (respectively 


local minimum point) of the graph. Figure 5.4 


e The adjectives “relative” and “local” will be used interchangeably. For example, a local maximizer 


means a relative maximizer and a local minimum point means a relative minimum point etc. 


e A local maximizer or a local minimizer will be called a local extremizer and a local maximum point or a 


local minimum point will be called a local extremum point etc. 


Remark Consider the function f : [0,2] —> R defined by 
f@) = 22? 43x41. 


The graph of f is shown in Figure 5.5. Although f(0) < f(x) for all x sufficiently close to and greater 0, the 


number 0 is not considered as a local minimizer of /. 
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e In order to consider whether a number is a local extremizer of a 


function, the function has to be defined on an open interval con- 


taining the number. 
1 2 


Figure 5.5 
The following theorem gives a necessary condition for local extremizers. 


Theorem 5.1.3 Let f be a function and let xp be a real number such that f is defined on an open interval 
containing x9. Suppose that f has a local extremum at xp. Then xo is a critical number of f, that is, f’ (x9) does 


not exist or f’(xo) = 0. 


Proof Suppose that f’ (xo) exists (that is, f is differentiable at xo). We want to show that f’(xo) = 0. 


Without loss of generality, we may assume that f has a local maximum at xo (otherwise, we may consider 


the function —f instead). By definition, there exists an open interval (a, b) with x9 € (a, b) € dom (f) such that 
f(x) < f(xo) for all x € (a, bd). (5.1.1) 


fot + A) fee, the limit exists and is a two-sided limit. Thus we have 
1 


Note that f’(xo) = lim 
h— 


j _  foth)— fo) _ |. f@oth)— fro) 
= | oO =: | ——_—_—_—_—__. 
ares h j0e h 
To show that f’(xo) = 0, we show thatloneuk the one-sided limits is at least zero and the other is at most zero. 
e Forh <0 such that a < x9 +h, by (5.1.1), we have f(x + h) < f(xo) which implies that 


f (xo + h) — f(x0) a 
—— 20. 


Hence we have jim flxo+ ~ — FRO S) 9, 
h—>0- 
e Forh> 0 such that x9 +h < b, by (5.1.1), we have f(x + h) < f(x0) which implies that 


Fo +h) = FO) - 
——_o 


0. 


Hence we have lim 
ho0+ 


f(% +h) — F(X) <0 
h a 


Therefore, the required result follows. oO 


Remark For differentiable functions f, the result means that if f has a local extremum at xo, then f’(xo) = 0. 


Example Let f be the function given by f(x) = 2.x — x. We want to apply Theorem 5.1.3 to look for all the 


possible local extremizers of /. 


Note that the domain of f is [0, 00). Thus local extremizers of f must belong to (0,00). For x > 0, by the 


Power Rule, we have f’(x) = 7 — 1. Thus f is differentiable on (0, oo). To look for local extremizers of f, by 
x 


Theorem 5.1.3, we only need to find positive real numbers x9 such that f’(xo) = 0. Solving vs —1=0, we get 
x 


x = 1, which is the only possible candidate for local extremizer of /. 


The next example shows that the converse Theorelr5-t3 is not true: if f’(xo) = 0, f may not have a local 


extremum at xo. 
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Example Let f : R — R be the function given by 


f(x) = 0 — 3x7 + 3x. 


Then wehave f’(x) = <8 ~ 3x2 + 3x) 
= BR —6x 300 
= 3(x- 1)’. 

Thus f is differentiable on R. The number | is a critical number of /. 


However, it is not a local extremizer of f since f is increasing on R. Figure 5.6 


Suppose xo is a critical number of a function f. At xo, the function f may have a local maximum, a 
local minimum or neither. The next result describes a simple way to determine which case it is using the first 


derivative of f. 


First Derivative Test Let f be a function that is differentiable on an open interval (a,b) and let xo € (a,b). 


Suppose that x9 is a critical number of /. 
(1) If f’(x) changes from positive to negative as x increases through xo, then Xo is a local maximizer of f. 
(2) If f’(x) changes from negative to positive as x increases through xo, then xo is a local minimizer of f. 


(3) If f’(x) does not change sign as x increases through xo, then xo is neither a local maximizer nor local 


minimizer of f. 


Explanation The assumption on xq is that f’(xo) = 0. 


e The condition “f’(x) changes from positive to negative as x increases through xo” means that f’(x) > 0 


for x sufficiently close to and less than xo and f’(x) < 0 for x sufficiently close to and greater than xo. 


e The condition “f’(x) does not change sign as x increases through xo” means that f’(x) is either always 


positive or always positive for x sufficiently close and different from xo. 


Proof We give the proof for (1) and (3). The proof for (2) is similar to that for (1). 


(1) If f’(x) changes from positive to negative as x increases through xo, then there is an open interval in the 
form (a, xy) such that f’(x) > 0 for all x € (a, xq) nd there is an open interval in the form (xg, b) such 
that f’(x) < 0 for all x € (xg, b); hence by Theorem 5.1.1 and continuity, f is increasing on (a, xo] and 


decreasing on [xo, b). Therefore, f has a local maximum at xo. 


(3) If f’(x) does not change sign as x increases through x9, then there are open intervals in the form (a, xo) 
and (xo, b) such that f°) > O for all x € (a, x9) U (x0, b) or f’(x) < 0 for all x € (a, x0) U (xo, b). In the 
first case, by Theorem 5.1.1 f is increasing on (a, xo) as well as on (xo, b) and hence by continuity, it is 
increasing on (a, b). In the second case, f is decreasing on (a, b). Therefore, in any case, f does not have 


a local extremum at xo. oO 


Remark For “nice” functions (for example, polynomials), the above result includes all possibilities. But we can 
construct weird functions f such that xg is a critical number of f and that f’ changes sign infinitely often on 
the left and right of x9. Figure 5.7 shows the graph of the function f given below; the number 0 is a critical 


number of /. 


5.1. Curve Sketching 


FQ) esint itx? 0, 
x)= x 
0 ifx =0. 


Example Let f : R — R be the function given by 


Figure 5.7 


f(x) = 27x- 2x. 


Find and determine the nature of the critical number(s) of f. 
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Explanation The question is to find all the critical numbers of f and for each critical number, determine whether 


it is a local maximizer, a local minimizer or not a local extremizer. 


Solution Differentiating f(x), we get _f’(x) 


= 27-3x 


d 3 
Gy (27% x) 


= 3(3+x)3- x). 


Solving f’(x) = 0, we get the critical numbers of f: x; = —3 and x2 = 3. 


e When x is sufficiently close to and less than —3, f’(x) is negative; when x is sufficiently close to and 


greater than —3, f’(x) is positive. Hence, by the First Derivative Test, x, 


—3 is a local minimizer of /. 


e When x is sufficiently close to and less than 3, f’(x) is positive; when x is sufficiently close to and greater 


than 3, f’(x) is negative. Hence, by the First Derivative Test, x2 = 3 is a local maximizer of f. 


Remark The function in the above example is considered in 
the last subsection in which a table is obtained. It is clear 
from the table that f has a local minimum at —3 and a local 
maximum at 3. In the next example, we will use the table 


method to determine nature of critical numbers. 


Example Let f : R — Rbe the function given by 


(—00, -3) | (-3,3) | G,0) 
+ + 
34+x - + 
3-x + + - 
= + = 
\ a \ 


f(x) = x4 - 40° +5. 


Find and determine the nature of the critical number(s) of the /f. 


oO 


Explanation The function is considered in an example in the last subsection. Below we just copy the main steps 


from the solution there. 


Solution f'(x) = 4x3 — 12x (—co, 0) | (0,3) | (3,00) 
= 4x°(x-3) Ai - - + 
f \ x f 
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Solving f’(x) = 0, we get the critical numbers of f: x; = 0 and x2 = 3. 
From the table, we see that 
e the critical number x; = 0 is not a local extremizer of /; 


e the critical number x2 = 3 is a local minimizer of /. 


5.1.3 Convexity 


In studying curves, we are also interested in finding out how the curves bend. Both curves shown in Figures 


5.8(a) and (b) go up (as x goes from left to right). However the way how they bend are quite different. 


Figure 5.8(a) Figure 5.8(b) 


e In Figure 5.8(a), the curve goes up faster and faster, that is, the slope becomes more and more positive as 
we move from left to right (the slope is increasing). We say that the curve is bending up. 
e In Figure 5.8(b), although the curve goes up, the slope becomes less and less positive (the slope is 


decreasing). We say that the curve is bending down. 


Similarly we can consider curves that go down. 


Figure 5.9(a) Figure 5.9(b) 
e The curve in Figure 5.9(a) goes down. However, the slope becomes less and less negative. This means 
that the slope is increasing and we say that the curve is bending up. 
e The curve in Figure 5.9(b) also goes down. Moreover, the slope becomes more and more negative. This 


means that the slope is decreasing and we say that the curve is bending down. 


In summary, curves having shape shown in Figure 5.10(a) [or part of it] is said to be bending up and those 


having shape shown in Figure 5.10(b) [or part of it] is said to be bending down. 
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bending Siding 
up 
down 
Figure 5.10(a) Figure 5.10(b) 


Alternatively, if the curve is the graph of y = f(x) where f is a differentiable function, the graph is bending 
up (respectively bending down) means that the graph is always above (respectively always below) the tangent 


lines. 


Remark In many books, instead of bending up and bending down, the terms concave up and concave down 


respectively are used. 


Bending up and bending down are properties of curves. Below are properties of functions corresponding to 
these geometric properties. 
Definition Let f be a function that is defined and differentiable on an open interval (a, b). We say that 
ef is strictly convex on (a, b) if f’ is increasing on (a, b); 
e f is strictly concave on (a, b) if f’ is decreasing on (a, b). 
Since f’ is the slope function, f is strictly convex on (a, b) means that the slope is increasing and so in the 


interval (a,b), the graph of f is bending up. Similarly, f is strictly concave means that in (a, b), its graph is 


bending down. 
Terminology For simplicity, instead of saying “‘strictly convex”, we will say “convex” etc. 


The next theorem describes a simple way to find where a function is convex or concave. The method is to 


consider the sign of f”. 


Theorem 5.1.4 Let f be a function that is defined and is twice differentiable on an open interval (a, b). 
(1) If f’(x) > 0 for all x € (a,b), then f is convex on (a, b). 
(2) If f’’(x) <0 forall x € (a,b), then f is concave on (a, b). 


Proof We give the proof for (1). The proof of (2) is similar to that for (1). 
at f” is the derivative of f’. If f(x) > 0 for all x € J, that is, (f’)’(x) > 0 for all x € (a,b), then by 


Theorem 5.1.1, f’ is increasing on (a, b), that is, f is convex on (a, b). oO 
Example Let f : R — R be the function given by 
f(x) =27x— 2x. 


Find the interval(s) on which f is convex or concave. 


138 Chapter 5. Applications of Differentiation 


Explanation 
e The question is to find maximal open interval(s), if any, on which f is convex or concave. 


e The given function f is a “nice” function (a polynomial function). It can be differentiated any number 
of times: f(x) exists for all positive integers n and for all real numbers x. In particular, f is twice 
differentiable on R. To apply Theorem 5.1.4, we have to solve inequalities f’’(x) > 0 and f”(x) < 0. 
This is done by setting up a table. 


Solution Differentiating f(x), we get —_f’(x) = (21x — x3) 
xX 


= 27-32". 
Differentiating f’(x), we get f(x) = £27 — 3x?) 
a (—0o, 0) (0, oo) 
= —-6x. 
—6 a = 
x - + 
e On the interval (—co, 0), f is convex. rz - 


e On the interval (0, co), f is concave. 


Remark 


e When we consider “a function is convex/concave on an interval’, unlike increasing/decreasing, we do 
not include the endpoint(s) of the interval. This is because the concept is defined for open intervals only. 
Note that for a function f whose domain is a closed and bounded interval [a, b], f’(x) is undefined when 
x=aorb. 


e There is a more general definition for convex/concave functions. The definition does not involve f’ and 
it can be applied to closed intervals also. 


Example Let f : R — R be the function given by 
ft) =x-42 45. 


Find where the graph of f is bending up or bending down. 


Explanation This question is similar to the last one. The graph of f is bending up (or down) means that f is 


convex (or concave). So we have to find intervals on which f” is positive (or negative). 


Solution Differentiating f(x), we get f’(x) = ates — 433 +5) 
= 4x3 — 12x?. 
Differentiating f’(x), we get f(x) = sax — 12x?) 
. (—00,0) | (0,2) | (2,00) 
= 123° - 242 
ies 5 12x — + + 
— x(x — 2). a = = : 
Fis + — + 


e On the intervals (—0o, 0) and (2, co), the graph of f is bending up. 
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e On the interval (0, 2), the graph of f is bending down. 
Oo 


Definition Let f be a function and let x9 be a real number such that f is continuous at xo and differentiable 
on both sides of xo. If f is convex on one side of x9 and concave on the other side, then we say that xo is an 


inflection number of f. 


Explanation 


e The condition “f is differentiable on both sides of xo” means that there is an open interval in the form 


(a, xo) and an open interval in the form (x9, b) such that f’(x) exists for all x € (a, x9) U (x0, Db). 


e The condition “f is convex on one side of x9 and concave on the other side” means that there is an open 
interval in the form (a, x9) and an open interval in the form (x9, 8) on which f is convex on one of them 


and concave on the other, that is, there is a change of convexity at x9. 


Suppose that xo is an inflection number of a function f. By definition, on one side of the point (xo, f(x0)), 
the graph of f is bending up and on the other side, the graph is bending down. That is, there is a change of 
bending at the point (xo, f(x0)). 


Terminology Suppose that xo is an inflection number of a function f. Then the point (xo, f(xo)) is called an 


inflection point of the graph of f. 


In the following example, the function f is discussed in a previous example. Below we just copy part of the 


table obtained in the solution there. 
Example Consider the function f : R — R given by 
fi) = x4 -40 +5. 


From the table 


(—00,0) | (0,2) | (2,00) 
ties + - + 


we see that the inflection numbers of f are 0 and 2. 
Remark We can also say that the inflection points of the graph are (0,5) and (2, —11). 
The next result gives a necessary condition for inflection number. 


Theorem 5.1.5 Let f be a function and let xp be a real number such that f is differentiable on an open interval 


containing xo and that f’’(xo) exists. Suppose that xo is an inflection number of f. Then we have f”’(xo) = 0. 


Proof By symmetry, we may assume that f is convex on the left-side of x9 and concave on the right-side of xo, 
that is, there exist real numbers a and b with a < x9 < b such that f’ is increasing on (a, xo) and decreasing on 


(xo, b), which by continuity of f’ at xo, implies that 


f' Od < f'(xo) — for all x € (a, x9) U (x0, dD). 


LC] 
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Thus, the function f’ has a local maximum at x9. Hence by Theorem 5.1.3 (and using the assumption that the 
derivative of f’ at xg exists), the derivative of f’ at xo is 0, that is, f’’(xo) = 0. oO 


Remark The converse of Theorem 5.1.5 is not true: if f’’(xo) = 0, xo may not be an inflection number of f. 
Example Let f : R — R be the function given by 


fi =x'. 


ll 

AK 

Se 
ie) 


Then we have  ’(x) 
f(x) 


(—co, 0) | (0, 0) 
| f" + + 


ll 
= 
N 
be 
w 


Although f”(0) = 0, the number 0 is not an inflection number of f. This is 


because f is convex on (—oo, 0) as well as on (0, 00). 
oe 


Figure 5.11 


Remark The function f is convex on (—0s, 09). 


Terminology 


e If f’(xo) = 0, we say that xo is a stationary number of f. However, if f’’(xo) = 0, we do not have a 
specific name for xo. 

e For local extremizers, there are two types: local maximizers and local minimizers. Correspondingly, 
there are also two types of inflection numbers. However, we do not have specific names to distinguish 


the two types. 
Example Let f : R — R be the function given by 
fw= x — 6x7 + 5x-6, 


Find the inflection point(s) of the graph of /. 


Explanation To find the inflection points of the graph, first we find the inflection numbers of the function. For 
that, we solve the equation f’’(x) = 0. By Theorem 5.1.5, solutions to this equation include all the possible can- 
didates for inflection numbers. However, for each of these candidates, we have to check whether the convexity 


of f are different on the left-side and right-side of it. 


Solution Differentiating f(x), we get f’(x) = =A — 6x" + 5x-6) 
= 43 -12x+5. 


Differentiating f’(x), we get f(x) = fae —12x+5) 


= 12-12 
= 12%x4+1\(x- 1). 


Solving f’’(x) = 0, we get two solutions: x; = 1 and x2 = —-1. 
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(—co,—1) | (-1,1) | (1,09) 
12 + + + 
x+1 - + + 
x-1 - - + 
f? + - + 
From the table, we see that f is convex on (—oo, —1), concave on (—1, 1) and convex on (1,00). Hence x; = | 
and x2 = —1 are the inflection numbers of f. 
The inflection points of the graph are (1, f(1)) = (1, -6) and (—1, f(-1)) = (-1, -16). Oo 


To determine the nature of critical numbers, we can use the First Derivative Test discussed in the last 


subsection. Below, we discuss an alternative way using second derivatives. 


Second Derivative Test Let f be a function and let xg be a real number such that f is differentiable on an open 


interval containing xo. Suppose that x is a critical number of f, that is, f’(xo) = 0. 


(1) If f(x) < 0, then xp is a local maximizer of f (in fact, we have f(xo) > f(x) for all x sufficiently close 


to and different from x9). 


(2) If f’’ (xo) > 0, then xo is a local minimizer of f (in fact, we have f(xo) < f(x) for all x sufficiently close 


to and different from x9). 


Explanation Below we give a proof for (1). To prove (2), we can use the method for (1). Alternatively, we can 


apply (1) to the function —f because (— f)’’(xo) < 0 in this case. 


Proof It suffices to prove (1). Suppose that f’’(x9) < 0. We want to show that f is increasing on the left-side 


of xo and decreasing on the right-side. 


By definition, together with the condition f’(x9) = 0, we have 


4 h 
0> f’(x0) = lim fas”, 


which implies that f’(xp + 2) > 0 if 4 is sufficiently close to and less than 0, that is, 
f'(x)>0° if x = x9 + Ais sufficiently close to and less than xo. 


Hence, by Theorem 5.1.1, f is increasing on the left-side of x9. Similarly, f is decreasing on the right-side of 
xo. Therefore, by the continuity of f at x9, we see that f(xo) > f(x) for all x sufficiently close to and different 


from Xo. oO 
Remark 


e To determine the nature of a critical number using the Second Derivative Test, we consider the sign of 
f” at the critical number. If we apply the First Derivative Test, we consider the sign of f’ on the left-side 


and the right-side of the critical number. 


e If f’(xo) = 0, we can’t apply the Second Derivative Test. At xo, the function f may have a local 


maximum, a local minimum or neither. See the last example in this subsection. 
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e Some students have the following conjecture: 
Suppose f’(xo) = 0 and xo is not a local extremizer of f, then xo is an inflection number of f. 


For “nice” functions (for example, polynomial functions), the conjecture is correct. However, we can 


construct weird functions with “weird” critical point (see Figure 5.7). 


However, when we consider nature of a critical number, there is no need to discuss whether it is an 
inflection number because critical numbers are related to first derivatives whereas inflection numbers are 


related to second derivatives. 
Below, we redo a previous example using the Second Derivative Test. 


Example Let f : R — R be the function given by 

f(x) = 27x- x. 
Find and determine the nature of the critical number(s) of f. 
Solution Differentiating f(x), we get f’(x) = * (27x — x3) 


= 27-3x2 
= 33+x)3-~%). 


Solving f’(x) = 0, we get the critical numbers of f: x, = —3 and x2 = 3. 


Differentiating f’(x), we get f(x) 


d 4,2 
—(27 - 3x") 


= -6x 
e At x, =—3, we have f’’(—3) = 18 > 0; therefore, x; is a local minimizer of f. 
e At x = 3, we have f’’(3) = —18 < 0; therefore, x2 is a local maximizer of f. 


Example Let /, g and h be functions from R to R given by 
foy=s, 2-0, Apex, 


It is clear that x; = 0 is a critical number of f, g and h. Moreover, we have f’’(0) = g’’(0) = h’’(0). However, 
e atx, =0, f has a local minimum; 
e at x; =0, g has a local maximum; 


e at x; = 0, h does not have a local extremum. 


Figure 5.12(a) Figure 5.12(b) Figure 5.12(c) 
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5.1.4 Curve Sketching 


Given a function f that is twice differentiable on an open interval (a,b), to sketch the graph of y = f(x) for 
a < x < b, we can use the first derivative of f to find where the graph goes up or down and use the second 
derivative of f to find where the graph bends up or down. Hence we can locate the local extremum points and 
inflection points of the graph. Intercepts give additional information for the graph. If f is a rational function, 


limits at infinity (+co) and vertical asymptotes (infinite limits) are also useful. 


The following table gives the shape of the graph of f corresponding to the four cases determined by the 
signs of f’ and f”. For example, first row first column corresponds to that both f’ and f” are positive: the 


figure indicates that the graph goes up and bends up. 


f'>0 f' <0 


p> 


f" <0 


Example Sketch the graph of y = 27x — x° for x € [-5.5,5.5]. 


Explanation In the question, we are ask to draw the graph of f where f(x) = 27x — x° for -5.5 < x < 5.5. 


In the graph, we should locate the endpoints (—5.5, f(—5.5)) and (5.5, f(5.5)). In two previous examples, we 
obtain the following: 


(—oo, —3) | (—3,3) | G, 00) (—c0,0) | (0, 00) 
f’ _ nm = ge re _ 


The three numbers —3, 3 (zeros of f’) and 0 (zero of f’’) divide R into four intervals: (—0o0, —3), (—3, 0), (0, 3) 


and (3, co). On each of these intervals, we can use the above tables to consider the signs of f’ and f”. 


Solution 
(—co, —3) | (-3,0) | (0,3) | (G, 00) 
f’ - + + - 
f" + + — ‘a 
f \ SJ / \ 


On the graph, we have 


e Local minimum point (—3, f(—3)) = (-3,-54) 
e Inflection point (0, f(0)) = (0,0) 
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(3, f(3)) = (3,54) 
(0, 0), (3-3, 0) and (-3V3, 0) 
(-5.5, f(—5.5)) = (-5.5, 17.875) 


and (5.5, f(5.5)) = (5.5, -17.875) 
The required graph is shown in the following figure: 


e Intercepts 


e Endpoints 


Remark Since f is an odd function, the graph is symmetric about the origin. 
Example Sketch the graph of y = x* — 4x7 +5 for -1.5 < x < 4.2. 


Explanation In two previous examples, we obtain the following: 


(-00,0) | (0,3) | G09) | 


(—00,0) | (0,2) | (2, 00) 
f’ - + | f” + - + 
Solution 
(—00,0) | (0,2) | (2,3) | (3,00) 
f’ - + 
f’ + + + 


hi ~~ % \ / 
On the graph, we have 


e Inflection points 


(0, f(0)) = (0,5) and (2, f(2)) = (2,-11) 
Local minimum point (3, f(3)) = (3, -22) 
(- 1.5, f(-1.5)) = (-1.5, 23.6) 


and (4.2, f(4.2)) ~ (4.2, 19.8) 
The required graph is shown in the following figure: 


e Endpoints 


5.1. Curve Sketching 145 


Remark There are two x-intercepts. Approximate values of their x-coordinates are 1.2 and 3.9 which can be 

estimated using the Intermediate Value Theorem. 

Example Sketch the graph of y = x° + 3x? — 45x for -9<x<6. 

Solution Differentiating f(x), we get f’(x) = 3x?+6x-45 
= 3(x-3)(x+5) 


(—00, -5) | (-5,3) | (3,00) 


Se 
| 
1oS) 
| 
| 
+ 


Se 
+ 
Nn 
| 
+ 
+ 


Differentiating f’(x), we get f’(x) = 6x+6 


Combining the two tables, we get 


(—oo, -5) | (-5,-1) | (-1,3) | G,~%) 
ffl + - - | + 
f’ = = + ait, 
iF a a Sf 


On the graph, we have 
e Local maximum point (-—5, f(—5)) = (-5, 175) 
e Inflection point (- 1, f(-1)) = (-1,47) 
e Local minimum point (3, f(3)) = (3,—-81) 
meh 216) and (eames = 0) 
e Endpoints (—9, f(—9)) = (-9,-81) and (6, f(6)) = (6,54) 


The required graph is shown in the following figure: 


e Intercepts (0,0), ( 
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Exercise 5.1 


1. For each of the following functions /, find the interval(s) on which it is increasing. 


(a) f(x) = 2x? -5x+6 (b) fiy=143x-2 
(c) f(x) = x3 + 6x? — 63x (d) f(x) =2x + 9x —6x4+7 
(e) f(x) = 3x4 4 493 — 24x? - 48x (f) f@=x+ 
2. For each of the following functions /, find and determine the nature of its critical number(s). 
(a) f@=- 4+7x- 13 (b) fOj=xt-2r 
2, 
(©) fa) = - 158 @) f@y= 2th 
xt+1 
3. For each of the following functions /, find the interval(s) on which it is convex. 
(a) f(x) = vx (b) f(x) =x — 6x7 + 9x 
(c) f(x) =3x°-9x4 48x23 (d) f(axt : 
4. For each of the following functions /, find its inflection number(s). 
(a) f(x) = 2x3 + 9x2 — 108x + 35 (b) fi) =1- : + 5 
5. For each of the following equations, sketch its graph (you have to choose a suitable interval). 
(a) y= x — 6x (b) y= Sx = 2x" 
() y=(?-3/ dd) y=x+xtl 


5.2. Applied Extremum Problems 


In this section, we will consider application of differentiation to applied extremum problems. In such problems, 


we are interested in absolute (or global) extrema rather than relative extrema. 


5.2.1 Absolute Extrema 


Definition Let f be a function and let xo be a real number belonging to the domain of f. 


e If f(xo) = f(x) for all x € dom (f), then we say that f attains its (absolute or global) maximum at xo and 
that the number f(xo) is the (absolute or global) maximum (value) of f. 


e If f(xo) < f(@) for all x € dom (f), then we say that f attains its (absolute or global) minimum at xo and 


that the number f(xo) is the (absolute or global) minimum (value) of f. 


Remark Maximum and minimum values are unique (if exist). 


Example Let f : R — R be the function given by f(x) = x? + 1. Then 
e f attains its (absolute) minimum at 0 and the minimum of /f is 1; 
e f does not attain its (absolute) maximum, that is, there does not exist any x9 € R such that f(xo) = f(x) 


for allx ER. 


Terminology Maximum and minimum (values) of a function f are called (absolute or global) extrema of f. 
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Recall (Extreme Value Theorem ) Let f : [a,b] —> R be a continuous function. Then f attains its (absolute) 


maximum and minimum. That is, there exist x,, x2 € [a,b] such that 
f(x) < F(X) < f(x2) for all x € [a, b]. 


Note Extrema may occur at the endpoints a, b or at points in (a, D). 


Figure 5.13 shows the graph of a function f with domain 
[a,b]. Note that f attains its absolute minimum at x. which we FG) 
belongs to the open interval (a, b) and attains its absolute max- 
imum at b which is an endpoint. Also note that f has a relative 
maximum at x, but it does not attains its absolute maximum 


there. 


a Xx x2 b 


| Figure 5.13 


Let f : [a,b] — R be a function that is differentiable on (a,b). Suppose that f attains its maximum or 


minimum at x9 where a < x9 < b. Then by Theorem 5.1.3, x9 must be a critical number of f, that is, f’(x9) = 0. 


Thus we have the following procedures to find the absolute extrema of /. 


Steps to find absolute extrema 
(1) Find the critical number(s) of f in (a, b). 
(2) Find the values of f at the endpoints a and b and that at the critical number(s) found in (1). 


(3) The maximum and minimum values of f are, respectively, the greatest and smallest of the values found 


in Step 2. 


FAQ Do we need to check the nature (relative maximum or minimum) of the critical numbers? 


Answer If you want to find absolute extrema, there is no need to check the nature of the critical numbers. Even 
if you know that f has a local maximum (say) at a certain critical number xg, you still have to compare values. 
However if you know that f is increasing on [a, x9] and decreasing on [xo, b], then you can tell that f attains 
its absolute maximum at xo, that is, f(xo) is the absolute maximum; and to get the absolute minimum, you can 
compare the values f(a) and f(b). oO 


Example Find the absolute extremum values of the function f given by 
f(x) = 2x7 — 18x? + 30x 


on the closed interval [0, 3]. 


Explanation In this question, the domain of f is taken to be [0,3]. Since f is continuous on [0, 3], it follows 
from the Extreme Value Theorem that f attains its absolute extrema. Note that f is differentiable on (0, 3). 


Thus we can apply the above steps to find the absolute extremum values. 


Solution Differentiating f(x), we get f’(x) = Sx — 18x? + 30x) 


6x? — 36x + 30 (0< x <3) 
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Solving f’(x) = 0, thatis, 6x*-36x+30 = 0 (0<x<3) 
6(x-1)(x-5) = 0 (O<x<3) 
we get the critical number of f in (0,3): x1 = 1. 


Comparing the values of f at the critical number and that at the endpoints: 


x fjo[i| 3 
f@o || 0] 14 | -18 


we see that the maximum value of f is 14 and the minimum value of f is —18. Oo 


y = 2x3 — 18x? + 30x 


Figure 5.14 


5.2.2. Applied Maxima and Minima 


Example An article in a sociology journal stated that if a particular health-care program for the elderly were 
initiated, then ¢ years after its start, n thousand elderly people would receive direct benefits, where 
2B 
n() = = — 6° +321, O<r< 10. 


After how many years does the number of people receiving benefits attain maximum? 


3 
Solution Differentiating n(t), we get n'(t) = “(5 — 61 + 321) 
= #-12t+32 (0 <1 < 10) 


Solving n’(t) = 0, thatis, 1 —12t+32 = 0 (0<1r< 10) 
(t — 8)(t — 4) 0 (0<t< 10), 
we get the critical numbers of n in (0, 10): t; = 4 and fp = 8. 


Comparing the values of n at the critical numbers and that at the endpoints: 


x |o| 4 | 8 | 10 
Hie) 07 ee | 
3 3 3 


we see that 7 attains its maximum at t; = 4 and also at f2 = 10. 
The number of people receiving benefits attains maximum after 4 years as well as after 10 years. Oo 
Remark Although the maximum (if exist) of a function is unique, the above example shows that the values of 


x at which a function attains its maximum may not be unique. The following figure show the graph of the 


function n. Note that there are two highest points. 
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60 


pP 
40 n= 3 6 +32 


20 


2 4 6 8 10 
Figure 5.15 


Example Find the dimensions of the rectangle that has maximum area if its perimeter is 20 cm. 


Explanation The question asks for the length and width of the rectangle. 
In the solution below, the domain of the area function A 


is not a closed interval. We can’t use the steps as in the x 
last example. Instead, we consider where A is increasing 
or decreasing. 


Solution Let the length of one side of the rectangle be x cm. ace 


Then the length of an adjacent side is (10 — x) cm. 
Note that 0 < x and 0 < 10— x. Thus we have 0 < x < 10. 


The area A (in cm’) of the rectangle is Figure 5.16 
A(x) = x(10 — x), 0<x< 10. 


We want to find the value of x at which A attains its maximum. 


Differentiating A(x), we get A’(x) = < (10x — 3) 
= 10-2x (0<x< 10). 
Solving A’(x) = 0, we obtain the critical number of A: x; = 5. (0,5) | (5, 10) 
A’ + - 


Since A is increasing on (0,5) and decreasing on (5, 10), it follows that A 


attains its absolute maximum at x; = 5. 


The dimensions of the largest rectangle is 5cm x 5cm. g 
Remark The largest rectangle is, in fact, a square. 


FAQ Can we include 0 and 10 in the domain of A? 


Answer We may allow 0 and 10 in the domain of A. If x = 0 or 10, we get a rectangle one side of which is 
0 cm. Such a figure is called a degenerate rectangle. Including the endpoints, the domain becomes a closed 


and bounded interval. Below we redo this problem using the method for the last example. 


Alternative solution Let the length of one side of the rectangle be xcm. Then the length of an adjacent side is 


(10 — x)cm. The area A (in cm?) of the rectangle is 


A(x)=x(10-x), O<x< 10. 
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Differentiating A(x), we get A’(x) = 10-2x (0< x < 10). 
Solving A’(x) = 0, we obtain the critical number of A: x; = 5. Comparing the values of A at the critical number 
and that at the endpoints: 
x |[o| 5 | 10 
A(x) }} 0 | 25 | 0 


we see that A attains its maximum at x; = 5. Hence the dimensions of the largest rectangle is 5cmx5cm. O 


FAQ Can we apply the Second Derivative Test to check that A has maximum at x; = 5? 


Answer If you use the Second Derivative Test, you can only tell that A has /ocal maximum at x; = 5. In this 


problem, we want global maximum. 


However, there is a special version of the Second Derivative Test which can be applied to this problem. O 


Second Derivative Test (Special Version) Let f be a function and let xq be a real number such that f is 


differentiable on an open interval (a, b) containing x9. Suppose that xo is the only critical number of f in (a, b). 
(1) If f’ (xo) < 0, then in (a, b), f attains its maximum at xo, that is, f(xo) => f(x) for all x € (a, b). 
(2) If f’ (xo) > 0, then in (a,b), f attains its minimum at xo, that is, f(xo) < f(x) for all x € (a,b). 
Explanation Below we give a proof for (1). For this, we use a method called Proof by Contradiction. The result 
we want to prove is in the form “Assumption; Conclusion’. 


e The assumption is “f is differentiable on an open interval (a, b) containing xo and Xo is the only critical 
number of f in (a, b)”. 
e The conclusion is “Jf f’’(xg) < 0, then in (a,b), f attains its maximum at xo”. 
The negation (opposite) of the conclusion is “Jt is not true that if f’’(x9) < 0, then in (a,b), f attains its 


maximum at xo” which can be restated as “f’’(x9) < 0 and in (a, b), f does not attain its maximum at xo”. 


The method of Proof by Contradiction is to assume that the conclusion is false and use it (together with the 
given assumption) to deduce something that contradicts the given assumption. More specifically, we want to 
deduce that there exists x2 € (a,b) with x2 # xo such that f’(x2) = 0, which contradicts the assumption that xo 


is the only critical number of /f in (a, b). 


In the proof below, we write “Without loss of generality, we may assume that x, > xo”. It means that the 


other case where x; < xo can be treated similarly. 


Proof We give a proof for (1). For (2), it can be proved similarly or alternatively proved by applying (1) to the 


function —/f. 


Suppose that (1) does not hold, that is, suppose that f’’(xo) < 0 but there exists x; € (a, b) such that 


(x1) > f (x0). 


Without loss of generality, we may assume that x; > x9. Applying the Extreme Value Theorem to f on the 


interval [xo, x], we see that there exists x2 € [xg, x] such that 


f(%2) < f(x) for all x € [xo, x1]. 
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It is clear that x2 # x}. Moreover, we have x2 # x0; this is because 


Ff(xo) > f(x) _ if x is sufficiently close to x9 and x # x9 can’t happen 


by the Second Derivative Test (since f’’(xo) < 0). Thus we have ; 
Ea 


x2 €(x0,x1) and f(x2) < f(x) for all x € (x0, x1), ‘ ; 


which implies that f has a local minimum at x2. By Theorem 5.1.3, ~~e- 
we have f’(x2) = 0, which (together with that x. # xg) contradicts ; 


{ | 
T 1 
a XO x2 X1 b 


Figure 5.17 


the assumption that x9 is the only critical number of f in(a,b). oO 


Alternative solution to the rectangle problem Let the length of one side of the rectangle be xcm. Then the 


length of an adjacent side is (10 — x) cm. The area A (in cm?) of the rectangle is 
A(x) = x(10 — x), 0<x< 10. 


Differentiating A(x), we get A’(x) = 10-—2x (0< x < 10). 

Solving A’(x) = 0, we obtain the critical number of A: x; = 5. 

Differentiating A’(x), we get A’ (x) = “(10 — 2x) = -2. 

Since A” (5) = —2 < 0 and 5 is the only critical number of A in (0, 10), it follows from the Second Derivative 
Test (Special Version) that A attains its maximum at x; = 5. Hence the dimensions of the largest rectangle is 


5cm xX 5cm. oO 


Example A rectangular box without lid is to be made from a square cardboard of sides 18 cm by cutting equal 
squares from each corner and then folding up the sides. Find the length of the side of the square that must be 


cut off if the volume of the box is to be maximized. What is the maximum volume? 


Solution 1 Let the length of the side of the square to be cut off be xcm. Then the base of the box is a square 


with each side equals to (18 — 2x) cm. Hence we have 0 < x < 9. 


18 — 2x 


18 —2x si 


Figure 5.18 Figure 5.18(b) 
The volume V, in cm?, of the open box is 


V(x) = x(18 — 2x), 0<x<9. 


Differentiating V(x), we get. V(x) < (324x ~ 72x? + 4x3) 


= 324-144x+12x2 (0<x <9) 
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Solving V’(x) = 0, thatis 324-144x+12x7 = 0 (0<x<9) 


12(x-9)%-3) = 0 O<x<9) 
we get the critical number of V in (0,9): x; = 3. (0,3) | B,9) 
se vy ot = 
Since V is increasing on (0, 3) and decreasing on (3, 9), it follows 7 P < 


that on (0,9), V attains its maximum at x; = 3. 


To maximize the volume of the box, the length of the side of the square that must be cut off is 3. cm. 


The maximum volume is V(3) = 432 cm?. Qo 


Solution 2 Let the length of the side of the square to be cut off be xcm. Then the base of the box is a square 
with each side equals to (18 — 2x)cm. Hence we have 0 < x < 9 (when x = 0 or 9, we get a degenerate box 


with zero volume). 


The volume V, in cm?, of the open box is 
V(x) = x (18 — 2x)", 0<x< 9, 


4 324% — 72x2 + 4x3) 
dx 


Differentiating V(x), we get V’(x) 


= 324-144x+12x2 (0<x <9) 


0 O0<x<9Q) 
0 O0<x<9Q) 


Solving V’(x) = 0, thatis 324 — 144x + 122? 
12(x — 9)(x — 3) 


we get the critical number of V in (0,9): x; = 3. 


Comparing the value of V at the critical number and that the the endpoints: 


x jlo] 3 |9 
V(x) |} 0 | 432 | 0 


we see that to have maximum volume, the length of the side of the square that must be cut off is 3 cm; and that 


the maximum volume is 432 cm?. Oo 


Solution 3 Let the length of the side of the square to be cut off be xcm. Then the base of the box is a square 


with each side equals to (18 — 2x) cm. Hence we have 0 < x < 9. 


The volume V, in cm’, of the open box is 


V(x) = x(18 — 2x)’, 0<x<9. 


Differentiating V(x), we get. V(x) “ (324x ~ 72x2 + 433) 


= 324-144x+4+ 12x? (0<x<9) 


Solving V’(x) = 0, thatis 324-144x+12x7 = 0 (O<x<9) 
12(x — 9)(x - 3) 0 (O<x<9) 
we get the critical number of V in (0,9): x; = 3. 


Differentiating V’(x), we get V’(x) = * (324 — 144x + 12x?) 


= -144+4 24x. 
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Since V’(3) = -72 < 0 and x; = 3 is the only critical number of V in (0,9), it follows from the Second 
Derivative Test (Special Version) that in (0,9), V attains its maximum at x; = 3. Thus the length of the side of 


the square that must be cut off is 3cm and the maximum volume is V(3) = 432 cm’. oO 


400 
V = x(18 — 2x)? 
300 


200 


100 


2 4 6 8 
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5.2.3. Applications to Economics 


Suppose a manufacturer produces and sells a product. Denote C(q) to be the total cost for producing and 
marketing q units of the product. Thus C is a function of g and it is called the (total) cost function. The rate of 


change of C with respect to g is called the marginal cost, that is, 
. dc 
marginal cost = —. 

dq 


Denote R(q) to be the total amount received for selling g units of the product. Thus R is a function of g and it 


is called the revenue function. The rate of change of R with respect to q is called the marginal revenue, that is, 


d 
marginal revenue = —. 
dq 


Denote P(q) to be the profit of producing and selling g units of the product, that is, 
P(q) = Rq@) - C@).- 


Thus P is a function of q and it is called the profit function. 


Denote gmax to be the largest number of units of the product that the manufacturer can produce. Assuming 
that g can take any value between O and gmax. Then for each of the functions C, R and P, the domain is 
[0, dmax]. Suppose that the cost function and the revenue function are differentiable on (0, gmax) and suppose 
that producing 0 or gmax units of the product will not give maximum profit. Then in order to have maximum 


profit, we need 


dP 
— =0, 
dq 
or equivalently, 
dC dR 
ag dq’ 


that is, marginal cost = marginal revenue. 


Example The demand equation for a certain product is 


qg-90+2p=0, O0<q<90, 
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where q is the number of units and p is the price per unit, and the average cost function is 
Cay = - 89+ 57 + = 0<q<9. 
At what value of qg will there be maximum profit? What is the maximum profit? 


Explanation Although the average cost function is undefined at g = 0, we may include 0 in the domain of the 
cost function. The cost function and the revenue function are differentiable on (0,90). However, we do not 
know whether maximum profit would be attained in (0, 90) or at an endpoint. So we use the method for finding 


absolute extrema for functions on closed and bounded intervals. 


Solution The cost function C is given by 
C(q) =9:Cw =@ —-8¢ +57g+2 (O<q<90), 
and the revenue function R is given by 
R@ =p-q= eat g (0<q< 90). 
Therefore the profit function P is given by 
Pq) = Rq@-C@) 


2 
(45q - £)-(@ - 89° + 57q + 2) 


a aye a 12g —2, (<q<9). 
é bs ; d 3, 15 9 
Differentiating P(g), we get P(q) = ie q +54 12q-2 
= —3q?+15q-12 (0 <q < 90) 


Solving P’(q) = 0, thatis, -—3q7+15qg-12 = 0 (0<q<90) 
-3qq-Diq-4) = 0 O<4q< 90), 
we get the critical numbers of P: gq; = 1 and q2 = 4. 
Comparing the values of P at the critical numbers as well as that at the endpoints: 
q | 9] 1 [4] 90 
P(q) | -2 | -2 | 6 | -669332 


we see that maximum profit is attained at g2 = 4 and the maximum profit is 6 (units of money). Oo 


Remark If we know that maximum profit is not attained at the endpoints, we can simply compare the values of 


P at q; and q2. 


P=-q + Bq’ -12qg-2 


—20 


Figure 5.20 
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Exercise 5.2 


1. For each of the given function f, find its absolute extrema on the given interval. 
(a) fQ) =40? + 327 - 18x +1, [0, 3] 
(b) f(x) =-3x° + 5x7 +2, [-2, 0] 
(c) f(xy) =14+2x% - 354, [-1, 1] 


2. Find two positive real numbers whose sum is 50 and whose product is a maximum. 


3. Find two real numbers x and y satisfying 2x + y = 15 such that x? + y? is minimized. 


Can you find a geometric meaning for the result? 
4. Find the dimensions of the rectangle of area 100 square units that has the least perimeter. 


5. A rectangular field is to be enclosed by a fence and divided equally into two parts by a fence parallel to 
one pair of the sides. If a total of 600 m of fence is to be used, find the dimensions of the field if its area 


is to be maximized. 


6. A book is to contain 36in* of printed matter per page, with margins of 1 in along the sides and 15 in 
along the top and bottom. Find the dimensions of the page that will require the minimum amount of 
paper. 

7. Suppose that a ball is thrown straight up into the air and its height after t seconds is 5 + 24t — 167° feet. 


Determine how long it will take the ball to reach its maximum height and determine the maximum height. 


8. It is known from experiments that the height (in meter) of a certain plant after ¢ months is given (approx- 
imately) by 
A(t)=Vi-t, O<t<l. 


How long, on the average, will it take a plant to reach its maximum height? What is the maximum height? 


9. A company manufactures and sells x pieces of a certain product per month. The monthly cost (in dollars) 
is 
C(x) = 120000 + 100x 


and the price-demand equation is 


x 
= 300- ~ 
P 15 


where 0 < x < 4000. Find the maximum profit, the production level that will give the maximum profit, 


and the price the company should charge for each piece of the product. 
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Chapter 6 


Integration 


6.1 Definite Integrals 


In the introduction of Chapter 3, we consider the area of the region under the curve y = x* and above the x-axis 


for x between 0 and 1. To get approximations for the area, we divide [0, 1] into n equal subintervals: 
[xo, x1], [x1, x2], eee) [Xn-15 Xn], 


where x; = + for 0 < i <n; and for each i = 1,...,n, in the subinterval [x;_1, x;], we take the left endpoint x;_1 
n 
: Me 1 ‘ 1 1 < 
and consider the sum >) f(x;-1)- -, that is, f(xp)- — +--+ + f(%n-1)- -. We have seen that the sum is close to 
i=l n n n 


5 (which is the required area) if n is large. Using limit notation, the result can be written as 


n 1 l 
lim 1 FG) — = 5. (6.1.1) 
i=l u 


The above idea can be generalized to any continuous functions f on any closed and bounded interval. Moreover, 


f need not be non-negative. 


Theorem 6.1.1 Let f be a function that is continuous on a closed and bounded interval [a, b]. Then the follow- 


ing limit exists: 
. b-a 
lim )* fi)» —, 
n—-co n 
i=l 
where x; = a+ “(b—a) for0 <i<n. 
n 
Explanation 


y = f(x) 
e By the construction of the x;’s, we have x9 = a, x, = b, 
xo < x1 < +++ < xX,, and for every i = 1,...,n, the 
b-a —d 


subinterval [x;-1, x;] has length and x;_1 1s the left- 


n 
endpoint of the subinterval. 


e If f is non-negative on [a,b], that is, f(x) => 0 for all 


n a 
x € [a,b], then lim }) f(x-1)- _ is the area bounded 
n—-co i=l 


by the graph of f, the x-axis and the vertical lines given om _ met 


by x =aandx=b. Figure 6.1 
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Definition Let f be a function that is continuous on a closed and bounded interval [a,b]. The number 


n + 
lim ») f(j-1) - ae where x; = a+ +(b — a) for 0 < i < n, is called the definite integral of f from a to 
i=l 7 


no ;_ n 


b and is denoted by f” f(x) dx, that is, 


n 


b n ss, 
| { f(x) dx = lim cme = (6.1.2) 
a =] 


i= 


Example The result given in (6.1.1) can be written as 
1 
1 
L { x dee % (6.1.3) 
0 


Remark In Theorem 6.1.1, in each subinterval [x;_, x;], instead of taking the left endpoint x;_,, we can take 


the right endpoint x; (see Figure 6.2) and we have 


n —— b 
tim > f(x): —— = { f(x) dx. (6.1.4) 
i=l a 


Xo x} ae Xn-1 Xn 


Figure 6.2 Figure 6.3 


n 5, 
In fact, we can take an arbitrarily point (denoted by ¢,) in [x;-1,x;]: the sum »} f(4) - as is close to 
i=1 ds 


ig f(x) dx if n is large enough (see Figure 6.3). 


More generally, the subintervals [xo, x1], ..., [Xn-1, Xn] need not be of equal lengths. All we need is that the 
lengths are small enough: if a = x9 < x1 < +--+ < x, = band Ax,,...,Ax, are small enough, where Ax; is the 
length of the ith subinterval [x;_;, x;], then for every choice of t),...,¢, with ¢; € [x;-1,x;] for | < i < n, the 


sum (called a Riemann Sum) 
n 
iO: 
i=l 
is close to i P f(x) dx. Many authors use this to define definite integral. 


Below, we apbiy 14) to deduce the result given in (6.1.3). For this, we take f(x) = x”, a = 0, b = 1 and 


L . 
xj = —-forO<i<n. 
n 


=| 


6.1. Definite Integrals 


Example By (6.1.4), we have 


1 Mid q 
Pk = in (-) a 
0 noo = n n 


Sum of Squares Formula 


= lm — Leading Term Rule 


b = = 
FAQ Can we define f f(x) dx if f is not continuous on [a, b]? 


Answer In defining f . f(x) dx, we need Theorem 6.1.1. The condition “f is continuous on [a, b]’ is used to 


n 
i 1 : 
guarantee that lim >) f(x;-1)- — exists. 
N00 7-4 n 
In general, if f is a function defined on [a, b] such that there exists a (unique) real number / satisfying 


n 

(x) >) f(t;)Ax; is arbitrarily close Jif Ax,,..., Ax, are sufficiently small, where Ax; = x; — x;-; for 1 <i<n, 
i=l 
aA=Xx9 < x1 <-++ <x, = band t; € [x_1, xj] for 1 <i <n, 


then the unique number / is defined to be f. < F(x) dx. 


Remark 


e In view of («), we may write 


b n 
{ fx)dx = Hue f(t)Axi, 


where ||A|| — 0 tadans the lengths Ax;’s tend to zero. However, this kind of limit is different from that 
discussed in Chapter 3. 


The symbol f was introduced by Leibniz and is called the integral sign. It is an elongated S and was 
chosen because a definite integral is a limit of sums. 

Since the definite integral of a (continuous) function on [a, b] depends on the function f and the interval 
[a, b] only, it can simply be denoted by iL f, omitting the variable x and the notation dx. However, the 
notation f. . f(x) dx is preferred. There are two reasons: 


n 
(1) the notation dx reminds us of the factors Ax; in the sums mu SGpAxi; 


i=l 
(2) with the Nate ep neluged in the notation, it is easier to handle the substitution method for integra- 
tion (see Chapter 10). 


In the notation f : f(x) dx, the variable x is called a dummy variable; it can be replaced by any other 
symbol. For example, using ¢ as the dummy variable, (6-1-3) can be written as (e dt = ; Note that if 


we use f¢ as the dummy variable, we have to change dx to dt accordingly. 
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L | 


2 
Example Use definition to find { xdx. 
1 


Solution Applying (6.1.2) to f(x) = x,a=1,b=2and x; =1+ - for 0 <i<n, we get 


2 n 3 
-1\ 1 

[xox = lim (i+! ).: 
1 poe n n 


LAR 2s 
= ee eae) 
1 nn+2n-1) 
noo n2 2 


Sum of A.P. 


= lim ot Leading Term Rule 


Remark The value of the definite integral is the area of the trapezoidal region 2 


shown in Figure 6.4. Readers can check that the result agrees with that obtained 


by using formula for area of trapezoid. 


1 2 
Figure 6.4 


Definite Integral for Constant Functions Let c be a constant and let a and b be real numbers with a < b. Then 
b 
weave [ =c-(b-a). 
as 
Proof Applying (6.1.2) to f(x) = c and x; = a+ “@ —a) for0 <i<n, we get 
n 


: b 
; —a 
{ cdx = lim c: 
- no £ n 


i=] 


= lime: — ss xn Sum of Constants 
n—-oo 
= limc-(b-a) Rule (L1) for Limit 
n—oo 
= c:(b-a) 
Oo 
Remark If c > 0, then f ” cdx is the area of the rectangular region shown in c 
Figure 6.5. 
a b 
Figure 6.5 


Rules for Definite Integrals Let f and g be functions that are continuous on a closed and bounded interval 


[a, b]. Let a be a constant and let c € (a, b). Then we have 
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b b b 
(Int1) [ [reo +ecoar= [sonar [ganas 


Proof Apply definition and Rule (L4) for limits of sequences. Oo 
b b 
(Int2) ie af(x)dx = of f(x) dx 
a a 
Proof Apply definition and Rule (L5s) for limits of sequences. Oo 
Remark Using Rules (Int1) and (Int2), we get 


b b b 
{ [f(a = gx] dx = { f(x)dx- { g(x) de. 


In fact, Rule (Intl) is valid for sum and difference of finitely many (continuous) functions. 


b C b _ 
(Int3) ii f(x) dx = { f(x) dx + { f(x) dx. y= f@) 


Explanation The proof for the result is not easy. For the case where 


f is nonnegative on [a,b], the result can be seen from the geometric 


interpretation shown in Figure 6.6. Oo " 
a Cc 


Figure 6.6 


1 
Example { 5x° dx 
0 


1 
5 | xdx t2 
[Pax Ruteanay 


1 
5x by (6.1.3) 


2 
3 


2 2 
(i 3dx- { xdx Rule (Intl) 
1 1 


Definite Integral for Constant & 
Example on Page 160 


2 
Example ia (3 — x) dx 
1 


3 
3x(@2-1)-= 
als 
3 
2 
In defining ip i f(x) dx, we need a < b. For convenience, we introduce the following: 


Convention Let f be a function that is continuous on a closed and bounded interval [a, b] and let c € [a, b]. 


Then we define 


Ta b 
(1) | fovar=- [ pooas 


(2) [/ fooar= 0 


162 Chapter 6. Integration 


2 
Example { (1+2x- 3x7) dx =0 since the function 1 + 2x — 3x? is continuous on [0, 3] (for example) 
2 


and 2 € [0, 3]. 
0 = 
Example { de = - { x dx by convention 
I 0 
= a by (6.1.3) 
= 3 y (6.1. 


Terminology In a definite integral ah ‘ (x) dx, 
e the function f is called the integrand; 


e the numbers a and b are called the limits of integration; a is the lower limit and b the upper limit. 


Exercise 6.1 
1. For each of the following definite integrals, use the results in this section to find its value: 
(a) f[/(-32%)dx (b) ff, 4xdx 


2. Use definition to find the definite integral f x dx. 


w(n+ 1) 
4 


Given: 124234+---+n3= 


6.2 Fundamental Theorem of Calculus 


In the last section, we give the definition and some examples of definite integral. Although we have some 
rules that are useful in calculating definite integrals, we still have to know the definite integrals of some “basic 
functions’. For example, using rules, we can find the definite integrals of polynomials provided that we know 
i, ” "dx for positive integers n. Finding definite integrals by first principle (that is, by definition) is very 
tedious. In this section, we describe a simple way (Fundamental Theorem of Calculus, Version 2) to find 
definite integrals. It is quite surprising that differentiation and integration are related— they are reverse process 


of each other (see Fundamental Theorem of Calculus, Versions | and 3). 


Given a function f that is continuous on a closed and bounded interval [a, b], in order to “find” the definite 


integral f 4 f(x) dx, we introduce an auxiliary function F from [a, b] into R defined by 


ray= [seer asx<b. 


In the construction of F, for each x € (a,b], the value F(x) is defined 
to be the definite integral of f over the interval [a,x] and for x = a, by 
convention, F(a) = f. . f(t) dt is defined to be 0. Note that x is used as the 
independent variable for the function F.. For clarity, we use another symbol 


t as the dummy variable for the definite integral of f over [a, x]. 


Geometrically, if f is nonnegative on [a, b], then F can be considered as an 


: ; a x b 
“area function” with F(x) equal to the area under the graph of f (and above - aa 

. . igure 6. 
the horizontal axis) from a to x. 
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By the construction of F, the required definite integral is F(b). If we can find a formula for F(x), then we 


can solve the problem. The following result gives a relation between F and f. 


Fundamental Theorem of Calculus, Version 1 Let f be a function that is continuous on a closed and bounded 
interval [a, b]. Let F be the function from [a, b] into R defined by 


X 
Foy= [ f(t) dt fora<t<b. 
a 
Then F is continuous on [a, b] and differentiable on (a, b) with F’(x) = f(x) for all x € (a, b). 
Explanation The proof of this result will be given in the appendix. Below we explain how to “obtain” F’ = f 
on (a, b) intuitively for the case where f is nonnegative on [a, b]. Recall that 


F(x) = Jim —_— 


For x € (a, b) and for sufficiently small h > 0 (such that a + h < b), we have 


x+h Xx 
F(x +h) —- F(x) { f(@ dt - { f(@ dt by construction of F 


x x+h x 
( { f@ dt + i fo) - { f@dt Rule (Int3) 
{ f@ dt. 


Note that ik an f(t) dt is the area of the region below the graph 


of f (and above the horizontal axis) from x to x +h. If h is 
small, then [x, x+/] is a short interval and the area of the small 


region under consideration can be approximated by the area of 


the rectangular region with base [x, x+h] on the horizontal axis 


and height equal to f(x). Thus we have a xX xt+h b 
Figure 6.8 


x+h 
{ f@dt is close to f(x)-h if his small, 
x 


from which we obtain 


Faxth-F) _ [fd 


i is close to f(x) if his small. 


Taking limit, we get F’(x) = f(x). 


F(x+h)—- F(x) 


; = f(x) only. 


Remark To be more precise, the above argument gives ve 
0+ 


In view of the Fundamental Theorem of Calculus (Version 1), to find iE F(x) dx, we should look for func- 
tions G such that G’ = f. 


Definition Let f be a function that is continuous on a closed and bounded interval [a, b]. Suppose that G is a 


function that is defined on [a, b] such that the following two conditions are satisfied: 
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(1) Gis continuous on [a, b]; 
(2) Gis differentiable on (a, b) and G’(x) = f(x) for all x € (a,b). 


Then we say that G is a primitive for f on [a, b]. 


Example Let f(x) = 3x? and let G(x) = x°. Note that f and G are continuous on R and that G’(x) = f(x) for 


all x € R. Thus G is a primitive for f on every closed and bounded interval [a, b]. 


Remark Primitive is not unique. For example, the function G,(x) = x? + 1 is also a primitive for f (on every 


closed and bounded interval). In fact, for every constant C, the function 
ee (6.2.1) 


is a primitive for f (on every closed and bounded interval). It is natural to ask whether there are any more 
pri 
e If F’(x) = f(x) for all x € R, must F be in the form (6.2.1)? 


Corollary 6.2.2, which is based on the following theorem, tells that the answer is affirmative. 


Theorem 6.2.1 Let F and G be functions that are defined on a closed and bounded interval [a, b]. Suppose that 
F and G are continuous on [a, b] and are differentiable on (a, b) with F’(x) = G’(x) for all x € (a,b). Then on 


[a, b], the functions F and G differ by a constant, that is, there exists a constant C such that 
F(x)- G(x) =C for all x € [a,b]. 


Explanation The following is the geometry meaning of the result: 


e The condition “F’(x) = G’(x) for all x € (a, b)” means that at corresponding points (same x-coordinates), 


tangents to the graphs of F and G are parallel. 


e The conclusion is that the graph of F can be obtained from that of G by moving it upward (C > 0) or 
downward (C < 0). 


Proof Let f be the function from [a, b] into R defined by 


f(x) = F(x) — G0). 
= 


Note that f’(x) = F’(x) — G’(x) = 0 for all x € (a,b). Hence by Theorem 5.1.1, there exists a constant C such 
that 
fwm=c for all x € (a,b). 


Since f is continuous on [a, b], it follows that 
f@w=c for all x € [a, b] 
from which we get the required result. Oo 


Corollary 6.2.2 Let f be a function that is continuous on a closed and bounded interval [a, b]. Suppose that F 
and G are primitives for f on [a,b]. Then on [a, b], the functions F and G differ by a constant. 


LC] 
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Proof This is an immediate consequence of Theorem 6.2.1 since by the definition of primitive, the functions 
F and G are continuous on [a, b] and differentiable on (a, b) and F’(x) = f(x) = G’(x) for all x € (a,b). oO 


2 
Example Find the value of the definite integral ff 3x" dx. 
1 
Solution Let f(x) = 3x* and let G(x) = x°. Then G is a primitive for f on [1, 2]. 
By the Fundamental Theorem of Calculus (Version 1), the function F given by 


Fx)= [3?ar, ee aay ne 
| : 


is a primitive for f on [1, 2]. 


By Corollary 6.2.2, on the interval [1,2], the functions F and G differ by a constant, that is, there exists a 
constant C such that 
F(y-e=C forall xe [1,2]. 


Putting x = 1 and using the construction of F, we get 
O-1=C. 


which implies that F(x) = x? — 1 for all x € [1,2]. Hence, we have 


2 
{ B8x°dx = F (2) by construction of F 
1 


23-1 
ae a 
Oo 


Remark The above procedure can be used to find the definite integral of f on any closed and bounded interval 


[a, b]. This is because G is a primitive for f on every [a, b]. 


From the above example, we see that given a function f that is continuous on a closed and bounded interval 
[a, b], if we can find a primitive for f over [a, b], then we can find the definite integral i : f(x) dx. The following 


result describe an alternative procedure for finding i ? F(x) dx (there is no need to find the constant C). 


Fundamental Theorem of Calculus, Version 2 Let f be a function that is continuous on a closed and bounded 


interval [a, b]. Suppose that G is a primitive for f on [a,b]. Then we have 


b 
{ J (x) dx = G(b) — Ga). 
Proof Let F be the function from [a, b] into R defined by 
Fay= [ food, asxsh 


By the Fundamental Theorem of Calculus, Version 1, the function F is a primitive for f on [a,b]. Hence by 


Coro .2.2, there exists a constant C such that 


F(x)-G(x)=C_ forall x € [a,b]. (6.2.2) 
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Therefore, we have 


b 
it f(x)dx = F(d) by|construction of F 
. = F(b)- F(a) since F(a) = 0 


(Gb) +C)-(Ga@)+C) by (6.2.2) 


G(b) — G(a) 
Below we redo the last example using the second version of the Fundamental Theorem of Calculus. 


2 
Example Evaluate { 3x° dx 
1 


Solution Since the function G(x) = x? is a primitive for the function 3x? on the interval [1,2], it follows from 


the Fundamental Theorem of Calculus (Version 2) that 


2 
[ear = G(2)-G(1) 
1 


= B83 
= 7, 4 
FAQ Can we use other primitives for f? 
Answer The Fundamental Theorem tells that any primitive will work. Try it yourselves. o 


Notation We will use the notation G(b) — G(a) quite often. For simplicity, it will be denoted by 


[aw] or G(x) 


5 
Example Find { 2x dx. 
3 


Explanation To find f. a f(x) dx, in applying the Fundamental Theorem of Calculus (Version 2), we have to find 
a function G that is continuous on [a, b] such that G’ = f on (a, b). In this course, functions that we considered 
are “nice’”—there is no need to check continuity; we just need to check that G’ = f (usually valid on a much 
larger interval). 


2 


Solution By inspection, we see that the function x* is a primitive for the integrand 2x (on every closed and 


bounded interval). Thus by the Fundamental Theorem of Calculus (Version 2), we have 


5 
{ 2x dx 
3 


Il 
— 
4 
i) 
= 
on 


| 
Nn 
i) 
| 
ios) 
‘< 


oO 


Remark The definite integral is the area of the trapezoidal region that lies below the line y = 2x, above the 
x-axis and is bounded on the left and right by the vertical lines x = 3 and x = 5. Use formula to check the 


answer yourselves. 
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Exercise 6.2 


1. For each of the following functions /, use inspection to find a primitive. Is your answer a primitive for f 


on every closed and bounded interval [a, b]? If not, what can you tell about [a, b]? 


(a) f=x (b) f(x)=1 
(c) fax (d) f(x) =2x+1 
— 1 — 
(ce) f= Wi (f) f(x) = vx 
2. Use inspection to find a primitive for f(x) = x* and hence evaluate the following definite integrals. 
(a) fi xtdx (b+) [x4 dx 
() ff xtax (@) [0 7x4 dx 


6.3 Indefinite Integrals 


Suppose that f and F are functions that are continuous on a closed and bounded interval [a, b]. To show that F 
is a primitive for f on [a, b] means to show that F’(x) = f(x) for all x € (a,b). In view of this, we introduce a 


concept similar to primitive. 


Definition Let f be a function that is continuous on an open interval (a, b). Suppose F is a function defined on 
(a, b) such that F’(x) = f(x) for all x € (a, b). Then we say that F is an antiderivative for f on (a, b). 


Example 


(1) Let f(x) = x? and let F(x) = 5. Then we have 


F’(x) = f(x) forallxeéR. 
Thus F is an antiderivative for f on every open interval contained in R. 
(2) Let g(x) = = and let G(x) = 2\/x. Then we have 
Xx 
G’(x) = g(x) forall x > 0. 


Thus G is an antiderivative for g on every open interval contained in (0, 0). 


Remark Suppose that F is an antiderivative for f on (a,b). Then F is a primitive for f on every closed and 
bounded interval [c, d] contained in (a, b). If in addition, F and f are defined at a and b and are continuous on 


[a, b], then F is a primitive for f on [a, b]. 
The following result is similar to that given in Corollary 6.2.2. 


Theorem 6.3.1 Let f be a function that is continuous on an open interval (a,b). Suppose that F and G are 


antiderivatives for f on (a,b). Then on (a, b), the functions F and G differ by a constant. 


Proof Apply the proof (the first part) for Theorem 6.2.1 Oo 


LC] 
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Theorem 6.3.1 means that if we can find one antiderivative for a continuous function f on an open interval 
(a, b), then we can find all. More precisely, if F is an antiderivative for f on (a, b), then all the antiderivatives 
for f on (a, b) are in the form 
LCL] F(x) +C, a<x<b (6.3.1) 
where C is a constant. 


Note that (6.3.1) represents a family of functions defined on (a, b)—there are infinitely many of them, with 
each C corresponds to an antiderivative for f and vice versa. We call the family to be the indefinite integral of 


f (with respect to x) and we denote it by 
{ f(x) dx. 
That is, 
[ forax= Fee, a<x<b, 


where F is a function such that F’(x) = f(x) for all x € (a, b) and C is an arbitrary constant, called constant of 


integration. 


Example Using the two results in the last example, we have the following: 


1 
(1) pe dx = ae +C, -wo<x<a, where C is an arbitrary constant. 


1 
(2) ie a dx=2V¥x+C, x>0, where C is an arbitrary constant. 
x 


Remark 
e Sometimes, for simplicity, we write f dx = 50 +C etc. 
The interval R is omitted because it can be determined easily. 
© The symbol C is understood to be an arbitrary constant. 
e Since we can use any symbol to denote the independent variable, we may also write f ? dt = so +C etc. 
e Instead of a family of functions, sometimes we write f f(x) dx to represent a function only. See the 
discussion in the Alternative Solution on page 177. 
Terminology 


e To integrate a function f means to find the indefinite integral of f (that is, to find f f(x) dx if x is chosen 


to be the independent variable). 


e Same as that for definite integrals, in the notation f f(x) dx, the function f is called the integrand. 


Integration of Constant (Function) Let k be a constant. Then we have 
[ kar=arec -—0o <x< ow, 


Explanation As usual, C is understood to be an arbitrary constant. 
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Proof The result follows from the Constant Multiple Rule for Differentiation and the Rule for Derivative of 
the Identity Function: 
d d 


a = ke a 


= k g 
Example [3ex=3x+0 


Power Rule for Integration (positive integer version) Let n be a positive integer. Then we have 


xt 
[ sax +C, —00 <x< ow, 
n+1 
Proof The result follows from the Constant Multiple Rule and Power Rule (positive integer version) for Dif- 
ferentiation: “4 
d x” 7 1 d etl 
dxn+1 n+1 dx 


1 
= o—— «(fe iy 
n+1 ert) 
N 


=. x oO 


3+1 


34._ * oe 
Example [« a rr ee a x+C 


Remark In the formula for Integration of Constant, putting k = 1, we get 
fiar=xee, —0o < x < oo, 


By considering the constant function 1 as the function x°, the above result can be written as 


Ot! 
[ ax +C, —00 < x < 00, 
O+1 


n+ 
Thus the Power Rule f x"dx = x + C is also valid for the case where n = 0. 
n 


Power Rule for Integration (negative integer version) Let n be a negative integer different from —1. Then 


ntl 
[tax==S +c x #0. 


we have 


: : ee one ee 
Explanation The result means that on the intervals (—co, 0) and (0, co), the function aay isan antiderivative for 
n 


the function x”. 


Proof The result follows from the Constant Multiple Rule and Power Rule (negative integer version) for 


Differentiation. oO 


Example i : dv= f xFar= xen +C= = +C 
P a "541. 44 


1 
FAQ What is fre 
x 
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Answer You can’t apply the Power Rule if n = —1. Note that 


—1+1 
~ a is meaningless. You will learn a formula 


in Chapter 8. Oo 


Power Rule for Integration (” + 5 version) Let be an integer. Then we have 


nt+3 


3 
1 xtra 

[ #ttar- ee, x>0. 
2 


Proof The result follows from the Constant Multiple Rule and Power Rule (n + 5 version) for Differentiation. 
Oo 


Remark The above result can be written as 


r+1 
[xar= {+e x>0, LI 


r+ 


where r=n+ ; and n is an integer. In fact, the formula is valid for all real numbers r # —1 (see Chapter 10). 


1 1 xoatl 1 
Example [ sare [tax +C=2x274+C 
Vx +1 


Constant Multiple Rule for Integration Let k be a constant and let f be a function that is continuous on an 


open interval (a, b). Then we have 


[ krenar=k f fooar, a<x<b. 


Proof The result follows from the Constant Multiple Rule for Differentiation. Oo 
Example Find ik 2x7 dx. 


Explanation The question is to find the family of functions that are antiderivatives for the integrand (on some 
open intervals). The answer should be given in the form “a function of x +C”’. Usually, for integration problems, 
there is no need to mention the underlying open intervals. For the given problem, the function 2x’ is continuous 


on R and so it has antiderivatives on R. 


Solution ie ide =. 2 ia x’ dx Constant Multiple Rule 


xitl 
= 22 +C Power Rule 
7+1 


1 
ay BIC 
4 oO 


8 


Ramee ee Bieta teas . 
Remark From the answer, we see that the function qx isan antiderivative for the function 2x’ (on R). There- 


fore, we can also write 


1 
[2sas = ral +C. 


Although the answers 7 + 2C and oe + C look different, they represent the same family of functions. In 
general, to do integration, we can use rules and formulas to get an antiderivative for the integrand and then add 


a constant of integration. 
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Sum Rule for Integration (Term by Term Integration) Let f and g be functions that are continuous on an 
open interval (a, b). Then we have 


[ [feo +ecojar= f fepare f ear a<x<b. 


Proof The result follows from the Sum Rule for Differentiation. Oo 


Example Find { (1+ x) dx. 


Explanation We use rules and formulas for integration to obtain an antiderivative for the integrand and then add 
a constant of integration. 


Solution { (l+x*)dx = { ldx+ { x dx Term by Term Integration 


x4 
x+ a +C Power Rule 


Remark Using the Sum Rule together with the Constant Multiple Rule, we obtain the following: 
if [,f() = gx] dx = He f(x)dx - { g(x) dx. 
More generally, Term by Term Integration can be applied to sum and difference of finitely many terms. 


Example Perform the following integration: 


(1) [(s-u+ 3) dx 


(2) { (2x — 3)(x? + 1) dx 


Explanation The question is to find the given indefinite integrals. The answers should be given in the form “a 
function of x +C”. 


Solution 


(1) f[s-n+5] dx 


{ xdx- { lldx+ { 3x72 dx Term by Term Integration 
2 


x _1 Power Rule, Integration of Constant 
= —-—11x+3 | x 2dx ; 

2 & Constant Multiple Rule 

x x2 
came Lle+3¢5-4G Power Rule 


1 
= ae — Wx+6vx+C 


Remark In the second step, there is no need to add a constant of integration (because there is an indef- 
inite integral in the third term). In the third step, we must add a constant of integration (otherwise, the 


expression represents a function but not a family of functions). 
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(2) { (2x — 3)(x* + 1) dx { (2x3 — 3x7 + 2x — 3) dx Rewrite the integrand 


{ 2x3 dx - { 3x" dx + { 2x dx — fi 3 dx Term by Term Integration 


=) { ares { Cree i aes ae Constant Multiple Rule 
& Integration of Constant 
xe x x 
= 2-—-3-.-— Deas mes 
mn 3 3 + 5 3x+C Power Rule 
4 
= pe ta eee 
Oo 


Caution { [#0 + g()| dx # { f(x)dx- { (x) dx 


FAQ Do we have a rule for integration that corresponds ai product rule in differentiation? 


Answer In integration, corresponding to the product rule, there is a technique called integration by parts. A 


brief introduction to this technique will be given in Chapter 10. Oo 


To close this section, we give an example to illustrate the steps for finding definite integrals using rules for 


integration. 
Example Evaluate the following definite integrals: 


2 
(1) { (x7 — 2x +3) dx 
-1 


1 
(2) { x(x? + 1) dx 
0 


Solution 
2 3 2 2 Term by Term Integration, 
2, Xx 
(1) { (x° —2x+3)dx = a 2-—+3x Power Rule, Constant Multiple Rule 
- oa & Fundamental Theorem of Calculus 


| 
—— 
WI] 00 
& 
+ 
on 
~~ 
(pe, 
w| | 
— 
ww 
a cane 


Rewrite the integrand 


Il 
— 
~* 
be 
is) 
+ 
& 
N 
~— 
i— 
ca 


1 
(2) { x(x? + 1)dx 
0 


: a 2 x ; Term by Term Integration, Power Rule 
~ [4 Se & Fundamental Theorem of Calculus 
1 1 
= —-+— 
4 3 
7 


6.4. Application of Integration 173 


Exercise 6.3 


1. Perform the following integration: 


(a) [2x5dx (b+) fB- <a) ax 
(c) f(x’ -3x+2)dx (d) [Q?- yx+3)dx 
(e) f _ dx () [(@2-5x+1)2-3xdx 
(g) fie-3)Pdx hy) fetta 
2. Evaluate the following definite integrals: 
(a) [2x3 dx (b) [2x3 dx 
() fd -5x4)dx (@) [4-322 +5)dx 
(e) f404-3x2 +5)dx ® [G+ sp) ox 
() f — dx (h) f° x(2- 3x)? dx 


6.4 Application of Integration 


ya IQ) 
Area under Graph of Function Let f be a function that is continuous r SF 
on a closed and bounded interval [a,b]. Suppose that f is nonnegative 
on [a,b]. Then the area A of the region that lies below the graph of f 


and above the x-axis from x = a to x = bis given by 


b 
A= | forde, a b 


Figure 6.9 


Example Find the area of the region that is bounded by the curve 
y = yx, the line x = 1 and the x-axis. 


Ri 
Explanation The curve, the vertical line and the x-axis divide the R; R4 
plane into six regions—five of them are unbounded (R1, Ro, Ra, Rs Rs Re 
and Re) and one of them is bounded (R3, the required one). Pnueees 


Solution Let f(x) = x. The region under consideration lies below the graph of f and above the x-axis from 


1 
[roa 
0 
H 1 
[das 
0 
3 71 
x2 
| | 
2 Jo 1 


Figure 6.10b 


x = Oto x = 1. The required area A is 


> 
ll 


2 
3 (square units). 
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Area between Graphs of Functions Let f and g be functions 
that are continuous on a closed and bounded interval [a, b]. Sup- 


pose that f(x) < g(x) for all x € [a, b] (this means that the graph Pere 
of f lies below that of g). Then the area A of the region that is 
bounded by the graphs of f and g and the vertical lines x = a and 
x = bis given by 
b y= f) 
A= { [g(x) — f(a] de. . ; 
Figure 6.11 


Proof For the case where f is nonnegative (hence the graphs of both f and g are above the x-axis), we have 
A = A, — Af, where Ag (respectively A) is the area of the region that lies below the graph of g (respectively 
the graph of f) and above the x-axis from x = a to x = b (see Figure 6.12a). Hence, using rules for definite 


integrals (Intl) and (Int2), we have 


b b b 
A= { g(x) dx - { f(x) dx = { [g(x) — f0d| dx. 


N 
XN 


, 
| 

ao y= gia)” 
\ Lc 

1 

| 

if 

| 


Z 


L 


y=AGy>., 


Af 


a 2 y = f(a) 
Figure 6.12a 


Figure 6.12b 


For the general case, we can move the region upward suitably so that the graph of f is above the x-axis and 
then apply the result for the case where f is nonnegative (see Figure 6.12b). Indeed, since f is continuous on 
[a, b], there exists a constant k such that f(x) +k = 0 for all x € [a,b]. Let f, and g; be the functions from [a, b] 
into R given by 

fi@M=f@+k and gi(x=g(x) +k fora<x<b. 


Since area is translation invariant, the required area A is equal to the area of the region that is bounded by the 
graphs of f; and g; and the vertical lines x = a and x = b. Hence by what we obtain for the special case (since 


fi is nonnegative), we have 


b b 
A= { [gi() — fi) dx = { |g) — fd] dx. 


Example Find the area of the region bounded by the parabola y = x* and the line y = x + 2. 


6.4. Application of Integration 


Explanation The parabola and the line divide the plane into five regions— 
four of them are unbounded (R}, Ro, R3 and Rs) and one of them is bounded 
(R4, the required one). 


Solution Solving for the x-coordinates of the intersection points of the 


parabola and the line: 


= eed 
Pag-2 = 0 
(x-2)(x+1) = 0, 


we get x; = —1 and x2 =2. 
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Figure 6.13a 


The region under consideration lies below the graph of y = x + 2, above that of y = x* (and between the 


vertical lines x = —1 and x = 2). The area A of the region is 


2 
A = [ [ora-2 Jax 
-l 
x2 er 
= Fae F] 


fo §)-G-2 


9 ‘ 
5 (square units). 


Figure 6.13b 


Example Find the area of the combined region bounded by the curve y = x° — 5x* + 6x and the x-axis. 


Explanation The curve and the x-axis divide the plane into six regions— 
four of them are unbounded (R,,R3,R4 and R5) and two of them are 
bounded (R2 and Re). The two bounded regions intersect at one point and 
their union forms a combined region. The question is to find the area of 
Ro U Ro. 


Solution Solving for the x-coordinates of the intersection points of the 


curve and the x-axis: 


eP-—5x2+6x = 0 
x(x*-5x-6) = 0 
x(x-2)(x-3) = O, 


we get x; = 0, x2 = 2 and x3 = 3. 
The required area A is A = A, + A2 (see Figure 6.14b). 


Note that forO<x<2,  thecurve is above the x-axis, 


Ri 


R> R3 
Re 


Ry Rs 


Figure 6.144 


y=x— 5x7 + 6x 


for2<x<3, _ the x-axis is above the curve. 


Figure 6.14b 
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Therefore, we have 


> 
ll 


2 3 
[We -52 +62)-o]are [/ [0 — (3 — 5x7 + 6x)] dx 
0 2 


3 


2 
= E + 3r| E SF 432 
0 


2 


Il 
— 
WW] oO 

| 

oO 
need 

| 
—x 
oe) 

| 
WW] oO 
ee 


37 
12" 3 


Next we will give some examples that can be done using definite integrals as well as indefinite integrals. 


Before that, we give a result that is also known as the Fundamental Theorem of Calculus. 


Fundamental Theorem of Calculus, Version 3 Let f be a function such that f’ is continuous on an open 


interval (a, b). Then for every xp € (a,b), we have 
X 
fWw= a f' (dt + f(xo) for all x € (a,b). 
XO 
Proof Let g be the function from (a, b) into R defined by 
X 
g(x) = { f@dt fora<x<b. 
x0 


From the Fundamental Theorem of Calculus (Version 1), we see that g 1s an antiderivative for f’ on (a, b). Since 


f is also an antiderivative of f’ on (a, b), it follows from Theorem 6.3.1 that there exists a constant k such that 
f(x) -— g(x~) =k forall x € (a,b). 


Putting x = xo, we get (xo) — g(xo) = k which yields k = f(xo) since g(xo) = [ f(t)dt = 0. Therefore we 
have 


FS (x) = g(x) + f(x) for all x € (a,b) 


and the required result follows. Oo 


Example Find an equation for the curve that passes through the point (1,0) and has slope function given by 
xe —2x+1. 

Solution Let the curve be given by y = f(x). Since the curve passes through the point (1,0), it follows that 
f() = 0. From the given slope function, we have f’(x) = x° — 2x + 1. Taking xp = 1 in the Fundamental 


Theorem of Calculus (Version 3), we have 


f(x) = [ foas re = [ @-2+ parso 
1 1 
a 2 i“ _ x 2 1 
= E t val = (F- +s)-(7-141] 
x4 1 
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xt 


: ‘ 1 
Therefore, an equation for the curve is: y = a e+x- re Oo 


Alternative solution The function f can also be found using indefinite integral: 
x4 
f(a = [ee-2 1) dx = Zire tere 


where the first inequality means that f is an antiderivative for (x° — 2x + 1) and the second equality means that 
4 
f is the function given by = —x* +x +c and c is a specific constant (which is determined by /). 
Putting x = 1, we get 
== 


1 
--—l+l+e 
4 ’ 


F 1 a 1 
that is, c = eri Therefore, we have f(x) = mn =x +4- 7 


Example Find the cost function if the marginal cost is 3 + 40x — 5x* and the fixed cost is 45. 
Explanation Fixed cost is the cost when x = 0. 


Solution 


(Method 1) Let the cost function be C. By the Fundamental Theorem of Calculus (Version 3), we have 


C(x) [ coa+co 
0 


{ (3 + 40r — 51°) dt + 45 
0 


x 
+45 
0 


3t + 2017 — as 


3x + 20x2 — > +45, 
(Method 2) Let the cost function be C. Then we have 
2 2 543 
C(x) = | 3+ 40x — 5x*) dx = 3x + 20x° -— ae +, 
for some constant c. Putting x = 0, we get 45 = C(O) = c and so 


5 
= 2B 
C(x) = 3x + 20x 3° +45, 7 
The following result is a simple consequence of the Fundamental Theorem of Calculus (Version 3). It is 
known as the Net Change Theorem since f(x1) — f(xo) is the net change of the values of f as x changes from 


Xo to x1. 


Theorem 6.4.1 Let f be a function such that f’ is continuous on an open interval (a, b). Then for every pair of 


numbers Xo, x; 1n (a, b), we have 


{ f'Odt = f(x) — fo). 
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Example A particle moves along a line so that its velocity at time ¢ is v(t) = t? — t (measured in meters per 


second). Find the displacement of the particle during the time period | < t < 2. 


Explanation The question is to find s(2) — s(1), where s(t) is the position of the particle at time t. Note that the 
derivative of sisv. |_| 


Solution 


(Method 1) By Theorem 6.4.1, the required displacement is 


2 
[ soa 
1 
2 
i: (= Hiie 
1 


s(2) — s(1) 


ll 
a: 
WI oo 

| 

i) 
— 

| 
a 
Wl 

| 
Nile 
~~ 


= (meter). 


(Method 2) The displacement function of the particle is given by 
: pp 
x= fa —t)dt = rey we 
where c is the initial position of the particle. The required displacement is 


1 1 
3-2 


s(2) — s(1) = (; 2+ ‘| ( + ‘| = ; (meter). 


Exercise 6.4 
1. For each of the following, find the area of the region bounded by the given curve, the x-axis, and the 
given vertical line(s). 

(a) yes, «=3 
(b) yea -4xy, x=1, x=2 
(c) y=|x4+1/4+2, x=-2, x=3 
(d) y=Vx+3, x=1 Aint: move the region appropriately. 

2. For each of the following, find the area of the (combined) region bounded by the given curves (or lines). 
(a) y=yx and y=x 
(b) yH=x*-4x-8 and y=2x-x 
(c) y=x and y=x(x-2/ 
(d) y=x*-4x+4, y=10-x? and y=16 

3. Suppose f is a function such that f’(x) = x? + 1 and f(1) = 2. Find f(x). 

4, Suppose f is a function such that f’’(x) = (x + 1)(x — 2), f(0) = 1 and f(1) = 0. Find f(x). 

5. Water flows from the bottom of a storage tank at a rate of r(t) = 150 — 5t liters per minute, where 


0 < +t < 30. Find the amount of water that flows from the tank during the first 15 minutes. 


Chapter 7 


Trigonometric Functions 


7.1 Angles 


Idea of Definition An angle is formed by rotating a ray about its endpoint. 
e The initial position of the ray is called the initial side. 
e The endpoint of the ray is called the vertex. 
e The final position is called the terminal side. 


An angle is said to be in standard position if its vertex is at the origin and its initial side is along the positive 


X-axis. 


Note An angle in standard position is uniquely determined by the direction and magnitude of rotation. So we 


can use numbers to represent angles. 


e The direction of rotation may be counterclockwise or clockwise which will be considered to be positive 


or negative respectively. 


e Magnitudes of rotation are traditionally measured in degrees where one revolution is defined to be 360 


degrees, written 360°. 


Figures 7.1(a), (b) and (c) show three angles in standard position: Although the angles have the same 


terminal sides, their measures are different. 


~ oeAD Ny, 


420° 


Figure 7.1(a) Figure 7.1(b) Figure 7.1(c) 


Another unit for measuring angles is the radian. To define radian, we consider unit circles. 
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Terminology A circle with radius 1 is called a unit circle. The circle with 


radius | and center at the origin is called the unit circle. length = 1 
1 rad. 


Definition The angle determined by an arc of length 1 along the circum- 


ference of a unit circle is said to be of measure one radian. 


Figure 7.2 


Since the circumference of a unit circle has length 27, there are 27 radians in one revolution. Therefore, we 


have 360° = 27 radians. The conversion between degrees and radians is given by 
d° =dx = radians 
Thus, we have 90° = a (radian) and 60° = 3 (radian) for example. 


Remark In calculus, it is more convenient to consider angles in radians and the unit radian is usually omitted. 


Exercise 7.1 


1. Convert the following degree measures to radians: 


(a) 270° (b) 210° 
(c) 315° (d) 750° 
2. Convert the following radian measures to degrees: 
1 3x 
(a) é (b) re 
(c) ~ (d) 7a 


7.2 Trigonometric Functions 


Notation Consider an angle 6 in standard position. Let P be the point of intersection of the terminal side and 


the unit circle. We define 


sind =  y-coordinate of P, (7.2.1) 
cos@ = x-coordinate of P. (7.2.2) 
Remark Instead of considering the unit circle, we can also use circle of j 
b 
radius r (centered at the origin) and define cos@ = 2 and sind = -, CA 


r r 
where a and b are the x- and y-coordinates of P respectively. It is easily 


seen (using similar triangles) that these ratios are independent of the 


choice of r. 
Figure 7.3 


Definition The rules given (7.2.1) and (7.2.2) define two functions from 


R into R, called the sine and cosine functions respectively. 


Using the sine and cosine functions, we define four more trigonometric functions, called the tangent (de- 


noted by tan), cotangent (denoted by cot), secant (denoted by sec) and cosecant (denoted by csc) functions as 
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follows: 


tanx = 


cotx = 


secx = 


CcSCx = 
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sin x . 
provided that cos x # 0, 
cos x 
cos x . : 
- provided that sin x # 0, 
sin x 
1 ; 
provided that cos x # 0, 
cos x 
1 . F 
— provided that sin x # 0. 
sin x 


Note Since sin x = 0 if and only if x = ka for some integer k and cos x = 0 if and only if x = a for some odd 


integer k, it follows that 


dom (tan) 


dom (cot) 


dom(sec) = R\{+5,25,. i 
dom(csc) = R\{+2,+2z,...}. 


Remark Below we will discuss some results for the sine, cosine and tangent functions. The secant function will 


only be used in an identity and a formula for differentiating the tangent function. The cotangent and cosecant 


functions will not be used in this course. 


Properties 


(1) The sine and cosine functions are periodic with period 27, that is, 


sin(x+ 2m) = sinx for all x ER, 


cos(x +27) = cosx for all x ER. 


(2) The tangent function is periodic with period z, that is, 


tan(x+a) = tanx for all x € dom (tan). 


(3) The sine function and the tangent function are odd functions and the cosine function is an even function, 


that is, 
sin(—x) 


cos(—x) 


tan(—x) 


= -—sinx for all x € R, 
= cosx for all x € R, 
= -—tanx for all x € dom (tan). 


(4) From (3), we see that the graphs of the sine function and tangent function are symmetric about the origin 


and the graph of the cosine function is symmetric about the y-axis. See Figures 7.4(a), (b) and (c). 


L\ 


A 


VV 


Figure 7.4(a) 
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Figure 7.4(b) 


y =tanx 


P 
4 
from that of the sine function by moving it . units to the 


Remark The graph of the cosine function can be obtain 


left. This is because 


#6 Figure 7.4(c) 
cos x = sin(x + ) for all x ER. 


CAST Rule The signs of sine, cosine and tangent in each quadrant can be memorized using the following rule: 


S/A 
TG 


where C stands for cosine, A for all, S for sine and T for tangent—for example, C in the 4th quadrant means 
that if x is an angle in the fourth quadrant, then cos x is positive and the other two values sin x and tan x are 
negative. 


Sine, Cosine and Tangent of some Special Angles 


sinQ = cos0 = 


0 ] tan0 = 0 
ae 4 i V3 1 
i ey tan 5. = Gi 
sinz = = : tan = 1 
4 v2 Cos a GB i= 
1 TL 
sin ft = N3 cos i = — tan 3 = V3 
3 2 3 2 
sin 5 = 1 cos 5 = 0 tan — undefined 


The values of the sine, cosine and tangent functions at the special angles can be obtained by drawing 
appropriate figures or triangles. For example, we can use Figures 7.5(a), (b) and (c) to find the values of the 
TT 


trigonometric functions for angles with size ; 


P(O, 1) 


, and respectively. 


Ge ®) P(5. ) 


es 
al 


Figure 7.5(a) Figure 7.5(b) Figure 7.5(c) 
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An Important Identity 


(Py) sin? x +cos? x = 1 


Explanation The result is called an identity because it is true for all x € R. 


Note that sin*x = (sin x)? etc. 


1 
1 
1 
1 
1 
Cc 


Proof Let P(a, b) be the point on the unit circle corresponding to angle x. 


OS Xx 
By definition, we have 
sinx=b and cosx=a. 
The required result then follows since a” + b* = 1. Figure 7.6 3 
Another Identity 
(Pyl) 1+tan?x=sec*x, xeER\{+ Te, } 
sin x 
Proof 1+tan?x = 14+ 5 Definition of tan 
cos* x 
_ cos* x + sin? x 
7 cos? x 
1 : 
= Identity (Py) 
cos? x 
= (sq) 
~ \cos x 
= sec? x Definition of sec 
Oo 
More Identities 
é T Tu E 
sin (5 — x) = cosx cos (5 — x) = sinx 
* T TU : 
sin (5 + x) = cosx cos (5 +x) = -sinx 
sin(a-— x) = sinx cos(a#— x) = -—cosx 
sina+x) = -sinx cos(7+x) = -—cosx 
sin (= — x) = —cosx cos ( = x) = —-sinx 
- (3K 3 : 
sin (> + x) = -—cosx cos (= + x) = sinx 
sin2Qa—x) = —sinx cos(2a—x) = cosx 


The above identities can be derived using appropriate figures. For example, 


e from Figure 7.7(a), we get 


sin (5 —x)=a=cosx and cos (4 —x)=b=sinx. 
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e from Figure 7.7(b), we get 


sinia—x)=b=sinx and cos(a-— x) = -a=-—cosx. 
P (b, a) 
P\(a,b) Pp{-a, 6) 
Dy 
Figure 7.7(a) Figure 7.7(b) 


Remark The above identities can be memorized in the following way: 
f ((odd multiple of ) +x) is +(x) 
f ((even multiple of i) +x) is +f(x) 
where (f, g) = (sin, cos) or (cos, sin) and the sign can be obtained by the CAST rule. 
As illustrations, we describe how to obtaining the identities for 
sin(a — x), cos(z — x), sin (2 + x) and cos (2 + x). 
e Note that 7 =2- is an even multiple of . According to the second form (the trigonometric functions 
are unchanged), 
(1) sin(a— x) is either sinx or —sinx 
(2) cos(a#— x) is either cosx or —cosx 


To determine the correct sign, we assume that x belongs to the Ist quadrant and so (a — x) belongs to the 
2nd quadrant. According to the CAST Rule, sin(z — x) is positive and cos(z — x) is negative (and sin x 


and cos x are positive). Thus we have 
(1c) sin(a — x) = sinx 
(2c) cos(a— x) =-—cosx 


e Note that = is an odd multiple of = According to the first form (the two trigonometric functions are 
switched), 


(3) sin (= +x) is either cosx or —cos x 
3 i . : 
(4) cos (F +x) is either sinx or —sinx 


To determine the correct sign, we assume that x belongs to the Ist quadrant and so 4 + x) belongs to 


the 4th quadrant. According to the CAST Rule, sin (F + x) is negative and cos (F + x) is positive (and 


sin x and cos x are positive). Thus we have 


(3c) sin (7 + x) =—cosx 
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3x ‘ 
(4c) cos (= + x) = sinx 


Remark Since the values of the sine and cosine functions at 5 or 7 or = can be found easily, the above identities 


can also be derived using the following results, called compound angle formulas. 


Compound Angle Formulas Let A and B be real numbers. Then we have 
sin(A+B) = sinAcosB+cosAsinB cos(A +B) = cosAcosB-sinAsinB 
sin(A-—B) = sinAcosB-—cosAsinB cos(A-— B) = cosAcosB+sinAsinB 
Remark The formulas for sin(A — B) and cos(A — B) can be deduced from that for sin(A + B) and cos(A + B) 
respectively. This is because sin(—x) = — sin x and cos(—x) = cos x for all x € R. Moreover, since sin G —x)= 


cos x and cos G — x) = sin x, the formula for sin(A + B) can be deduced from that for cos(A + B) and vice versa. 


However, the proof for either formula is very tedious and thus is omitted. 


P 
Continuity of sin and cos The sine and cosine functions are continuous Q 
on R, that is, for every a € R, we have 
a 
limsinx = sina a 
xa 
limcosx = cosa J) 
xX7a 
Reason If x is close to a, then the point Q lying on the unit circle that 
corresponds to x is close to the point P that corresponds to a. Figure 7.8 45 
An Important Limit 
(sin) lim 22% =1 
x20 X 
Proof First we consider right-side limit. Let x be small positive (0 < x < *). C 
Consider the triangles A\OAB and AOAC and the sector OAB shown in Figure 7.9. 
Note that 
I . 
areaof AOAB = -=-1-1-sinx = ia 
2 2 
torOak = SP = = 
area of sector = 5 x = 5 0 i A 
1 tan x 
areaof AOAC = =-1-AC = — 
2 2 
Since AOAB CG sector OAB C AOAC, it follows that ; 
Figure 7.9 


sinx x tanx 
<i< 
2 2 2 


Dividing each term by ma (which is positive), we get 


x 1 
1<—< , 
sinx cosx 
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which, by taking reciprocal, yields 


fs ese (7.2.3) 
% 
By the continuity of the cosine function (at 0), we have 
a i 
lim cos x = cos0 = 1. (7.2.4) 


x 


Letting x — 0+, by (7.2.3) and (7.2.4) together with the Sandwich Theorem (which is also valid for limits at a 


point and one-sided limits), we get 
sinx _ 


lim — = 1. 
x-0+ X 
: sinx . . . sin(-x sin x : .  sinx 
Since —— is an even function, that is, cy = — for all x + 0, it follows that lim —— = 1. Therefore, 
x Xx x>0- X 
. sinx 
we have lim —— = 1. oO 
x-0 X 
Remark 
oe es : sin x 
e The result means that if x is small, then sin x is approximately equal to x. aaa 
. = . sinx® 1 
e If xis in degrees, the result is different: lim es 
x30 =X 180 


-10 


Xe 
-0.2 


d Figure 7.10 
The following result will be used in deriving the formula for dx sin x. 
x 


A Limit Result 


cosh—- 1 


(cos—1) lim =0 
h-0 


Explanation To get the limit, we try to “cancel” the factor h in the denominator. However, the numerator is not 


a polynomial. Instead of making a factor / in the numerator, we try to make a factor sin and apply (sin). 


Proof ig oe io ie Moieneosha 1 Oana 
TOO —_— € fi i 
h20 h30 ~‘A(cosh+ 1) eee , 
cos? h—1 


a0 h(cosh + 1) 
nove sin’ h 
a 
h-0 h(cosh + 1) 
sinh 1 


h “cosh +1 


Identity (Py) 
= lim|(—sinh)- 
h-0 


Limit Rule (La5) 


inh 

= lim(—sinA) x lim x lim ——— 
h0 h30 ho0 cosh +1 
= sin Oe 1's 
ct) cos0 + | 
0. 


1 Continuity of sin & cos 


and Limit Result (sin) 
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Exercise 7.2 


1. For each of the following, find its value without using calculators. 


« 20 2n 2n 
(a) sin = (b) cos = (c) tan = 
. 5a Sa Sa 
(d) sin ri (e) cos = (f) tan ma 
2. For each of the following limits, find its value. 
(a) lim (b) tim 2 
x30 xX x0 Xx 


7.3 Differentiation of Trigonometric Functions 
Derivative of sin The sine function is differentiable on R and its derivative is the cosine function, that is, 


— sinx = cosx, -0o <x < OH, 
dx 
sin(x + h) — sin x 


Definition of Derivative 
h-0 h 


d 
Proof a sin x 
x 


sinx:-cosh+cosx- sinh — sinx 


7 lim as os Compound Angle Formula 
. (sinx- cosh —sinx)+cosx- sinh 
Ska A 
h-0 h 
. sinx (cosh— 1)+ cos x: sinh 
= koa A 
h-0 h 
. . cosh—1 : sinh a 
= lim|{sin x - ———— ] + lim|{cos x - —— Limit Rule (La4) 
h-0 h h-0 h 
; . cosh—-1 . sinh ee 
= sinx- lim m— +cosx- lim — Limit Rule (La5s) 
h0 h h0 
= sinx-0+cosx-1 Limit Results (cos —1) and (sin) 
= cosx. oO 


Derivative of cos The cosine function is differentiable on R and its derivative is the negative of the sine function, 
that is, 


— cos x = —sinx, —00 < xX < oo, 
dx 


Proof Similar to that for the derivative of the sine function, the result can be proved by definition, using the 


compound angle formula cos(x + h) = cos xcosh — sinx sinh. Oo 


Remark Note that cos x = sin G — x). The result can also be proved using the fpault for the derivative of the 


sine function. together with the chain rule which will be discussed in the Chapter 9. 


Derivative of tan The tangent function is differentiable on its domain and its derivative is the square of the 
secant function, that is, 


T 
— tan x = sec’x, x#+=,+ 
dx 2 


geeee 


3a 
2 
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Proof For x € dom (tan) = R \ (25, ot, ...}, we have 
d d /sinx oi 
—tanx = — Definition of tan 
dx dx \cos x 


d. é d 
cos x+ — sinx— sin x- — cos x 
= a 5 - Quotient Rule 
cos2 x 


cos x - COS x — sin x - (— sin x) os ; 
= Derivatives of sin and cos 


cos? x 
1 : 
oS Identity (Py) 
1 
~ (= | 
= (sec x) Definition of sec 
dy 


Example For each of the following y, find Pe 
x 
(1) y=2sinx—7cosx 


(2) y=tanx-x 


(3) y=xcosx 
sin x 
4) y= 
@ »y x+1 
Solution 
d d 
a 2 = “@sinx—7co0sx) Substitution 
dx dx 
d . d ‘ 7 : 
= 2- dx sinx—7- ax COS X Term by Term Differentiation & Constant Multiple Rule 
% x 
= 2cosx-— 7(-sinx) Derivative of sin and cos 


= 2cosx+7sinx 


d d bis 
(2) _— (tan x — x) Substitution 
dx dx 
d d F ae 
= —tanx-—x Term by Term Differentiation 
dx dx 
= sec*x-1 Derivative of tan and Power Rule 
= tan’x Identity (Py1) 
d d 
Q = = ase Substitution 
dx dx 
2d d 5 
= XxX°+—cosx+cosx-—x Product Rule 
dx dx 
= x*-(-sinx)+cosx- 2x Derivative of sin and Power Rule 


= 2x cosx—xsinx 


7.3. Differentiation of Trigonometric Functions 


(4) = Substitution 
x+1 


dy d / sinx 
dx dx 


d . : d 
Gr De sin x — sinx + + (x + 1) 
= Quotient Rule 


(x + 1) 
_ («4+1)-cosx—sinx-(1 +0) Derivative of sin and 
7 (x + 1)2 Derivative of Polynomial 


(x + 1) cos x — sin x 
(x + 1)? 


Exercise 7.3 


1. For each of the following y, find nm 


dx 
(a) y=Scosx—2x (b) y=1-2tanx 
(c) y=sinx—x (4) y=x'sinx 
(ec) y=cos*x ©. 725 
COS xX 

ae . — cosx 
(g) y=sinx-cosx (h) oe 
(i) y=(x+cos x)? G) y= (sinx+cos x)? 


2. Let y = sin” x. 

(a) Find = for n = 2,3 and 4. 

(b) Guess for formula for for general n (positive integer). 
3. Let y = sinnx and let z = cosnx. 


(a) Find . and z forn = 2. Hint: use compound angle formulas. 
xX Xx 


(b) Find . and « forn = 3. Hint: use compound angle formulas and the results in (a). 
xX xX 


dy d. i 
(c) Guess for formula for and x for general n (positive integer). 
Xx x 


4. Let f(x) = sin(ax + b) and let g(x) = cos(ax + b) where a and b are constants. 
(a) Use definition to find f’(x) and g’(x). 
(b) Use the results in (a) to find f”’ (x) and g’’(x) 


(c) Guess for formula for f(x) and g(x) for general n (positive integer). 
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Chapter 8 


Exponential and Logarithmic Functions 


8.1 Exponential Functions 


Definition Let 0 < b # 1. We define exp, to be the function from R into R given by 
exp, (x) = b*, xeER. 
The function exp, is called the exponential function with base b. 
Remark 
e If xis arational number, such as x = 7 then b* = b3 = Vor. 


e If xis an irrational number such as x = V2, to define b* we use approximations: more precisely we use 
limits. 


Example To assign a value to 3¥2, 


Note that 
V2 = 1.414213562373095 --- 


14 : . 

We may use 3!+ = 310 to give an approximate value for 3V2. For better ap- i 3a 
proximations, we may use 3!4!, 3!4!4 and so on. Denote 1 | 4.655536722 
2 4.706965002 
ay= 1.4, aa= 1.41, a3 = 1.414, a4 = 1.4142, a= 1.41421, 3 4.727695035 
4 | 4.728733930 
It can be shown that the sequence 5 | 4.728785881 
6 4.728801466 
Ma aes as eee 7 | 4.728804064 
8 4.728804376 
is convergent and 32 is defined to be the limit of the sequence. 9 | 4.728804386 


FAQ Instead of the above sequence (a,,), can we take other sequences (b,,) of rational numbers converging 
to V2 and use lim 3” to define 3 V2? 
n—-co 


Answer You can take any sequence (b,) converging to V2. It can be shown (but difficult!) that lim 3" 
n—- co 


always exists and is independent of the choice of (b,). Oo 


192 Chapter 8. Exponential and Logarithmic Functions 


FAQ In the definition of exponential functions, why do we exclude b = 1? 


Answer When b = 1, the function 1* = 1 is trivial: a constant function. It does not enjoy the injective property 
possessed by exp, where b # 1. When we define logarithmic functions, we need exponential functions be 
injective. 

We need b > 0 because we want exp,(x) = b* to be defined for all real numbers x. If b is zero, b- is 


undefined; if b is negative, b2 is undefined. oO 


Rules for Exponent Let a and b be positive real numbers different from 1. Then for every x € R and every 
y €R, we have 


(1) aa =a 2) sar 
a 
(3) (a*)/ =a” (4) (ab) = a*b* 
(5) (<) =5 (O: ale 
Oy. 2=1 (8) a*t= = 
a 


Proof The results follow from the corresponding rules for that with rational exponents (see an FAQ on page 36). 


Continuity of Exponential Functions By definition, the domain of every exponential function is R. It can be 


shown that exponential functions are continuous on R, that is, if x is close to xg, then b* is close to b*. 


Range of Exponential Functions Since exp,(x) = b* is always positive, it follows that the ranges of the 


exponential functions are contained in (0, co). In fact, we have 
range (exp,) = (0, 00). 


Proof For b > 1, since lim b* = oo and Jim b* = 0, it follows that the exponential function exp, can attain 
arbitrarily large values as well as arbitrarily small positive values. Hence by the Intermediate Value Theorem, 


it can attain any positive value. Therefore, the range of exp, is (0, 00). 


For 0 < b < 1, the range of exp, is also (0,00). This is because exp,(x) = exp1(—X) by Rule for Expo- 
nents (8). oO 


Graph of Exponential Functions In general, the graph of an exponential function has one of two general 


shapes depending on the value of the base b. 
(b> 1) (0<b<1) 
= b* = b* 
Remark y y 
x 
¢ The graph of y = b* and that of y = (;| 


are symmetric about the y-axis. This is be- 
1 x 


sual : (;) | MN 


e As x increases, the graph goes up if b > 1 


and goes down if0<1<b. Figure 8.1(a) Figure 8.1(b) 
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Consider the expression s’. 


e If we let s = b (© O) be a fixed positive real number and let ¢ = x varies in R, then we get a function 


x +> b*, which is the exponential function exp, if b # 1 or the constant function 1 if b = 1. 


e If we let t =r bea fixed real number and let s = x varies in (0, 00), we get a power function xb x’. 


Continuity of Power Functions It can be shown that for every real number r, the power function x” is contin- 
uous on (0, 09). 
Recall that a function f is said to be injective if the following condition is satisfied: 

(*«) If x ,,x2 € dom(f) and x; # x2, then f(x,) # f(x). 
Condition (*) is equivalent to the following condition: 
(«*) If x,,x2 € dom(f) and f(x;) = f(x2), then x, = x2. 
If dom (f) is a subset of R and the codomain of f is R, then f is injective means that the graph of f intersects 
every horizontal line in at most one point. 
Injectivity of exp, The exponential functions exp, (0 < b # 1) are injective. 


Proof Let s,t € Rand s # t. Without loss of generality, we may assume that s < t. Then we have b* < b’ if 
b> 1and bs > b' if 0 < b < 1. In any case, we have exp,(s) # exp,(s). Thus, the exponential functions exp, 


(0 < b # 1) are injective. oO 
Remark The graph of y = b* intersects the horizontal line y = c in exactly one point if c > 0 and in no point if 


c<0. 


Exponential Equations To solve simple equations involving exponentials, we use the fact that exponential 


functions are injective. 


Example For each of the following equations, find its solution set. 


(1) 32x-1 = 


35-x 
(2) gx = 4xt4 


Explanation To use the injective property of the exponential functions, we have to express both sides of the 


equation in the form b°°™*""ing, For (1), we can take b = 3 and for (2), we can take b = 2. 


Solution 
1 
Qx-1 
iy. GF 2 oe 
a es Rewrite right-side 
324-1 = 34-5 
2x-1 = x-5 Injectivity of exp; 
x = -4 


The solution set is {—4}. 
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(2) = ae 
or = (224 Rewrite both sides 
93x 92x44) 
3x7 = 2Ax+4) Injectivity of exp, 


3x7 -2x-8 = 0 
(x — 2)(3x + 4) 0 


The solution set is {2, -5}. 
Oo 


x 
The number e It can be shown that jim n (i+ + -—] exists. The following table and figure illustrate this fact (the 


proof of the fact is beyond the scope of this son This limit will be denoted by e, that is, 


1\* 
e= im (1+ =] : 
X00 x 


: 1\x 
x (1 + 1/x/y y=(1+-) 
10 | 2.59374 se 
100 | 2.70481 
1000 | 2.71692 ane 
19000 | 2.71815 2714 
20000 | 2.71821 
30000 2.71824 10000 20000 30000 40000 
40000 | 2.71825 sees 


Remark It can be shown that e is an irrational number (the proof is not easy!). The following gives the value of 


e correct to 50 decimal places: 

2.71828 182845904523536028747 135266249775724709369996.. . 
Notation and Terminology We write exp (omitting the base) to denote the exponential function with base e. 
When we say the exponential function, we mean the function exp. 


Remark As usual, we also write e* to denote the exponential function with base e. 
Below we discuss two situations in which the number e appears. 


Interests Compounded Continuously When money is invested at a given annual rate, the interest earned 


depends on how frequently interest is compounded. 


Consider a principal of P dollars invested for t years at an annual rate of r. If interest is compounded k 
times a year, then the rate per conversion period is 7 and there are kt periods. The compounded amount A(f) at 


the end of t years is given by 


aw =P(1+2)", 
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If k — oo, the number of conversion periods increases indefinitely and the length of each period approaches 0. 


In this case, we say that interest is compounded continuously. The compounded amount A,(f) at the end of ¢ 


years is 
r\kt 
sun = pelt 
= Plim ( : nn Limit Rule (L5s) 
~ k-00 k and rewrite exponent 


kqrt 
= P lim (1 + )’ Continuity of Power Function 


k> 00 


xqrt 
2 P| tim (! . -} 
X00 x 


Note that the limit inside the brackets is the number e. Therefore we have the following formula: 


~ 1a 


Put x = 


A-(t) = Pe’. 


Radioactive Decay Suppose that the initial amount (at t = 0) of a radioactive substance is Aj. Then the amount 
A(t) of the substance at time f¢ is given by 
A(t) = Age, 


where 2 is a (positive) constant, called the decay constant of the substance. 


Remark For example, the decay constant of carbon 14 is about 0.00012. 
(1) To find the amount at a certain time ¢, we can just plug in 
the value of t. If we want to find the time so that the amount 
is reduced to A,, we need to solve the following equation 
for t Ke 
Aj = Aoe™. 


This will be discussed in the next section. 


1 

=Ajt----7-7- 7 
(2) The half-life of a radioactive element is the length of time 2"° 
required for a given quantity of the element to decay to 
I 
I 


one-half of its original mass. For example, the half-life of 


thalf 


carbon 14 is about 5730 years. 
Figure 8.3 


Exercise 8.1 

1. For each of the following, sketch the graphs of the given equations on the same coordinate plane. 
(a) y=2*, y=2.5*, y=3* 
(b) y=25 y=Gy 
(c) y=2*, y=2*41, y=2*-2 
(d) y=2*%, y=2"t!) yao? 

2. For each of the function /, find its domain and range. 
(a) f@)=3*+1 () f= = 


, 3*4+1 
(c) f(~= 3r-1 
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3. For each of the following equations, find its solution set. 
(a) 92x = 9x3 (b) ert2 =| 
(c) e**2 =0 (d) x7e* = 2xe* 


8.2. Logarithmic Functions 


For each b > 0 with b 1, the exponential function exp, is injective and its range is (0,00). Thus it has an 


inverse whose domain is (0, co). 


Definition Let 0 < b # 1. We define log, to be the inverse of the exponential function exp,. The function log, 


is called the logarithmic function with base b. 


Remark log, is the function from (0, co) into R such that the following two conditions are satisfied: 
(Logl) log,(b*) = x for all x € R; 
(Log2) 8 = y for all y € (0, 00). 


By the definition of inverse, we have the following: 
x =log,y means y=b*. (8.2.1) 


Example For each of the following, convert it to an equivalent logarithmic form. 
(dl) S225 
(2) 10° =] 
Solution Using (8.2.1), we obtain 
(1) log; 25 =2 
(2) logig 1 =0 


Example For each of the following, convert it to an equivalent exponential form. 
1 
(2) log, i= —4 
Solution Using (8.2.1), we obtain 
(1) 10° = 1000 


-4_ 1 
OSs. 


Continuity of log, It can be shown that logarithmic functions are continuous on (0, 00). 


Graphs of Logarithmic Functions For every b > 0 with b # 1, since the logarithmic function log, is the 
inverse of the exponential function exp,, it follows that the graph of log, and that of exp, are symmetric about 


the line x = y. 
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(b> 1) y=b* y=b (0<b<1) 


~ ee - ~ logy 7 


y = log, x 


Figure 8.4(a) Figure 8.4(b) 


Terminology and Notation Logarithms with the base 10 are called common logarithms. They were frequently 


used for computational purposes before the calculator age. The subscript 10 is usually omitted: 
logx means  logyg x. 


In calculus, logarithms with base e, called natural logarithms, are more important. We use the notation “In” for 
such logarithms: 


Inx means log, x. 


Caution Many students write In as In (which, of course, is not correct). To avoid this, some authors write fn 
for natural logarithm. Note that the letter “I” comes from the word “logarithm” and the letter “n’” comes from 


“natural”. 
Remark In many advanced books, common logarithm is never used and the symbol “log” stands for natural 
logarithm. 
Properties of Logarithms 
(1) log, 1=0 
(2) log, b=1 
(3) log,(mn) = log,m-+log,n (logarithm of product is sum of logarithms) 
(4) log, “ = —log,m 
(5) log, - = log, m—log,n (logarithm of quotient is difference of logarithms) 
(6) log, m’ = rlog,m 
(7) log, b' =r 
(8) pb!" = m 


(9) log,m= 


iog.b (change of base formula) 


where m, n, a, b are positive real numbers with a and b different from | and r can be a real number. 
Proof 
(1) Since b° = 1, it follows from-(82.1) that log, 1 = 0. 


LC] 
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(2) Since b! = b, it follows from (8.2.1) that log, b = 1. 


(3) Denote x = log, mand y = log, n. By (8.2.1), we have b* = m, b” = n which implies that 


[| mn = b*bY 


bry Rule of Exponent (1). 


Again by (8.2.1), we have log, (mn) = x + y from which we get the required equality. 


(4) Note that log, m+ log, 7 = log,(m- ~) Property (3) 
= log, 1 
= 0 Property (1). 


Thus the required equality follows. 
(5) Apply Properties (3) and (4). 
(6) Denote y = log, m. By (8.2.1), we have b” = m which implies that 


mM = (bY 


= 


Rule of Exponent (3). 


Again by (8.2.1), we have log, m” = ry from which we get the required equality. 


(7) The result follows from the definition of logarithmic functions. See (Log1). Alternatively, we may apply 
Properties (6) and (2). 


(8) The result follows foieiie definition of logarithmic functions. See (Log2). 


(9) Denote x = log, m. By (8.2.1), we have b* = m. Take the logarithm to the base a of both sides, we get 


log, b* = log, m. 


By Property (6), we have x log, b = log,m, which implies that x = ve = The required equality then 
follows. " 
Oo 
Caution In general, log,(m-+n) # log, mx log, n See Property (3) for the correct form. 


log,(m — n) # log, m + log,n See Property (5) for the correct form. 


Example For each of the following, find its values (without using calculators). 
(1) log, 54 — log, 9 


(2) et In3-3 In4 


Solution 
(1) logg54-—log,9 = log, = Property (5) 
= loge6 


= | Property (2) 
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(2) e4in3-3n4- _gin34-In4® Property (6) 
= e¢in8i-In64 Property (5) 
= eln st 
_ 8i 
= & Property (8) 
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Exponential and Logarithmic Equations To solve simple equations involving logarithms and exponentials, 


we may use the following methods: 


e Apply (8.2.1) to change logarithmic form to its equivalent exponential form or vice versa. 


e Use the fact that logarithmic functions and exponential functions are injective (examples of simple equa- 


tions involving are given in the last section). 


Remark The inverse function of every injective function is injective. In particular, logarithmic functions 


are injective. 


Example For each of the following equations, find its solution set. 
(1) log, x = -3 
(2) InQx+1)=4 
(3) log.49 =2 


(4) = 14 
Solution 
(1) log,x = -3 [] 
23 = x by (8.2.1) 
1 
zs = 


The solution set is {3}: 


(2) In(2x + 1) 4 CI 


et = 2x41 by (8.2.1) 
e*-1 = 2x 
2 . -e—1 
The solution set is {——}. 


(3) log.49 = 2 
x7 = 49 and x>0 by (8.2.1) and condition of base 
x = +7 and x>0 
The solution set is {7}. 


(4) ee = 14 


Inl4 = 3x and x>0 82.1) 


: . ,inl4 
The solution set is (=. 
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Example Solve the equation log, x = 5 — log,(x + 4). 
Explanation To apply (8.2.1), we have to rewrite the equation in the form log, m = n. Note that in the expres- 
sions log, x and log,(x + 4), it is assumed that x > O and x + 4 > 0 respectively. 


Alternatively, we may use the fact that logarithmic functions are injective. In order to apply this, we have 


to express both sides of the equation in the form log, (something). 


Solution I log,x = 5-log,(x+4) 
log, x+log,(x+4) = 5 | 
log, x(x+4) = 5 and x>0 and x+4>0 Property (3) & Domain of log, 
x(x+4) = 2° and x>0 by (8.2.1) 


x74+4x-32 = 0 and x>0 


(x+8\(x-4) = O and x>0 


The solution set is {4}. oO 
Solution 2 log, x = log, 2° —log,(x +4) Property (6) 
5 
1 = | Property (5 
OZ) x 08> aad roperty (5) 
5 
x = re and x>0 Injectivity of log, & Domain of log, 
x 


x(x+4) = 32 and x>0 
x*>+4x-32 = 0 and x>0 
(x+8)(x-4) = O and x>0 


The solution set is {4}. oO 
Half-Life To find the half-life of a radioactive element, we have to solve 


1 
_A — A —at 


Taking In on both sides, or equivalently, using (8.2.1), we get 


1 
In-= = —-At 
_ 
—-In2 = —-AaAt Property (4) 
In2 
t= —. 
a 


This gives the relation between the half-life thaip and the decay constant A. 


Exercise 8.2 


1. For each of the following, convert it to an equivalent logarithmic form. 
(a) 92 =81 (ob) 2=v4 (c) zea 


2. For each of the following, convert it to an equivalent exponential form. 


(a) log,8=3 (b) log, 27 = ; (c) Inl=0 
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3. Simplify the following: 


s 3In4-2In2 2 log 8 + 5 log9 
31n8 log 6 + log2 
4. For each of the following equations, sketch its graph. 
(a) y=logx (b) y= log; x 
(c) y=Inx (d) y= log: x 
(e) y=logx (f) y=2logx 


(g) y=log(2x- 1) 
5. For each of the following functions, find its domain and range. 


(a) f(x)=et+1 (b) f(x)=e* 
(c) f(x) =Inx? (d) f(x) =2Inx 
(e) f(x) = In@x- 1) (f) f(x) = InG? - 4) 
6. For each of the following equations, find its solution set. 
(a) logigx = 5 (b) log, 4= = 
(e) Geta 3! (d) xInx =Inx? 
(e) 2log(x-l)= log(x? — 5) (f) log(x- 3) =log(7x-9)-1 
7. For each of the following, find x correct to 3 significant figures. 
(a) 10* = 123.4 (b) e* = 5678 
(c) logx = -13.57 (d) Inx = 0.0187 
(e) 1.03754" = 2 (f) log, 5 = 2.34 


8. How long will it take money to double if it is invested at 2.275% interest compounded 
(a) annually; (b) quarterly; (c) monthly; (d) continuously 


Give your answer in years correct to two decimal places. 
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Derivative of In The natural logarithmic function is differentiable on (0, co) and its derivative is the reciprocal 
function, that is, 


1 
Fear x>0. 


In(x + h) — In(x) 
Woe 


li Definition of Derivative 


d 
Proof 7 Inx 
x 


h=0 h 
it (: +h 
= lim —_ Log Property (5) 


= lim F : in( + 4 
ho0|h x 


: jim | - In + =) 
ho0|x Ah x 


continued on next page 
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ia h\i _. 
—Inx = - ‘lim Injl+-—- Limit Rule (La5s) & Log Property (6) 
xX ho Xx 
avi 
= -In|lim (1 + 4] Continuity of In 
x h-0 Xx 
1 t 
= ~ In] tim (1+ =) Putr=2 
Xx t—00 t 1 
1 ~ 
= -—-Ine Definition of e 
x 
1 
—— Log Property (2) 
x 
: dy 
Example For each of the following y, find ax 
x 
(1) y=2+3Inx 
(2) y=sinx-Inx 
(3) y=cosx+Inx 
(4) y=xIn2x 
Solution 
dy d 
1 — = —(2+31 
(1) Fe a. nx) 
d d . ae 
= —2+—(3Inx) Term by Term Differentiation 
dx dx 
d 
= 0+3:- cf Inx Derivative of Constant & Constant Multiple Rule 
x 
3 ee 
= - Derivative of In 
x 
d d 
(2) 7 = = (inx-Inx) 
: d : 
= sinx- —Inx+Inx- ax sin x Product Rule 
x 
so +Inx-cosx Derivatives of In & sin 
x 
d d 
(3) ~ = 4 Os * + In x) 


Term by Term Differentiation 


d d > 
—cosx+ —Inx 
dx dx 


d 
—sinx + an In x) Derivative of cos & Log Property (6) 
x 
; d : 
—sinx+2- re Inx Constant Multiple Rule 
x 


: 2 ee 
—sinx+— Derivatives of In 
x 
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d d 
4 2 = Samay 
dx dx F 
= x-—(In2x)+In2x-—x Product Rule 
dx dx 
d 
= Xx: qn 2+ Inx)+In2x Log Property (3) & Power Rule 
x 
1 
= Xx: (0 + =) + In2x Derivatives of Constant & In 
x 
= 1+In2x oO 


Differentiation of Logarithmic functions with other bases To differentiate other logarithmic functions log, x 


where b # e, we can use change of base formula: 


lo Inm 
m=—. 
Sb Inb 
Example Find the derivative of y = log,(5x°). 
dy d 
lution — = —1 : 
Solution ce ay 0g(5x”) 
d (In5x° 
= tae In? Change of Base Formula 
1 d : : 
a no ae 54+ 31nx) Constant Multiple Rule and Log Properties (3) & (6) 
x 
Pt (a In5+ a (3 In x) Term by Term Differentiation 
~ In2\dx dx : ener 
1 d Soe ; 
= 0+3- oe In x Derivative of Constant & Constant Multiple Rule 
x 
1 1 teas 
= —:3-- Derivative of In 
In2 x 
_ 3 
xin o 


To find a formula for the derivative of the exponential function exp, we use the fact that the functions In and 


exp are inverses of each other and we need the following: 


d 1 

Inverse Function Rule pe ee 
dy dy 
dx 


Explanation More precisely, we have the following result called the Inverse Function Theorem. 


Let f be a function defined on an open interval (a, b). Suppose that f is differentiable on (a, b) and f’(x) # 0 
for all x € (a,b). Then on (a,b), the function f is injective, the image of (a,b) under f is an open interval, 


denoted by (c,d). Moreover, the inverse function f is differentiable on (c,d) and 


1 
f'é) 


Ff yas for alln € (c,d), where € = f—'(n). 
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d d ’ 
If we denote y = f(x), then x = f~!(y) gives the inverse function and we have ~ = f’(x) and = =(f- 770). 
x y 


The Inverse Function Rule is a compact way to express the relation between the derivatives of f and f~'. Below, 


we show how to derive the rule: 


dy . Ay 


= lim — Definition of Derivative 
dx Ax0 Ax 
li | Note: Ay # 0 
= lim ote: 
Ax3>0 Ax - 
Ay 
1 ae . . 
= ia Continuity of Reciprocal Function 
lim — 
Ax—0 Ay 
1 es 
= — > Continuity of f 
lim — 
Ay0 Ay 
1 wo ae 
= ag Definition of Derivative 
dy 7 


Derivative of exp The exponential function is differentiable on R and its derivative is the function itself, that 
18, 


—e* =e’, 00 <x <0, 


Proof Put y = e*. Then we have x = Iny. From these we get, 


d d 
=e = ~ Substitution 
1 : 
= > Inverse Function Rule 
dy 
1 a 
= - Substitution 
a Iny 
1 hae 
=> Derivative of In 
y 
= y 
= e Substitution 
oO 
dy 
Example For each of the following y, find a 
x 
_ 3 
Ul) ye seta 
x 
(2) y= xe" 
x 
(3) y= 


sin x 
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Solution 
dy d _ 3 
1 = 2e* 
(1) dx dx ( ° >| 
d qd, 4 : ots 
= —(2e*)- —(GBx-) Term by Term Differentiation 
dx dx 
d d ; 
= 2-—e’-3-—x Constant Multiple Rule 
dx dx 
= 2-e*-3-(-1)-x” Derivative of exp & Power Rule 
=. De? a 3x* 
dy d; 5, 
(2) az = ay (x e*) 
d d . 
= ef-—pP4x-—e* Product Rule 
dx dx 
= e*-5xt+~-e% Power Rule & Derivative of exp 


= (x +5x*)e* 


a ® . es 


dx dx \ sin x 


ee ee ae 
sinx- —e*—e*- — sinx 
- —_ 32 # Quotient Rule 
sin” x 


sin x-e* —e*-cosx a ; 
= Derivatives of exp & sin 


sin? x 


e* (sin x — cos x) 


sin? x Oo 


Differentiation of Exponential functions with Bases different from e To differentiate other exponential 
functions exp, where b # e, we can express b* in the form eS°™""ing_ Alternatively, wecan use a technique 


called logarithmic differentiation. Both methods depends on the Chain Rule (see Chapter 9). 


To close this chapter, we use the inverse function rule to find the derivative of the arctangent function. The 
result will be used in the discussion of integration of rational functions. The inverse function rule can also be 


used to find the derivatives of the functions sin~! and cos~! and are left as exercises. 


Derivative of tan! The arctangent function is differentiable on R and we have 


_ 1 
— tan a -—0o0 << X < OO, 
dx 14+ x? 


Explanation Although the tangent function is not injective, it becomes injective when we restrict the domain 
to or S) Note that the range is R. The inverse of the function tan : Ce *) — Ris called the arctangent 


function, denoted by arctan or tan~!. Thus tan! is the function from R into (5, ) such that 


tan(tan"!x) =x forallxeR and tan !(tanx) =x forallxe (-F, =). 


206 Chapter 8. Exponential and Logarithmic Functions 


Proof Put y = tan'x. Then we have x = tan y. From these we get 


d d 
7 fairly ue ~ Substitution 
1 ; 
= + Inverse Function Rule 
dy 
1 rar 
a Substitution 
di tan y 
1 = 
= —- Derivative of tan 
sec y 
anew Identity (Py1) 
= 1 
1+ tan? y mT 
1 
= Substitution 
1+ x? Oo 
Exercise 8.3 
1. For each of the following y, find us 
(a) y=2x—4e*—5 (b) y=Inx-1 
(c) y=e*+Inx (d) y=x? +Inx 
(ec) y=e*+ yx (f) y=Inyx-1 
(g) y=e*sinx (h) y=cosxInx 
(i) y=(x* + Det G) y=@*+1)Inx 
et Inx 
(k) y= ae () y= ax 
— 2 +3x2+6x-2 _ 43x? 4+6x-2 
(m) y=———— a 


2. For each of the following f, find f’(a) for the given a. 
(a) f(x)=e*tanx, a=0 
_ Inx _ 
(b) f= ae, a= 


ay 


3. For each of the following f, find ae! 


(a) yer 4x-1-e% 
1 
(b) a ae als 


4. Use the inverse function rule to prove the following: 


(: 
(a) q sin x= », -l<x<l 
Xx 


Note: The functions sin7! and cos! are the inverses of the injective functions sin : | — : I — [-1,1] 


and cos : [0, z] —> [-1, 1] respectively. 


Chapter 9 


More Differentiation 


9.1 Chain rule 


Up to this stage, we know how to differentiate “simple” functions like the following: 
e f(xy)= x41 
_x-i1 
© ih x+1 


e f(x) =sinx 


e f(x) =e*+2tanx 
Inx e 


« fo 22- 


cosx x41 


using simple rules for differentiation and formulas derived in the last few chapters. But for more “complicated” 


functions, like the following: 
e f(x) = sin(x’) 
© f(xy= ert 
e f(x) = Ind + 2x) 


we need the chain rule. It is one of the most important rules for finding derivatives, used for differentiating 


composite functions. 


dy dy du 
Chain Rule — = —- — 
dx du dx 
Explanation More precisely, we have the following result for differentiation of composition of functions. 
Let f be a function that is differentiable on an open interval (a, b). Let g be a function that is differentiable 
on an open interval containing the image of (a, b) under f. Then the composition go f is differentiable on (a, b). 
Moreover, we have 


(go fY)=s'(fO):-fE) forall é € (a,b). 


If we denote u = f(x) and denote y = g(u), then y = g(f(x)) is a function of x. Note that (go f)’ = a a 


and f’ = du The Chain Rule is a compact way to express the relation between the derivatives of go f, g and 
X 


dy , _ dy 


jf. Below we show how to derive the rule (with an additional assumption): 
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dy A 
=“ = jim = 
dx pee Ax 
Ay A 
= lim ee Assume Au # 0 
Ax-0\Au Ax 
_ Ay |, Au ty 
= jim, aa jim, Ty Limit Rule (L.5) 
_ Ay |. Au — 
= Jim, ia Jim, Te Continuity of f 
_ dy du 
~ du dx 
ca A og 3 
Example Find —(x* + 5) 
dx 
(1) without using chain rule; 
(2) using chain rule. 
Solution 
ds 3 dg 4 2 : : 
(1) [“ +5pP = an + 15x* + 75x° + 125) Rewrite the function 
= 60 4+15-49°+75+2x+0 Term by Term Differentiation, 


P Constant Multiple Rule & Power Rule 
= 6x + 60x? + 150x 


(2) Put uw = x? +5 and put y = u*. Then we have y = (x* + 5)°. From these we get 


d d 
{02453 = 2 Substitution 
dx dx 
dy d 
s Suen Chain Rule 
du dx 
d d 
= —y«— Oe +5) Substitution 
du dx 
= 3y?-(2x+0) Power Rule and Term by Term Differentiation 
= 3(7 +5)? 2x Substitution 
= 6x(x? +5)" 


Remark 
e Itis straightforward to check that the above two results are the same. 


e If we change the function to (x7 + 5)3, we can’t apply the first method but can still apply the second 


method which makes use of the chain rule together with the power rule. 


We can combine the chain rule with any formula to get a more general formula. In the table below, the gen- 
eral form gives the derivative of go f where g is a power function, the sine function etc. and / is a differentiable 


function such that go f is defined (for example, in order that In[f(x)] be defined, we have to assume that / is 
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positive). These formulas will be referred as the Chain Rule & Power Rule, Chain Rule & Derivative of sin etc. 
For the Power Rule, we have seen that it is true if r is an integer or a rational number in the form n + ; where n 
is an integer. In fact, it is true for all real numbers r. We will prove this result (called the General Power Rule) 


later using logarithmic differentiation which is based on the Chain Rule & Derivative of In. 


Simple Form General Form 
da f — yet] a r= r-1, ad 
ae = ™ ee [FOO] = rf] qt) 
d | d a a 
ae sin x = cosx aa sin[ f(x)] = cos[f(x)] ay 
d : d ee d 
Gy 008 * = ~ sin a cos[f(x)] = — sin[ f(x)] - qf) 
Lv tan x = sec? x Le tan f(x)] = sec?Lf(x)] - ie) 
dx dx dx 
d d d 
a ee BF OY) pF), 
ao =e 7 aia a 
d 1 d 1 d 
axes dx DUO = Fy at 


Proof We give the proof for the Ist, 2nd and 6th formulas. The proofs of the rest are left as exercises. 


(1) Put uw = f(x) and put y = uw’. Then we have y = [f(x)]’. From these we get 


d d 
—If()]/ = cl Substitution 
dx dx 
dy d 
= 7 x Chain Rule 
d d 
= ou. 7 Substitution 
d 
So guy's a Power Rule 
dx 
dd _ 
= rif)’ Bers f(x) Substitution 
x 


(2) Putu = f(x) and put y = sinu. Then we have y = sin[f(x)]. From these we get 


d d 
~ sinf(@o] = 2 Substitution 
dx dx 
dy d 
= . = Chain Rule 
d d 
= re sinu- 7 Substitution 
du err : 
= cosu-— Derivative of sin 
dx 


= cos[f(x)]- f(x) Substitution 
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(6) Put u = f(x) and put y = Inu. Then we have y = In[f(x)]. From these we get 


d d 
“mif@) = 2 Substitution 
dx dx 
dy d 
Age Chain Rule 
du dx 
d 
= —Inu- 2 Substitution 
du dx 
= i . a Derivative of In 
u dx 
: : f(x) Substitution 
= —-—f(x ubstitu 
f(x) dx oO 
. dy 
Example For each of the following y, find oT 
x 
(1) y =sin(x? + 1) 
(2) y=er?? 
(3) y=In(@’ -3) 
(4) y= er tan x? 
(5) y = In[sin?(2x + 3)] 
1 
6 == 
(©) Y= Ga at 
(7) y=e*t! In(x? + 1) 
Solution 
dy ad. 4, 
(1) Ay = te sin(x + 1) 
2 d 2 . . . . 
= cos(x* + 1)- — + 1) Chain Rule & Derivative of sin 
x 
= 2x cos(x? + 1) Term by Term Differentiation and Power Rule 
d d 
(2) ay = er t2 
dx dx 
d 
= ert2. ae +2) Chain Rule & Derivative of exp 
x 
= 2xer?? Term by Term Differentiation and Power Rule 
dy d 
3 = In(x* — 3 
(3) re ay n(x* — 3) 
1 d_, . or 
= » —(x* - 3) Chain Rule & Derivative of In 
x2-3 dx 
2x 


= Term by Term Differentiation and Power Rule 
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d d 2 2 
(4) * = an e* +tan x 
= er ttanx’ , < + tan x7) Chain Rule & Derivative of exp 
= erttane’, (=x + = tan °) Term by Term Differentiation 
dx dx 
= erttane’, (2x + sec? x? - <2) Power Rule and Chain Rule & Derivative of tan 
= er Hane’ (2x 4 sec2x? - 2x) Power Rule 


eae 2 
= 2x(1+sec?x*)e* ttan* 


d d 
6) 2 = = infsin22x+3)] 
dx dx 
1 d .,5 . os 
= —3. a a (2x + 3) Chain Rule & Derivative of In 
sin*(2x +3) dx 
_ ! : Sr aio x+ 3)/7 Rewrite sin? u as (sin uy 
sin?(2x+3) dx 
1 . d . : 
ae are el 2 sin(2x + 3) - — sin(2x + 3) Chain Rule & Power Rule 
sin*(2x + 3) dx 
1 . d . —— : 
=a 2 sin(2x + 3)-cos(2x + 3) - —(2x + 3) Chain Rule & Derivative of sin 
sin* (2x + 3) dx 
_ 4cos(2x + 3) Term by Term Differentiation 
sin(2x + 3) and Power Rule 


Remark In the above solution, we apply the chain rule thrice. Alternatively, we may use a property of 


logarithm and apply the chain rule twice. 


Alternative solution 


dy _ d 2 
= ae In[sin*(2x + 3)] 
d : 2 . : 
= an In[sin(2x + 3)] Rewrite the function 
d . 
= ae In[sin(2x + 3)] Log Property (6) 
d : : 
= 2- cr In[sin(2x + 3)] Constant Multiple Rule 
1 d . : ee 
= 2-—W—_. — sin(2x + 3) Chain Rule & Derivative of In 
sin(2x +3) dx 
z cos(2x + 3) diy + 3) Chain Rule & Derivati f si 
at - xX — 
ante 3) a x ain Rule erivative of sin 
4cos(2x + 3) Term by Term Differentiation 


sin(2x + 3) and Power Rule 
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dy d 1 
4) SS = SSS 
(6) dx dx (x2 + 3)4 
d 
a rriod +3)4 Rewrite the function 
x 
d 
= (-4)-@*+3)°. a +3) Chain Rule & Power Rule 
oa 
=A ue 
= @a35 -2x Term by Term Differentiation and Power Rule 
7 —8x 
(x2 +395 
Remark If we apply the quotient rule in the first step, we still have to apply the chain rule in a later step. 
d d 
(7) 7 = = (e**! - n(x? + 1) 
x41 d 2 2 d x+1 
= es ae In(x? + 1) + In(x* + 1)- ax e Product Rule 
1 d d i ivati 
= ets “(24 ante ees “Gea fh eae Rule & eee of In and 
x24+1 dx dx Chain Rule & Derivative of exp 
2 x+1 : ati 
= AE eetip (#15 Term by Term Differentiation 
x4) and Power Rule o 


Remark Instead of using the General Form given in the table on page 209, some authors use the chain rule 


directly by writing down the expression for u. Below we redo (1) and (2) in the last example using such 


notations. 
d d 
(1) > = =sin@? +1) 
= ae sin(x? + 1)- oe + 1) Chain Rule (replace u by x7 +1) 
d(x? + 1) dx 
as Besse? 4a) Term by Term Differentiation, Power Rule 
7 & Derivative of sin 
dy d » 
2 Seo ee, EE er 
2) dx dx ‘ 


x +2 


ie aD aaa (x2 + 2) Chain Rule (replace u by x* + 2) 


Term by Term Differentiation, Power Rule 
& Derivative of exp 


2: 
= 2xer +2 


Logarithmic Differentiation Suppose that y is a differentiable function of x and that y is always positive. 
Then the composition In y is a differentiable function of x. Moreover, by the Chain Rule & Derivative of In, we 


have 


Qa 


d 
—Iny= = 


1 
+s, 1.1 
dx y dx nee 


LC] 
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Using properties of logarithms, we may be able to find = Iny. In this case, we can then find ed using (9.1.1. 


This method is called logarithmic differentiation. 


Below we will apply logarithmic differentiation to proof the General Power Rule and do an example to 


illustrate how to find the derivatives of exponential functions with bases different from e. 


General Power Rule Let r be a real number. Then the power function x’ is differentiable on (0, co). Moreover, 
we have 
1 


— x =rx",” x>0. 
dx 


Explanation We can use logarithmic differentiation because In x” = r In x can be differentiated easily. 


Proof Put y = x’. Taking natural logarithm and using Log Property (6), we get 
Iny=rlnx. 


Differentiating both sides with respect to x, we get 


d d 
di Iny = ae (rIn x) 
I dy — u Chain Rule & Derivative of In, 
y dx x Constant Multiple Rule and Derivative of In 
dy _ r 
dx 4 x 
r ae 
= x. F Substitution 
ae ae 


d _2 : 
Example Find — 5* *°°S*, 
dx 


Explanation The given function is in the form b/” where b # e and f is a differentiable function such that f’ 


can be found easily. Its derivative can be found by the following two methods: 
(Method 1) Express b/™ in the form e&™ and then apply Chain Rule & Derivative of exp. 


(Method 2) Use logarithmic differentiation: note that In LIO = f(x) Inb can be differentiated easily. 


Solution 1 Note that 5“ = e'">" = e“!"> by Log Properties (8) and (6). Therefore, we have 


d 


mas 5° t+cosx A (2400s x)In5 


Rewrite the function 
dx dx 


; d 
= g(t’ +cosx)In5 , ral + cos x)-In5 Chain Rule & Derivative of exp 


Constant Multiple Rule, Term by Term Differentiation, 


= et teosx)IN5 . In 5. (2x — sin x) ae 
Power Rule and Derivative of cos 


= (2x— sin x)5* 7°S* In 5 Rewrite the function 


Solution 2 
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(Step 1) Put y = 5% *6°5*, 


(Step 2) Taking natural logarithm, we get 
Iny= (x* +cosx)In5. 


(Step 3) Differentiating both sides with respect to x, we get 


* iny = (2 +cosa)n5 
1 dy Chain Rule & Derivative of In, 
- : re = In5-(2x-sinx) Constant Multiple Rule, Term by Term Differentiation, 
Power Rule and Derivative of cos 
dy = y(2x-sinx)In5 
dx 


= (2x—sin x) 5° *S* In 5 Substitution 


Exercise 9.1 


1. Find ° for the following: 


(a) y=(@x +52") (b) y= V9+4x 
(c) y= wes (d) y=cos5x 
(e) y=sin(6x—7) (f) y=sin*x 

(g) y= cos?(6x - 7) (h) y=4xsin3x 
(i) y = tan(8x> + 1) (j) y= = 

(k) y=2e*4+4x—5 () y=xe™ 

(m) ya (n) y=In8x 

(0) y=In(5— 2x) (p) y=In(l —x’) 
(qq) y=Inv2x4+11 (rt) y=3xlnx 
(s) y= In(nx) (t) y=e* Inx 
a) see" (v) y= tan(e*) 

(w) y= sin(e”) (x) 7= esindx 

(y) y=cos[In(4x? + 9)] (z) y= In[cos(4x* + 9)] 


2. Use logarithmic differentiation to find . for the following: 
(@) y=2ee (b) yaa 


= fee cos x — @x+ DGx+ 4) 
(c) y= (sinx) (d) ~ Gla Te 


3. Ecologists estimate that when the population of a certain city is x thousand persons, the average level L of 
carbon monoxide in the air above the city will be L ppm (parts per million), where L = 10+0.4x+0.001x°. 
The population of the city is estimated to be x = 345 + 22r + 0.527 thousand persons t years from the 
present. 

(a) Find the rate of change of carbon monoxide with respect to the population of the city. 
(b) Find the time rate of change of the population when ¢ = 3. 


(c) How fast (with respect to time) is the carbon monoxide level changing at time t = 3? 
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4. Suppose that f and g are differentiable functions such that f(1) = 2, f’(1) = 3, f’(5) = 4, g(1) = 5, 
, / i : 
g'(1) = 6, g’(2) = 7 and g(5) = 8. Find gfe), 


9.2 Implicit Differentiation 


Implicit differentiation is a technique for differentiating functions that are not given in the usual form y = f(x). 
We use the following example (Solution 2) to illustrate the general procedure. 


Example Find the slope of the line tangent to the circle 

vr+y=4 (9.2.1) 
at the point (V2, V2 ). 
Explanation There are two methods to find the slope. 


(1) The first method is to rewrite the equation of the circle (in fact, semi-circle) in the form y = f(x). The 
slope at the given point is C2 ). From (9.2.1), solving y in terms of x, we get y = +V4 — x?. But this 


doesn’t give a function since certain value of x (say x = yp oa values of y. Note that the point 
(V2, V2 ) lies on the upper semi-circle. To consider the required slope, we take y = V4 — x2. 


(2) The second method is to differentiate both sides of Equation (9.2.1) with respect to x. For the left-side, 
d 9 eu te 
to find a fT can use the Chain Rule & Power Rule by treating y = f(x) as a function of x. 


Solution 1 From (9.2.1) and noting that the point (V2, V2 ) lies on the upper circle, we get y = V4 — x?. 
Differentiating, we get 


d d 
~ = 54-2): 
dx dx 
! 2\-4 d 2 : 
= a (4—x*)2- a — x") Chain Rule & Power Rule 
1 Term by Term Differentiation, 
= ———_-(-2x) 
2-(4-x2)2 and Power Rule 
_ —x 
V4 32 
The slope of the tangent at (V2, V2 ) is 
dy _ -v2 = 
dx|,=y2 V2 


Solution 2 Differentiate both sides of (9.2.1) with respect to x, we get 


fo2+y) = Sa) 
dx 


dx 
d a dy _ 0 Term by Term Differentiation 
dx dx ~ and Derivative of Constant 
d 
2x + 2y dy _ 0 Power Rule and 


dx Chain Rule & Power Rule 
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: d 
Solving for ae we get 
xX 


At (V2, V2 ), the slope of the tangent is 
dy v2 


dxliwv2) 3 


In general, although an equation of the form 


= F(x, y) = 0 (9.2.2) 
usuzlly defines y as a function of x implicitly, it may be difficult to express y in terms of x explicitly. By treating 
y as a function of x, the left-side of (9.2.2) becomes a function of x. To find a we may differentiate both 
sides of (9.2.2) with respect to x and then solve for © (in terms of x and y). This method is called implicit 


differentiation. 


d 
Example Use implicit differentiation to find 7 given that x7 + 4xy? -7=y°. 
% 


Explanation To apply implicit differentiation, we assume that y is a function of x. Thus, 4xy” is a function of x 


and y? is a function of x. Moreover, 4xy can be treated as a product of functions of x. 


Solution Differentiate both sides of the given equation with respect to x, we get 


d_, d 
aus A De q = fy? 
dx one ) dx? ) 
d, d d dy Term by Term Differentiation and 
+ —(4xy? 7 = 3y-—= 
dz ax de ax Chain Rule & Power Rule 
2 d 4 2,4 2 dy 
3x° +4x-—(*) + y°-—(4x)-0 = 3y° => Power Rule and Product Rule 
dx dx dx 
d d i 
3x2 + Ax-(2y- he ude ee ay dy Chain Rule & Power Rule, 
dx dx Constant Multiple Rule and Power Rule 

d d 

3x7 + xy +4y = ay 
dx dx 

: dy 
Solving for a We get 
2 2 2 dy dy a 
3x +4y = 3y° = - Bxy— Collect similar terms 
dx dx 
2 2 _ Ww 2 
3x° + 4y* = ree (3y* — 8xy) Extract common factor 
x 

dy _ 3x7 + 4y* 
dx —- 33y2- — 8xy’ 


oO 


Caution % By? — 8xy) and <3y° — 8xy) are different. The first expression is the product of ° and 3y* — 8xy 


whereas the second one is the derivative of 3y” — 8xy. 
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d 
Example Find = given that yInx = xe” — 1. 
x 


Explanation The question is to use implicit differentiation to find x (it is difficult or even impossible to solve 
Xx 
y as a function of x explicitly). 


Solution Differentiating both sides of the given equation with respect to x, we get 


d d ; 
5, (In) = rGia - 1) 
: Inx+In dy 2 e+e 1 Ti by Ti Differentiati 
— —! — x-—e _—x)- — 
y an x x ce oe a an erm by Term Differentiation 
1 d d ivati 
joins dy _ oP dy ea Derivatives of In & exp 
x dx dx and Power Rule. 
- dy 
Solving for a We get 
d d i 
site awe ee j Multiply by x and 
dx dx collect similar terms 
d 
x -(xInx-xe)) = xe y Extract common factor 
dy _ xe—y 
dx x Inx— x2e”" Oo 


Example Find the slope of the curve with equation 
xsiny + cosy" =1 
at the point (1, 0). 


Explanation The required slope is ay 


: eee ie dy : 
7 i ee We use implicit differentiation to find = and then substitute (x, y) = 
2 i xX 


(1,0). 

Solution Differentiating both sides of the given equation with respect to x, we get 
d d 
a siny + cosy") = a 


Term by Term Differentiation 


sinh ces? 0 
—(x si — = 
dx _ dx y and Derivative of Constant 


ds ; d . go dz Product Rule and 
x-—siny+siny: —x]+(-siny*)-—y = 0 ; are 
dx dx dx Chain Rule & Derivative of cos 
Derivative of sin, Power Rule and 


dy. : dy 
i Pe ais Pan A ja 2, 2y-— = 0 
w (: ee dx ad ee ae dx Chain Rule & Power Rule. 


d 
Solving for oa we get 
dx 


d d 
siny = 2ysiny? = X COS i Collect similar terms 
dx dx 
_ dy a) 
siny = a (2y sin y~ — xcos y) Extract common factor 
dy siny 


dx 2ysiny* — xcosy 
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The slope of the curve at (1, 0) is 
dy sin 0 


dx 


ao, O-cos0 — ; q 


Remark Alternatively, we can substitute (x, y) = (1, 0) into (+) to get 


dy 


dy 
(1,0) dx 


(1,0) dx|(1,0) 


d 
which yields 2] =0 
dx (1,0) 


Related Rates In implicit differentiation, we differentiate an equation involving x and y, with y treated as a 
function of x. However, in some applications where x and y are related by an equation, they are functions of a 
third variable, for example, time f. If we differentiate such an equation with respect to ¢, we get a relationship 
d dx bogs 
between the rates of change | and a These derivatives are called related rates. 
Example The radius of a circle is increasing at the rate of 3cm per second. Find the rate of change of the area 
inside the circle when the radius is 5 cm. 
Explanation Both the area A and the radius r of the circle are functions of time f. It is give that > = 3. The 
bee dA 
question is to find a when r = 5. 
Solution The area A and the radius r of the circle are related by 
2 


A=azxr°. 


Differentiating both sides of the equation with respect to time f, we get 


d d 

—A = —nr 

dt a 

dA ide. dr Constant Multiple Rule and 
dt dt Chain Rule & Power Rule. 
dA 

= 2Qar-3 Given that % = 3 

dt dt 


Thus at the instant where r = 5, we have 


CS Opes Bh 
dt 


That is, the area is increasing at the rate of 307 cm? per second. Oo 
Example A point is moving along the graph of 4x” + y* = 8. When the point is at (1,2), its x-coordinate is 
increasing at the rate of 3 units per second. How fast is the y-coordinate changing at that moment? 
Explanation The question is to find 2 when (x, y) = (1, 2), given that 2 = 3 at that instant. 


Solution Differentiating both sides of the equation with respect to time f, we get 


d 
Fra 


d 
Fra +y) 


d deg dy _ 0 Term by Term Differentiation 
dt de and Derivative of Constant 


i 
‘S) 
os 

| 
+ 
N 

| 
Il 


0 Chain Rule & Power Rule 
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< d 
Solving for we get 


dt 2y y dt 
At the given moment, we have 
dy —-4-1 
= 32-6 
dt 2 
That is, the y-coordinate is decreasing at a rate of 6 units per second. Oo 


Exercise 9.2 


1. For each of the following equations, find 2. 


(a) xy’-x*+y=0 (b) »++y?-6xy=0 

(c) x» +4xy-3y =1 (d) xsiny+y*=1 

(e) sin(x + y) = ycosx (f) P=x+y 

(g:) »-y=xlIny (h) xe’ +ysinx = In(x+y) 


2. Foe each of the following curves represented by the given equations, find the slope at the indicated point. 
(a) 2y3+y?-x=0, (3, 1) 
(b) xy? -3y3+8=0, (4,2) 
(c) ysinx+3cosy =3+cosx, (2,0) 
(d) Iny=2y-x+4+1, (3, 1) 
(e) In(x+siny) = x* + 2e” — 3, (1,0) 
(f) 8+y43e"=1, OD 
3. A point is moving on the graph of xy = 24. When the point is at (4, 6), its x-coordinate is increasing at 5 
units per second. How fast is the y-coordinate changing at that moment? 
4. The radius of a spherical balloon is increasing at the rate of 5cm per minute. How fast is the volume 


changing when the radius is 8 cm? 


5. A 3m ladder is placed against a wall. Suppose that the foot of the ladder is pulled along the ground at 
the rate of 1 m per second. How fast is the top end of the ladder sliding down the wall at the time when 
the foot is 2m from the wall? 


9.3. More Curve Sketching 


Example Let f(x) = xInx. 
(1) Find and classify the critical number(s) of f. 
(2) Find the interval(s) on which f is increasing or decreasing, convex or concave. 


(3) Sketch the graph of /. 


Solution 


(1) & (2) First we note that the domain of f is (0, co). 
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d 
Differentiating f, we get f’(x) = aa In x) 
x 
: Inx +I1n c 
= x-—Inx Xx 
dx dx 


1 

= x--4+Inx 
x 

= 1+Inx. 


Solving f’(x) =0, 1+Inx = 0 


Inx = -l 


we get the critical number of f: x; = e7!. 


(0,e7') | (e', 00) 
fil o- + 
The function f is decreasing on (0, e7!) and increasing on (e~!, 00). 


Thus f has a local minimum at x; = e7!. 


d 
Differentiating f’, we get  (f’’(x) al + In x) 
x 


1 


x 


The function f is convex on (0, 09). 


(3) The graph of f is shown in Figure 9.1. 


1 
y=xlInx 


(. 


Figure 9.1 


Example Sketch the graph of f(x) = sin x + cos x for 0 < x < 27. On the graph, indicate the local extremum 


points and inflection points. 


Solution Differentiating f, we get f(x) 


d 
—(sin x + cos x) 
dx 


= cosx—sinx. 
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Solving f’(x)=0,  cosx = sinx 
tanx = | 


we get the critical number of f in the interval (0,27): x, = ‘ and x2 = 7. 


ie nm 5a 5a 
Oe an 


f’ + - + 


The function f is increasing on (0, as decreasing on Gs *) and increasing on , 2n). 


Thus (Ff) = (Z, V2) is a local maximum point and (7, £27) = ex V2) is a local minimum point of 
the graph. 


d 
Differentiating f’, we get f’’(x) qos x — sin x) 
x 


= —sinx—cosx. 


Solving f” (x) = 0 in the interval [0, 277] 
—cosx = sinx 


-l1 = tanx 


we get the zeros of f” in the interval (0,27): x3 = = and x4= 7. 


3m 3a 7n hs 
Cie. 


f" = + st 


The function f is concave on (0, *), convex on es m) and concave on 27). 


Thus (4) = (,0) and Cee) = (7,0) are inflection points of the graph of f. 


y =sinx + cos x 


Figure 9.2 


Remark 


e Because the sine and cosine functions are periodic with period 27, we can use the above graph to get the 


whole graph of f. 
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7. oF 


Figure 9.3 
e Note that 
f(x) = sinx+cosx 
= a(+ sin x + as cos] 
v2 v2 


V3 (cos i sin x + sin 7 cos x] 


v2 (sin (x + )| Compound angle formula 


Thus the graph of f can be obtained from that of the sine function by shifting it units to the left and 
then amplifying it by a factor of V2. 


Exercise 9.3 


1. For each of the following equations, sketch its graph. 


(a) y= e* (b) y=xe* 
() y=x-Inx @) y=" 
(e) y=x-2sinx (f) y=sin?x 
= — — x2 = ua 
(g) y=x-Vl-x (h) ae 


9.4 More Extremum Problems 


Example Among all line segments that stretch from points on the positive x-axis to points on the positive 


y-axis and passes through the point (5, 2), find the one that has shortest length. 


Explanation The length of the line segment can be expressed as a function of any one of the following: (1) the 
x-intercept of the line segment; (2) the slope of the line segment; (3) the angle between the line segment and 


the x-axis. 
BO, y) BO, y) 
(5,2) (5, 2) 


| a 
A(x, 0) A(x, 0) 
Figure 9.4(a) Figure 9.4(b) 


Note that in Figure 9.4(a), we have x > 5 and in Figure 9.4(b), we have 0 < 0 < S Moreover, if m denotes the 


slope of the line segment, then we have m < 0. 
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Solution 1 Let A(x,0) and B(O,y) be the points of intersection of the line segment with the x- and y-axes 


respectively. We want to minimize the length 


Since the line segment passes through (5, 2), we get the following relationship between x and y. 


L= x+y. 


y-2 2-0 
—§ 5-x 
—10 

= 2 

y as 
_ 2x 
~ 5 


ay 
Therefore, we have L = 4|x? + ( ] . 
= 


Since L is a minimum when L? is a minimum, we consider minimizing 


Differentiating, we get 


4x? 


fx) =? + 


I’) = 2xt+ 
((x-5)2)° 
oh Wie (x — 5)? - 8x -— 4x2 - 2(x— 5) 
(a~ 5)* 
_ 6) _ 942 
ae ee 8x (x -—5)- 8x 
(x- 5) 
= 2x+ = ' 
(z-5) 
A 
Solving f’(x) = 0, mae ~ - 
(x-5) = 20 since x > 5 implies x # 0 
x-5 = 203 
we get the critical number of f in (5,00): x, =5+ 20. 
5,5 + 20) | (5 + 20, _5)3_ 
( #820) | +920, 00) | Nose that f(x) = 22@= P= AO 
f’ = op (x- 5) 


Gay 


x>5. 


(x — 5)?» 1 (432) — 432. 2,592 
dx dx 


2x [(x — 5)? — 20] 


(x -— 5)3 


Since f is decreasing on (5,5 + 20) and increasing on (5 + V20, co), it follows that f attains its absolute 


minimum at x,. Therefore, the shortest line segment is the one that has x-intercept equal to (5 + V20, 0). 


oO 


Solution 2. Let A(x,0) and B(O,y) be the points of intersection of the line segment with the x- and y-axes 


respectively. We want to minimize the length 


L= x+y. 
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Note that both x and y are functions of the slope m of the line segment: 


2 = 
g =m and ane =m 
5-x 0-5 
2 Seay y-2 = —-5m 
= 2-—5m 
2 y= = 
x 5-— 
m 


a 20. 4 
Therefore, we have L = (5 — =) + (2-—5m) = ,/25m? — 20m + 29 — — + = 
m mm 


Since L is a minimum when L? is a minimum, we consider minimizing 


20 4 
fom) = 25m? —20m+29- 2 4 *, m<0. 
m m 


Differentiating, we get 


f’(m) 


d 
(25m? — 20m + 29 — 20m-! + 4m-) 


m 


50m — 20 + 20m-2 — 8m-3 


Solving f’(m)=0, 50m—20+20m-*-8m > = 0 
25m* — 10m? +10m-4 = 0 Multiply both sides by . 
(5m —2)(5m3 +2) = 0 Factor Theorem: L.S. = 0 when m = : 
5m? +2 = 0 Since m < 0 
5 
we get the critical number of f: mm =< = 


Differentiating f’, we get 


d 
f’(m) ue (50m ~ 20 + 20m-? — 8m-) 
dm 


50 — 40m-3 + 24m-4. 
Note that 
fn) = 50-40-(- 2) +24-(2)' >0 
; ay 2 
and that m, is the only critical number of f in the open interval (—co, 0), it follows from the Second Derivative 


Test (Special Version) that f attains its global minimum at m,. Therefore, the shortest line segment is the one 
2 

that has slope equal to ./— = Oo 

2 


Remark Corresponding to m ,, we have x, = 5 — 
3 


e) 


Solution 3 Let @ be the angle between the line segment and the x-axis. By considering the two right-angled 
triangles shown in Figure 9.4(b), we have 


x 
cos@ = — and tand = 5 
L x-5 
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from which we get 


2 
_ * _ >* ina 
~ cos@— cos 
We want to minimize 
L(6) = a race 0<e<— 
~ cos@ sing’ 2 


Differentiating, we get 


dL d 
1 a (5- (cos)! + 2- (sin@)"') 
= 5-(-1)-(cos6)?- ia cos @ + 2-(-1)- (sin@)~? - “ sin @ 
7 dé dé 
= 5-(-1)-(cos@)~? - (—sin@) + 2-(—-1)- (sin)? - cos @ 
_ Ssind 2cosé 
~ cos?@ sin?” 
dL 5 sind 2cos 6 
Solving — = 0, = 
tore dg cos? 4 sin? @ 
5sine@ = 2cos?A 
2 
tan?g = =, 
5 


we get the critical number of L in (0, a): 6, = tan7! ae . 


=P] (tant fe? 
(0, tan AP) (tan ne) 


2 
3 3 
_ 5sin?@-2cos?6 _ 5 cos? 6 ( tan @- =) 


ie * 
sin” 9 cos? 6 sin’ 6 cos? @ 


dL 
Note that 
dL . dg 


do 


‘ : . 2, : fi 2; : hone. ae 
Since L is decreasing on (0, tan7! 2) and increasing on (tan7! . = =), it follows that L attains its minimum at 


6,. Therefore, the shortest line segment is the one that makes an angle tan™! v2 with the x-axis. Oo 
: 2 3 
Remark Corresponding to 6, we have x; = 5 + =5+ V20. 


3/2 
5 


Example A recording company has produced a new CD. Before launching a sales campaign, the marketing 
research department wants to determine the length of the campaign that will maximize total profits. From 
empirical data, it is estimated that the proportion of a target group of 50000 persons buying the CD after ¢ 
days of TV promotion is given by 1 — e~°-°'. If $20 is received for each CD sold and the promotion cost is 
C(t) = 200000 + 120007. 


(1) How many days of TV promotion should be used to maximize the profit? 
(2) What is the maximum profit? 


(3) What percentage of the target group will have purchased the CD when the maximum profit is reached? 


Explanation The number of days is a positive integer. In order to apply differentiation, we enlarge the domain 
to (0, co). 
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Solution The revenue (in dollars) after t days of promotion is 
R(t) = 20 x 50000 x (1 — e79*), 
Therefore, the profit (in dollars) is 
P(t) = 1000000(1 — e~°°) — 200000 — 120007. 


We want to maximize P(t) for positive integers t. First, we consider P as a function with domain (0, 0). 


Differentiating, we get 


P'(t) 


d 
77 (100000011 — e~°°%) — 200000 — 12000) 


d 
1000000 - (—e~®.*) . ae 0 O08) — 12000 


60000e~°.°% — 12000. 


Solving P’(t)=0, 60000e~°°% = 12000 


e 0.061 = 02 
-—0.06t = In0.2, 
Se 3 In0.2 
we get the critical number of P in (0,00): ft = 0.06" 
In0.2 In0.2 
(0, ~a08) (<6 : ) | 
P’ + - | 
‘ ree: : In0.2 : In 0.2 : ae hsg : 
Since P is increasing on (0, aaa) and decreasing on (Sane? co), it follows that on (0, co), P attains its maximum 


at t;. However f, ~ 26.8 is not an integer. Comparing the profit at tg = 26 and #3 = 27: 


t 26 27 
P || 277864 | 278101 


we see that 
(1) 27 days of TV promotion should be used to maximize the profit; 
(2) the maximum profit is $278101; 
(3) 1-70-0627 ~ 80% of the target group will have purchased the CD. 


Exercise 9.4 


2 
1. Find the area of the largest rectangle that has one side on the x-axis and two vertices on the curve y =e . 


2. Suppose the price-demand equation for a product is determined from empirical data to be p = 100e~°.°4 


where g is the number of units sold. Find the production level and price that maximize revenue. What is 


the maximum revenue? 


3. A lake polluted by bacteria is treated with an antibacterial chemical. After ¢ days, the number N of 


bacteria per ml of water is approximated by 


M(t) = 205 _ In) +30 
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for | <t < 15. During this time 
(a) when will the number of bacteria be a minimum? what is the minimum? 
(b) when will the number of bacteria be a maximum? what is the maximum? 

4. A company wishes to run an utility cable from a point A on the shore to an installation at point B on the 
island. The island is 6 km from the shore where C is the nearest point. Assume that the cable starts at a 
point A on the shore and runs along the shoreline, then angles and runs underwater to the island. It costs 
$3200 per km to run the cable on land and $4000 per km underwater. Find the point at which the line 
should begin to angle in order to yield the minimum cost if 

(a) the distance between A and C is 9km; 
(b) the distance between A and C is 7km. 

5. A light source is to be placed directly above the center of a circular table of radius 1.5 m. The illumination 
at any point on the table is directly proportional to the sine of the angle between the table and the line 
joining the source and the point and inversely proportional to the square of the distance from the source. 


Find the height above the circle at which illumination on the edge of the table is maximized. 


6. A long piece of metal one meter wide is to be bent in two places, 5 meter from the two ends, to form a 
spillway so that its cross-section is an isosceles trapezoid. Find the angle @ at which the bend should be 


formed in order to obtain maximum possible flow along the spillway. 
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Chapter 10 


More Integration 


10.1 More Formulas 
Using formulas for differentiation discussed in previous chapters, we get the corresponding formulas for inte- 
gration. 


xtt 1 


“ible where -1 #reER 


Integration Formula 1 if x" dx = = 
7 


Integration Formula 2 if sinxdx =—cosx+C 


Integration Formula 3 cosxdx = sinx+C 


5 dx = tan™ y4+C 


Integration Formula 4 { sec’x dx = tanx+C 
Integration Formula 5 {wm 


Integration Formula 6 if e‘dx=e*+C 


1 
Integration Formula 7 if — dx = In|x|+C 
x 


Explanation For each of the above formulas, the equality is valid on every open interval on which the integrand 
is defined. For example, Formula 4 means that on every open interval not containing any real number in the 


form > where k is an odd integer, the function tan x is an antiderivative of the function sec”x. 


The formulas can be proved directly by differentiating the functions on the right side. Below we give the 
proofs for (1), (2) and (7). For (7), since the domain of the function x! is R \ {0}, we have to consider two 


cases: x > Oand x < 0. 


230 Chapter 10. More Integration 


Proof for (1) Let r be a constant different from —1. On every open interval in which the function x’*! is 


defined (hence the function x" is also defined), we have 


dae ee rer ; de 
aot = Ga ae x! Constant Multiple Rule for Differentiation 
1 : 
= ach (r+1)-x"th! (General) Power Rule for Differentiation 
= x 
Proof for (2) OnR, we have 
d d ; é ae 
a cosx) = (-l)- dn cos x Constant Multiple Rule for Differentiation 
= (-1)-(-sinx) Derivative of cos 


= sinx 
Proof for (7) To prove the result, we consider the following two cases: 


d 
(Case x > 0) — In|x| 


a = ae In x Definition of |x| 
1 re 
= - Derivative of In 
x 
d i 
(Case x < 0) —In|x| = —In(—x) Definition of |x| 
dx dx 
1 d . ae 
= —-—(-x) Chain Rule & Derivative of In 
—x dx 
= eh Constant Multiple Rule for Differentiation and 
——. Power Rule for Differentiation 
_ 
x 


Example Perform the following integration: 


(1) [G2 +sinayax 
@ [(i-t)e 

XxX 
(3) fe cos x + 3e*) dx 


Solution 


(1) { (x7 +sinx)dx = i x dx + i sin x dx Term by Term Integration 
ee 


— 37 cosx+C Integration Formulas (1) & (2) 
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1 1 
(2) { f - | dx = i ldx- { —dx Term by Term Integration 
x x 
= x-In|x/+C Integration Formulas (1) & (7) 
(3) { (2cosx+3e*)dx = { 2cosxdx + if 3e* dx Term by Term Integration 
= 2 if cos x dx +3 { e* dx Constant Multiple for Integration 
= 2sinx+3e*+C Integration Formulas (3) & (6) 


Example Evaluate the following definite integrals: 


(1) [ssinxas 
0 


1 
a ff (e+ t}ax 
1 Xx 


Explanation In the first step of the solution, we apply rules and formulas for integration to find a primitive for the 
given integrand (on the closed interval determined by the limits of integration) together with the Fundamental 


Theorem of Calculus (Version 2). 


Solution 


nt 


a : ; 
(1) { Sande on Sees x] Constant Multiple Rule, Integration Formula (2) 
0 


& Fundamental Theorem of Calculus 


SO pir 


= -—3cos ae (—3 cos 0) 
2 
= 3 


2 Integration Formulas (6) & (7) 
1 


[e* + In|x|| 
& Fundamental Theorem of Calculus 


N 
~— 
~ nN 
Tei 
o 
Mt 
+ 
= | 
"tcc 
Q. 
S 
| 


(e? + In2) —(e + In1) 


= e?-e+ln2 
Oo 
Example Find the area of the (combined) region that lies between the a 
x-axis and the graph of y = e* — 1 for-—1 <x <2. = 
Solution Note that for —1 < x < 0, the graph of y = e* — 1 is below the 
x-axis and for 0 < x < 2, the graph is above the x-axis. 
- 2 


Figure 10.1 
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The required area A is 


0 2 
{ [0 -(e* — 1)] dx + { [(e* — 1) - O] dx 
-1 0 


2 
fa jax [ee 1) dx 
1 0 
, Term by Term Integration, 


0 
— [x — |, + a — x], Integration Formulas (1) & (6) 
& Fundamental Theorem of Calculus 


A 


= [(-1+0)-(-e! = 1)] + [te* -2)- (1-0) 
= e+e!-3 o 
Exercise 10.1 
1. Perform the following integration: 
(a) f 3 sec? x dx (b) f (2e* + cos x) dx 
2x+3 1,2 
(c) f — dx (@) fd+ =) dx 
2. Evaluate the following definite integrals: 
(a) 2sinxdx (b) f',(2e* + sin x) dx 
Teg od 22-x 
@ {,€ + -)dx qd) fi — dx 


3. Find the area of the (combined) region that 


(a) lies between the x-axis and the graph of y = sinx forO < x <7; 
(b) lies between the x-axis and the graph of y = . for ; <x<e; 


(c) lies under the graphs of y = e* and e™ and above the x-axis for —1 < x < 2 


10.2 Substitution Method 


Up to this stage, we can do simple integration using formulas and simple rules. For more complicated ones, like 
2 : » = : . . 

f xe* dx, we have to use some techniques for integration. In general, different forms of the integrand requires 

different techniques. In this section, we discuss a simple but important technique — the substitution method. It 


is the technique in integration that corresponds to the chain rule in differentiation. 


Let y = F(u) be a function of u and let u = g(x) be a function of x. Then y can be considered as a function 
of x by taking the composition of F with g: 
y = F(g(x)). 
Suppose that the function g is differentiable on an open interval J and that the function F is differentiable on 
an open interval containing the image of J under g. Then by the Chain Rule, the composition function F o g is 


differentiable on J and we have 


d 
a (g(x)) = a Definition 
dy d 
= 7 7 Chain Rule 


= F'(u)-9'(2). 
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Writing everything in terms of x, we get 


d 
Pal (g(x)) = F’(g(x)) - g’(~) 
XxX 


This is the chain rule expressed in an alternative way. Since integration is the reverse process of differentiation, 


we have (on the interval J) 
{ F'(g(x) - g(x) dx = F(g(x)) + C. 


Denoting F’ = f, the above integration formula becomes 


{ f(g) g(x) dx = F(g(x)) + C (10.2.1) 
— 


Example Find { (x* + 1)? - 2xdx. 


Explanation By choosing f and g suitably, the integrand can be written as f(g(x)) g’(x). To apply (10.2.1), we 


can take any antiderivative for /. 


Solution Put f(x) = x and g(x) = x + 1. Then we have 


f(g(x)) = (07 +1) and g’(x) = 2x. (10.2.2) 
A primitive F for f is given by F 
F(x) = Pale 
From these we get C__] 
i Gf 41+ 2edy = { f (g(x) g(x) dx By (10:2.2) 
= F(g(x))+C By (10.2.1) 
= F(x*+1)+C Definition of g 
= 50° +1p4+C Definition of F , 


Remark In the given integral, the integrand is deliberately written as (x7 + 1)? - 2x. Usually, the integral is 
written as [ 2x(x? + 1)’ dx. 


In order to use (10.2.1), we have to choose two functions f and g suitably. Below we describe a more 


c i way: change of variable (or substitution) — we only need to choose a suitable function g. 
ea Ney Sane ble ( bstitution) ly need to ch table function g 


In (10.2.1), putting wu = g(x) and using du = g’(x) dx (see the explanation below), we get 


| 
iaeane 
i! 
—~ 
= 
& 


{ f(g(x)) g(x) dx = 


i 
a 
= 
+ 
XQ 


Explanation The notations du and dx are called differentials. They are related by the fact that if Ax is small, 


A 
then 7 is approximately equal to g’(x), that is, 
x 


Au  g' (x)Ax. 
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In the limiting situation, we have du = g’(x) dx. 


: d : 
Alternative procedure for the above example Put u = x? + 1. Then we have x = 2x from which we get 
xX 


du = 2x dx. (10.2.3) 
L | 


Therefore, we have 


{ (741) -2xdx = { u? du Substitution and (10.2.3) 
ip 
= a +C Integration Formula (1) 
2 1 3 
= ou +C Back substitution 
Oo 


FAQ Do we get the same answer if we expand the integrand first? 
Answer If we expand the integrand and then integrate term by term, we get 
fe +1)?-2xdx = [ 2x0 + 2x7 + 1)dx 
= le (2x? + 4x3 + 2x) dx 
le, 4, 2 
= 3 tx HK 4+C. 


The result obtained by the substitution method is 


1 1 
go + P+C gee + 3x8 + 3x7 + 1I+C 


1 1 
64 44 x2 
BRM EX +o +C, 
3 3 
Although these two answers “look different’, they represent the same family of functions. Oo 


Remark If we change the integration to be 
{ Vx2+1-2xdx, 


we can still use the substitution method but not the method by expansion. 


Steps for the Substitution Method 


(1) Define a new variable u = g(x), where g(x) is chosen in such a way that g’(x) “is a factor” of the integrand 


and that when written in terms of u, the integrand is simpler than when written in terms of x. 


(2) Transform the integral with respect to x into an integral with respect to u by replacing g(x) everywhere 


by uw and g’(x) dx by du. 
(3) Integrate the resulting function of wu. 


(4) Substitute back u = g(x) to express the result in terms of x. 
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I 
Example Find { = de 
Xx 


Explanation After choosing u = g(x), we have a = g’(x) which yields du = g’(x) dx. Usually, the intermediate 
x 
step is omitted. In the solution below, in the first equality in the equation array, we just rewrite the integrand so 


that substitution can be applied. Usually, this step is done in the head. 


Solution Put u = In x. Then we have du = dx. From these we get 
x 


1 1 
[a = f mx Lax 
x x 


= i udu Substitution 
i 

= z +C Integration Formula (1) 
1 4 — 

7 ain xy tC Back substitution 


Oo 


Remark Instead of writing down the substitution u explicitly, some authors use the following alternative steps: 


| 
i =e i Inx d(In x) 
x 


(In x)? 


+C. 


Example Find i xe™ dx. 


Explanation If we choose g(x) = x°. Then we have g’(x) = 3x”. Although the factor 3 doesn’t appear in the 


: : oe 1 
integrand, we can create it by writing | = 3- 3° 


Solution Put u = x*. Then we have du = 3x” dx. From these we get 


1 & 
[ e" dx = [ 7e" 32 dx 
1, ae 
= Ps du Substitution 


Constant Multiple Rule and 
Integration Formula (6) 


1 3 
= il +C Back substitution 


Example Find ie sin(2x — 3) dx. 


ee ee In order to apply the substitution method, the integrands should be a product of two factors (see 
.2.1). Note that sin(2x — 3) can be written as sin(2x — 3) - 1. Moreover, the derivative of (2x — 3) is 2 which 


is a multiple of 1. 
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Solution Put u = 2x — 3. Then we have du = 2. dx. From these we get 


{ sin(2x—3)dx = ii 5 sin(2x~3)-2dx 


1 
= { 5 sinudu Substitution 
1 Constant Multiple Rule and 
= -—-(-—cosu) : 
2 Integration Formula (2) 


1 
“5 cos(2x — 3) +C Back substitution 


The following rule can be obtained using the method for the above example. 


Linear Change of Variable Rule Suppose that { f(x) dx = F(x) + C, a < x < B. Then for every constants a 


and b with a # 0, we have 


1 = = 
[ fax nar=2Fax+b)+C. at <x< Ff 
a 


Proof The given equality means that F’(x) = f(x) for all x € (@,). From this we get 


d {1 1 d 
—|-F(ax+b)} = --—F(ax+b) Constant Multiple Rule 
dx \a a dx 
1 d . 
= --F’(ax+b)-—(ax+b) Chain Rule 
a dx 
1 ae : 
= —-F’(ax+b)-a Derivative of Polynomial 
a 
= F’(ax+b) 


= f(ax+b) fora <ax+b<fB. 


: —b —b : 
Note that a < ax + b < Bis the same as a7? << 8-* Hence the required result follows. Oo 
a a 
In the substitution method, most authors use u to be the new variable. Thus the method is usually called 


u-substitution. 


A Guide for u-substitution Treat the integrand as a product of two functions of x. Choose u to be an expression 
appearing in one of the two functions such that x is the other function or a multiple of the other function. If 


XxX 
such an expression can be found, then the integral can be written as f fu) du using substitution. 


Remark The examples given in this section are chosen so that suitable u-substitutions can be used. If we change 
the integrands slightly, there may not be any suitable u-substitution. For example, we can use u-substitution to 
find f xe® dx. However, if we change the integral to be f xe* dx, we can’t use u-substitution. Instead, we can 
use a technique called Integration by Parts. It is the technique in integration that corresponds to the Product 


Rule in differentiation. A brief introduction to this technique will be given in a later section. 


Integration is difficult. In fact, there are functions that can’t be integrated. For example, we can’t express 


2. : : : 
e* dx using functions that we have discussed. 


10.2. Substitution Method 237 


Substitution Method for Definite Integrals 


To find definite integrals using u-substitution, one method is to find antiderivatives for the integrands and then 
apply the Fundamental Theorem of Calculus. Alternatively, we may change of the definite integrals to ones in 


terms of u by changing the limits of integration accordingly: 


b gb) 
{ f (g(x) g(x) dx = { f(u) du (10.2.4) 
a g(a) 

where g is a continuous function on [a,b] and f is a function defined and continuous on an open interval J 
containing the image of [a, b] under g. 

Proof Let F be a function such that F’ = f on J. Note that F o g is a primitive for (f © g)- g’ on [a, b]. Thus 
we have 

b 
a Fundamental Theorem of Calculus 


b 
i: f(g) 8’dx = [F(9)| 


F(g(b)) — F(g(a)) 


g(b) 
g(a) 


[Fe 


g(b) 
f(u) du Fundamental Theorem of Calculus 


g(a) oO 


4 
Example Evaluate { x Vx? + 9Odx. 
0 


Solution 1 Put u = x* +9. Then we have du = 2x dx. From these we get 


i x24+9dx [ 52 ¥9- 2x09 


1 
= 5 f waw 


By the Fundamental Theorem of Calculus, we have 


4 
i xVx24+9dx 
0 


Solution 2 Put u = x2 +9. Then we have du = 2x dx. 


Note that when x = 4, u = 25 and when x = 0, u = 9. 


| 
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Therefore by (10.2.4), we have 


4 
{ xVx24+9dx 
0 


i] 
NIe 

Se 

i) 
: 
\O 
wo 
ss 
Q 
S 


1 3 725 

u2 

= 513° 

eal 
1/2 2 

= —~|--125-=-27 
2\3 3 

_ 98 

~ 3 
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Remark Instead of writing down the substitution u explicitly, some authors use the following alternative steps: 


4 
ae x274+9dx = 
0 


— 


A 2 
f ray 5 Me +9) 
é o 


1fo2+92] 
7 


2 0 


In the rest of this section, we will apply (10.2.4) to find definite integrals using u-substitution. 


1 
Example Evaluate { (x + Ie *2* dx. 
0 


Solution Put u = x? + 2x. Then we have du = (2x + 2) dx. 


Note that when x = 1, u = 3 and when x = 0, u = 0. 


Therefore we have 


1 
{ (x+ De"? dx = 
0 


5 
Example Evaluate i sin x cos x dx. 
0 


Solution Put u = sinx. Then we have du = cos x dx. 


Note that when x = 


1 
2 


,u=1and when x =0,u = 0. 


1 
2 


1 
{ He 2%. (0x42) dx 
0 
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Therefore we have 


sinxcosxdx = 


oy 
NIA 
os 
= 
a 
= 


Remark We can also use the u-substitution u = cos x. 


Example Find the area of the (combined) region that lies between the x-axis and the graph of y = xe for 
-l<x<2. 
Solution Note that for —1 < x < 0, the graph of y = xe is below the 


x-axis and for 0 < x < 2, the graph is above the x-axis. 


The required area A is 


0 2 
A= i (O— xe™* )dx + { (xe * — 0) dx. 
-1 0 


Put u = —x*. Then we have du = —2x dx. Figure 10.2 


Note that when x = —1, u = —1; when x = 0, u = O and when x = 2, u = —4. 


Therefore we have 
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7 2e 2e4 Oo 
Exercise 10.2 
1. Perform the following integration: 
(a) f 2x(x? + 1)? dx (bo) fxtvx5 + 6dx (c) f xsin x? dx 
(d)  f sinxcos? xdx (ce) f 2xe* dx (f) fe* sec?(e*) dx 
-x°+1 2.x7-1 : x 
(g) f xe dx (h) f xe dx (i) f Pea dx 
: sin t we+x 
i) f art dx (k)  f(xt IQ? + 2x +3)! dx ay f Sane dx 
Vx 
x acy e In(x + 1) 
(m) [(e* —3x)*(e* - 3) dx (ny) f Ee (0) f= dx 
1 15 x 
(p) f sy54e qq) f@+Ihdx a) f a" 


1 
X+ 5 


(s) fx(x+ DS dx (t) je 
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2. Evaluate the following definite integrals: 


(a) f) x(a? + 1)8dx (b)  f) xe"! dx 
(c) ff) cos. x3 dx @ f _ dx 
(@) foertdx (ff ay 
(2) [\@- DO? - 2x4 dx (h) ff is - ~ — dx 
(i) f) x(1— 2x)" dx @ ff — dx 


3. Find the area of the region that lies between 
(a) the x-axis and the graph of y = xsin x? for0 < x < vz; 
(b) the graphs of y = x and y = xe forO<x<1. 


10.3 Integration of Rational Functions 


Recall that rational functions are functions that can be written in the form m, where f(x) and g(x) are poly- 
nomials. If the degree of f(x) is greater than or equal to that of g(x), then by long division, we can find a 


polynomial p(x) and a polynomial r(x) with degree less than that of g(x) such that 


ED peg) teehee: 
8(x) (x) 
Since polynomial functions can be integrated easily, to integrate =, it suffices to know how to integrate =. 


For the case where the degree of g(x) is 1, the rational function = takes the form — (where a # 0) 


which can be integrated as follows: 


A 1 
{ dx =A { dx Constant Multiple Rule 
ax+b ax+b 


Integration Formula (7) & 
Linear Change of Variable Rule 


1 
A-—-Injax+b|+C 
a 


Below we discuss how to integrate rational functions where the degree of the denominator is 2 and the 
degree of the numerator is less than 2. Readers who want to know how to integrate rational functions where the 


degree of the denominator is greater than 2 may consult any (one-variable) calculus book. 


To integrate rational functions in the form 


Ax+B 
ax2-+bx+ce 


where A, B,a,b,c are constants and a # 0, we consider the cases where the discriminant b” — 4ac is positive, 
zero or negative: 


(Case 1) b*—4ac>0 


In this case, the denominator can be factorized as 


ax +bx+c= a(x — x1)(x — x2) 
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where x; and x are the distinct real numbers. Moreover, there exists constants a and £ such that 


A B 
ps (10.3.1) 
axz-+bxt+ce xX-xX, xX-X% 


for all x € R \ {x,, x2}. Note that the right-side can be integrated easily. 


Terminology Fractions in the form =, 
a 


@=xy 
where 7 is a positive integer, are called partial fractions. The sum in (10.3.1) is called the partial-fraction 


decomposition of the rational function on the left-side. 
Example Find the partial-fraction decomposition of es 

x2 -2x-3 
Solution Note that x? — 2x — 3 = (x — 3)(x + 1). The partial-fraction decomposition of the given rational 


function takes the form 


x a B 


PoWe-3 e-3 eel ee 
Multiplying both sides by (x — 3)(x + 1), we get 
x=a(x+ 1)+ B(x- 3). (10.3.3) 


To find the constants a and £, we daz-uselthe compare coefficient method or the substitution method. 


(Compare Coefficient Method) From (10.3.3), we get 
x=(a+f)x + (a — 38). 
Comparing the coefficients of the x term and the constant term, we get 


l=a+8 and 0=a—- 368 


respectively. Sqfving, we geta = : and 6 = ; 
(Substitution Method) In (10.3.3), putting x = —1 and x = 3, we get 


-1 = -468 and 3 = 4a 


respectively. Thus we have a = : and 6 = - = 

Explanation a and £ are constants such that (10.3.2) holds for all x € R \ {—1,3} which (by 
continuity of polynomial functions) implies that (10.3.3) holds for all x € R. To find @ and 6, we 
substitute x = 3 and x = —1 respectively. In fact, we can substitute any two values of x to get a 


system of two linear equations with knowns a and f. 


Therefore, we have the following partial-fraction decomposition: 


¥ 3 P| 
——. = 5+ Bs: 
x*7-2x-3 x-3 x+1 
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+1 
Example Find { ee dx. 
x2 -2x-3 


Solution From the result of the preceding example, we get 
{ x+1 de i. 3 1 i: i. 4 x 
x2 -2x-3 4 x-3 4 x4+1 
= 2 i : dx + : { : dx 
4J x-3 4J x+1 


3 1 
= —In|x-3)+—-In|x+1/+C 
4 4 
oO 
(Case 2) b?—4ac =0 
In this case, the denominator can be factorized as 
ax’ +bx+c=a(x—- x1) 
where x; is a real number. Moreover, there exists constants a and £ such that 
Ax+B 
de ae e (10.3.4) 


= + 
ax2+bx+co x-x, (x-x,)? 


for all x € R \ {x1}. Note tirat the right-side can be integrated easily. 


Terminology The sum in (10.3.4) is called the partial-fraction decomposition of the rational function 
on the left-side. 


2x+3 
Example Find the partial-fraction decomposition of i 
xe —2x+1 
Solution Note that x? — 2x +1 = (x — 1)*. The partial-fraction decomposition of the given rational 


function takes the form 


2x+3 a B 
= + : 10.3.5 
x2-2x4+1 x%x-1 (x-1) ( ) 
Multiplying both sides by (x — 1)”, we get 
ee ee Crane) (10.3.6) 


To find the constants a and £, we ane ae one of the following two methods: 
(Compare Coefficient Method) From (10.3.6), we get 


2x+3=ax+(B- a). 
Comparing the coefficients of the x term and the constant term, we get 
2=a and 3=fB-a 


respectively, which yields 6 = 5. 


—| 
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(Substitution Method) In (10.3.6), putting x = 1 and x = 0, we get 
5=6 and 3=-a+f 


respectively, which yields a = 2. 


Therefore, we have the following partial-fraction decomposition: 


2443 2 P 5 
x2-2x4+1 9 x-1 = (x-1)? 
Oo 
2x+3 
E le Find | ————— 
xample Fin {5 x 
Solution From the result of the preceding example, we get 
2. 
{Se 2 {(S+—> a 
x2-Ax41 x-1 (x-1) 
1 
= mf av+5 [ ax 
x-1 (x — 1) 
= 2injx 1) +5 f (r= 1? 
= 2In|jx-1|-5(x-1)'+C 
Oo 


(Case 3) b? —4ac <0 
In this case, the denominator can be written as 
2 _ 2, 2 
ax + bx+c=a((x+s) +t ) 
where s and f are real numbers and t # 0. Before discussing how to find 
Ax+B 
[Re 
ax2+bx+c 
in general, we consider the special cases where A = 0 or where Ax + B is a multiple of the derivative of 


axe +bx+e. 


(Subcase 3a) A=0 


In this case, we have 


Ax+B B 
————dx = ———— dx 
ax2+bx+c a((x + s)? + f?) 


Integration Formula 5 & 
Linear Change of Variable Rule 
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1 


Example Find { —>———.~ dx 
x27 +4x+ 13 


Explanation In the solution below, instead of applying the formula obtained above, we use a 


suitable u-substitution. The idea is to choose u so that (x + 2)? +9 = (3u)* + 3? (note that 


1 1 1 : . 
S24 can be integrated easily). 
Guess 9 wal anteEyaled easily) 


Solution Note that x* + 4x +5 = (x +2)* + 9. Thus we have 


1 
{saa z {was # 
x27 4+4x4 13 (x+2)2 +9 


1 Put x +2 = 3u. 
= {oeu 
(3u)? + 32 Thus dx = 3.du. 
1 1 
= — | ——d 
s{as . 
1 -1 
= ae u+C 
a Le tc C 
3 3 g 


(Subcase 3b) Ax + B= k(2ax + b) for some constant k 


Ax+B k(2ax + b) 
—_—_—— dx = —__———_ dx 
ax2+bx+ce ax? +bx+c 


which can be integrated using substitution u = ax” + bx +c. 


In this case, we have 


x+1 
—————- dx 
2x2 +4x45 


Solution Put u = 2x* + 4x +5. Then we have du = (4x + 4) dx = 4(x + 1) dx. From these we get 


ead 1 1 
po ie eee ea 
{~<= . fj Genes 


Example Find { 


a 


Remark In the last step, the absolute value sign is omitted. This is because 2x” + 4x + 5 is always 


positive. 


Ax+B 


(Case 3 in general) To integrate where b* — 4ac < 0, we rewrite the numerator as a sum of two 


ax2t+bx+e 
terms—the first one is a multiple of the derivative of the denominator and the second one is a constant. 
2x+3 


Example Find { > 
x2 +4x+4 13 
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Solution Note that 0 +4x+ 13) =2x+4. Writing 2x +3 = (2x + 4)— 1, we have 


2x+3 2x+4 1 
—$—— dx = | ———— dx - | ——— x 
x2 +4x +413 x2 +4x + 13 x27 4+4x4 13 
For the first integral, we put u = x? + 4x + 13 which gives du = (2x + 4) dx and so we have 
2 
{Sue : [caw 
x2 44x + 13 u 
= Inlul+c 
= In(x?+4x+13)4+C. 


For the second integral, by a previous result, we have 


, l d ligt ae 
x= : 
x2 4+4x+4 13 3 3 


Combining the two results, we get 


1 x+2 
3 


2 1 
fg ee inte? ar 13) = 5 tan ee 


x2 +4x +13 
O 


Remark If Ax + B = k(2ax + b), the method discussed in Subcase 3b works also for the cases where b” — 4ac 


is positive or zero. 


x-1 
E le Find | —— —— dx. 
xample Fin {5 x 
Solution 


(Method 1) Put u = x? — 2x —3. Then we have du = (2x — 2) dx = 2(x — 1) dx. From these we get 


[ oi ie 2(x — 1) 
—————_dx = —-——_——"_ dx 
x2-2x-3 2 x2 -2x-3 


(Method 2) Note that x* — 2x —3 = (x —3)(x+ 1). The partial-fraction decomposition of the integrand takes the 


form 
x-1 a B 


—2x-3 x-3  xt+1 
Multiplying both sides by (x — 3)(x + 1), we get 


x-1l=a(x+1)+B(« - 3). 


Putting x = —1 and x = 3, we get 
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respectively which yields a = 6 = Therefore we have 


if r-l ge fie igi. tc 
Pe re a q 5-8 9 eel) 


1 
5(In lx 3] + In| + I) +C 


oO 


Remark Since In|x* — 2x — 3| = In (|x — 3] - |x + 1|) = In|x — 3] + In|x— 1|, the answers obtained in the above two 
solutions are the same. 
10.4 Integration by Parts 


The technique in integration that corresponds to the product rule in differentiation is called integration by parts. 
In this section, we give a brief discussion on this technique. Readers who want to know how to apply this 


technique to more examples may consult (one variable) calculus books. 
Let f and g be functions that are differentiable on an open interval (a, b). By the product rule, we have 
d 7 y 
qi (fis) = Fd) + F008"), a <x<b 
which, written in terms of integration, becomes 
i) f’(x)g(x) dx + He fde'(adx = f(g),  a<x<b. 


If one of the two integrals on the left side is easy to find, then we can find the other one. By symmetry, we may 


assume that the first integral is easy to find, then in this case, we can find the second integral by the following: 
i F(x)" (x) dx = f(x)g(x) - { Ff’ (x)g(x) dx (10.4.1) 
Remark For simplicity, in the above formula, the interval under consideration is omitted. 
Below, we give an example to illustrate how to apply (10.4.1). 


Example Find id xe” dx. 


Explanation In the calculation below, note that f St’ g(x) dx = f e* dx is easy to find. 


Solution Put f(x) = x and put g(x) = e*. Then we have f’(x) = 1 and g’(x) = e*. From these we get 


{ xe*dx = { f(x)g' (x) dx Substitution 
= f(x)g(x)- { f'(xog(x)dx By Woz) 
= xe*— ‘i e* dx Back substitution 


= xe*-e*+C 
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Remark There are infinitely many way to choose g(x); we can add any constant to e*. If we take g(x) = e* + 1, 


[ xetax 


then we get 


i. F(x)g" (x) dx 
= fms - { Ff’ (x)g(x) dx 


= nett [ee pay 
= x(e*+1)-(e%4+x)4+C 


— 


= xe*-eF +C 
In (10.4.1), by putting u = f(x) and v = g(x) so that du = f’(x) dx and dv = g’(x) dx, we get 


L | [wav=w— f ve (10.4.2) 


In applying (10.4.2), we have to choose suitable u and dv. From the chosen dv, we have to find v. This is 


done by integration. For example, suppose that dv = e* dx, which means that 


Integrating, we get 
v=e*+C. 


To apply the formula, we only need to take a suitable v (see the solution ala ihe remark of the preceding 


example). Below we redo the example using integration by part, that is, using (10.4.2). 


Example Find { xe* dx. 


Solution Put u = x and dv = e* dx. Then we have du = dx and we can take v = e*. From these we get 


{ xe*dx = { udv Substitution 


uv — i vdu Integration by parts 


= xe*— ‘i e* dx Back substitution 


xe*—e*+C 


oO 


A Guide for Integration by Parts Treat the integrand as a product of two functions. Choose u to be one of 
the two functions such that 
e the other function can be integrated easily—choose dv = (the other function) dx; 


e the new integral f v du is easier to find than the original integral f udv. 


Example Find i x cos xdx. 


Explanation The integrand is a product of two functions. There are two options for u and dv. 
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e Put u = x and dv = cosxdx. Then we have du = dx and we can take v = sinx. Note that f vdu = 
f sin x dx is easy to find (the method works). 


“ 1 
e Put uw = cosx and dv = xdx. Then we have du = —sinxdx and we can take v = 5e Note that 


f vdu = f =e sin x dx which is even more complicated than the original integral. 
Solution Put u = x and dv = cos xdx. Then we have du = dx and we can take v = sin x. From these we get 


i xcosxdx = x sinx— { sin x dx Integration by parts 


= xsinx+cosx+C 


Example Find if Inxdx. 


Explanation The integrand can be written as Inx - 1, a product of two functions. To choose u and dy, there is 
only one plausible way, namely u = In x and dv = dx. Readers may try to see what happens if we choose u = | 
and dv = In xdx. 


Solution Put u = In x and dv = dx. Then we have du = = dx and we can take v = x. From these we get 
x 


1 
{ Inxdx = Inx-x- { x-—dx Integration by parts 
x 


= xinx— f tas 


= xInx-x+C 


10.5. More Applications of Definite Integrals 


In economics, we have the concepts of consumers’ surplus and producers’ surplus. These two concepts are 
defined in terms of definite integrals. 


Consumers’ and Producers’ Surplus 


Let p = D(q) and p = S(q) be respectively the demand and supply equations for a certain product. The 
quantity go at which D(q) = S(q) is called the equilibrium quantity and the corresponding price po is called the 
equilibrium price. 


demand curve 
p=D@) 


supply curve 
p=S(q) 


| 
0 


Figure 10.3 
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Note that (go, po) is the intersection point of the demand curve and the supply curve. 


The consumers’ surplus (denoted by CS ) and producers’ surplus (denoted by PS ) under market equilibrium 
are defined as follows: 


‘0 0 
CS = f [D(q) - pol dq, PS = { ip Salas. 


cs 


PS 
| | 


Figure 10.4(a) Figure 10.4(b) 
Example Find the consumers’ surplus and producers’ surplus if the demand and supply equations are 


q q 
= D(qg) = 20- =, = S(q) =2+ —. 
p= D@) 20 p=S(Q=2+ a5 
Solution First we find the intersection point (go, po) of the demand curve p = D(q) and the supply curve 
p = S(q). Solving D(q) = S(q) (noting that g > 0) 


2, 
q q 
ss, = Get 
0-59 +500 4 4?) 
ef 4 
7 , 4% 4g = 
5000 720 8 = ° ge) 
¢ +250q-90000 = 0 (q > 0) 
(q—200)(¢ +450) = 0 (q>0) 


we get go = 200 and so pop = D(200) = 10. 
The consumers’ surplus is 


cS 


200 
iA [D(q) — 10] dg 
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The producers’ surplus is 


PS 


200 
[- w0-se@rag 
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200 gr 
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Ll [9-(2+staa)] 
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Probability 


To consider probabilities, the simplest method is to count, that is, to do addition. This works for the case 
where the sample space is finite. However, if the sample space is infinite, we can’t count. To define probabilities, 
we use definite integration which can be considered as a generalization of addition. Below we give a very brief 


introduction to probabilities of events for continuous random variables. 
Definition A variable whose values depend on the outcome of a random process is called a random variable. 


Example 


(1) Suppose a die is rolled and Xj is the number that turns up. Then X] is a random variable with values in 
(1, 2, 3, 4,5, 6}. 


(2) The life (in months) of a certain computer part is a random variable X2 with values in [0, co). 


Note that the values that X; can take are discrete whereas X2 can take any value in the interval [0, oo). For this 


we Say that X, is a discrete random variable and X2 a continuous random variable. 


Definition Let X be a discrete random variable with values in {x, x2,...,%,}. A probability function of X is a 


function f with domain {x,, x2,...,X,} such that 
(1) O< f(x) for alli = 1,...,n; 
(2) fri) +--+ + fn) = 1. 


Example Suppose a die is rolled and X is the number that turns up. If the die is fair, then the probability of 


getting any one of the six numbers is . Thus we have the following probability function of X: 
f= - forl <i<6. 

More generally, if the die is not fair, then the probability function g of X is given by 
gi) =w;, forl <i<6, 


where 0 < w; < 1 and w, +---+ we = 1. 
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From the probability function g, we can find (for example) the probability of getting an odd number: 


P(X is odd) = w, + w3 + Ws = » g(i), 
iis odd 


where (X is odd) denotes the event that the number X that turns up is odd and P(X is odd) denotes the probability 
of the event (X is odd). 


Probabilities of Events for Discrete Random Variables Suppose that X is a discrete random variable with 


values in the set {x,,...,x,} and that f is a probability function of X. 
e Anevent for X is a subset of {x1,..., Xn}. 


e The probability of an event E, denoted by P(E), is the number given by 


P(E) =) f(@i). 


xj;EE 


For continuous random variable, instead of taking sums, we consider integration. 


Definition Let X be a continuous random variable with values in [a,co). A probability function of X is a 


function f with domain [a, co) such that 
(1) O< f(x) for all x € [a, 00); 


(2) [ feoar= 1. 


Remark if F(x) dx is called an improper integral and is defined by 
a 


ioe) R 
[ feoar= sim [ f(x) dx 


provided that the limit exists. For example, 


178 
= tlm | 
Roo 1 
= in -e-c1) 


1. 


Probabilities of Events for Continuous Random Variables Suppose that X is a continuous random variable 


with values in the interval [a, co) and that f is a probability function of X. 


e An event for X is a “nice” subset of [a, co), where “nice” means that the integral of f over that subset 
“can be found’. In most cases, we consider events that are intervals contained in [a, co); such events are 


represented by (a < X < $8), wherea<a<B<wo. 
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e The probability of an event (a < X < #), denoted by P(a < X < #), is the number given by 


B 
Pa<x<B)= | fixdx. 


Remark It doesn’t matter whether we include the endpoints a and f. For a continuous random variable 


X, the probability that X equals a specific value is 0. 


Example The life (in months) of a certain computer part has probability function given by 


1 x 
f@= ia x € [0, 00). 
Find the probability that a randomly selected component will last 
(1) between | year and 15 years; 
(2) at most 6 months; 
(3) more than 2 years. 


Explanation In this example, the random variable X is the life of a computer part. Note that X has values in 


[0, co). The given function f is a probability function for X. This can be checked as follows: 


i f(x) dx { ae dx 


ll 
jas 


Solution 


(1) The given event is (12 < X < 18). The probability of the event is 
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al 
ion 
os 


P(12 <X < 18) 
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0.146. 


20 


6 
P(0<X <6) —ei® dx 
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(3) The given event is (X > 24), that is, (24 < X < oo). The probability of the event is 


P(24 < X < 00) 


Il 
® 8 
el = 
oO 
al 
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Appendix A 


Answers 


Exercise 0.1 
i 


Exercise 0.2 
1: 


N 


Exercise 0.3 
ie 


Exercise 0.4 
iB 


Exercise 0.5 
1. 


(a) 


(a) 
(d) 
(a) 
(d) 
(g) 


(a) 
(c) 


(a) 


(a) 
(d) 


2,6 


14 


(a) 
(c) 


(a) 


x” (b) = OMEey @ & 
4x? +12x+9 (b) 9x? - 6xy + y? (c) 
x? + Txy + 12y? (e) 4x-12V¥x+9 (f) 
(x — 3)(x - 4) (b) (x +3)(x- 2) (c) 
(3x + 1)(3x + 2) (e) (3x-1) (f) 
3(x — 377 (h) 2(x-2)(x-4) 
(x + 2) —(x +4) 
(x- 4) (b) (x + 2) 
pis (d) aes 
2(x + 1)? x(x + hy 

b? abc 
: (b) 2 © = @ 
0, 1 (b) 1 i (c) 3, : 
-y2 (e) no solution (f) 0, es ae z 


(x — 1)(x — 3)(x + 4) 
(x — 1)?(2x + 3) 


(b) (x— I(x - 3)(2x4 1) 
(d) (x— I(x? —4x+7) 
(b) et (c) 3 
6- v3 
(b) x2 oR 
(d) r<-3 


x — Oy? 
x—25 

(x + 4)? 

5(x + I(x— 1) 
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Exercise 0.7 
1. (a) 3x+2y=0 (b) 2x-y-11=0 (c) 3xt+y-7=0 
(d) 2x-y+8=0 (ec) 3x-y+1=0 (f) y+1=0 


Exercise 0.8 


l (a) 5 (b) 65 (c) 13 (d) 5¥v5 

2. (a) r=v3 C=(0,2) (b) r=3 C=(-2,1) (c) 28 C =(-1,4) 
1 2 

3. (a) 2 (b) We (c) VE 


Exercise 0.9 
1. (a) x-intercepts: (—6,0), (2,0), y-intercept: (0,-12), vertex: (-2, —16) 
(b) x-intercepts: (3 + v2, 0), y-intercept: (0,—7), vertex: (3, 2) 
5 . ‘ 3 1 13 
(c) no x-intercept, y-intercept: (0,7), vertex: —7 =) 
Exercise 0.10 
1. 8cmx6cm 


Exercise 1.1 

l. (a) {2,3,5,7} 
(b) {2,4,6,8, 10} 
(c) {2} 
(d) {1,2,3,4,5,6,7, 8,9, 10, 11, 13, 17, 19} 
(e) {1,2,3,4,5, 6,7, 8,9, 10, 12, 14, 16, 18} 
(f) = {2,3,4,5, 6,7, 8, 10, 11, 12, 13, 14, 16, 17, 18, 19} 
(g) {1,2,3,4,5, 6,7, 8,9, 10, 11, 12, 13, 14, 16, 17, 18, 19} 
(h) {2} 
Gi) {2,4, 6, 8, 10} 
G) {2,3,4,5, 6,7, 8, 10, 12, 14, 16, 18} 
(k) {1,4,6,8,9, 10} 
dd) {12, 14, 15, 16, 18} 

2. (a) False (b) False (c) True 


1. (a) {¥2,-v2} (b) {V2} (c) 0 

2. (a) [3,5] (b) [1,9) (c) (1,5) 
(d) {5} (e) {1} (f) = [3,5)U (5,9) 
(g) {5} (h)  [1, 00) (i) {5} 

Exercise 1.3 

1. @) xS-] (b) r<-2 
(c) x>2 (d) xr<—Lorxe > 
(e) -l<x<3 (f) vc ores aud 
(g) no solution (h) x< -5 orx>4 


Gi) -7<x<4 


Exercise 2.1 


1. (a) 


(d) 
2. (a) 


(d) 
3. (a) 
(c) 


Exercise 2.2 
1. (a) 
(d) 

(g) 

2. (a) 
(d) 

(g) 


3. A(w) = 14w - w’, 


Exercise 2.3 


x(x + 5)(2x — 3) 


(x—2)(x2 +x +1) (d)  x(x—5)(x- 1)(x +3) 

(x — 2)(x + I-12 (f) (w- 1202 +x42) 

-S<x<Zorx>4 (b) x<3 

x<-2orl<x<3 (d) ~3<x<Sorx>2 

x>3 (ff) x<-l 

x<-—-4or-2<x<lorx>3 (h) 2 <x<5 

3 6 a-4 

“3 (b) 65 (©) a+2a+5 

va-5 a-5 a-5 4 

Pee OY aa aa 

1 2 3 

: i ” we lal * “ 
at a 

ee Cy ea 

a’ + 2ab + b* —3a-—3b+4 (b) -1l+h 

2a-—3+h 

R (b) R\{Z} (c) 

R \ {-1,3} (e) (3,09) (f) 

[-3,00) \ {-1, 1} (h) (—00,-5) U (2, 09) 

[—5, 00) (b) [-4, 00) (c) R\ {0} 

R \ {3} (e) (0,00) 


(—00, -4] U (0, 00) 


dom = (0, 14), 


(b) (x-1)(x4+ Dx +3) 


range = (0,49] 


: ‘ 7 a “(0.2% 2 
1. x-intercept: (V2,0), (—V2,0), _y-intercept: (0, a (0, WD 


2. a=1,b=1,c=-6 

3. (a)  y-intercept: (0,5), no x-intercept 

4, (a) (2,-1), (3,4) (b) (2-1), (3.3 
() {2,1}, @,-, (-2,), (-2,-D} 

5. a=+v3 


Exercise 2.4 


1. (a) 


wv 


(b) 


R\ {-V5, V5} 
[-3, 00) \ {3} 


(f) (-00,-4] U (0, 00) 
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(c) 


(e) 


(g) 


(k) 


(c) 


05 1:15 2 


(d) 10 
8 
6 
4 
2 
-2-1 12.3 
(f) 


(h) 2 


1/2 3 4\5 6 


Q@) 


0.5 1 


(b) 


(d) 
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(e) 2 (f) 


(g) (h) 
(i) G) 
(k) (I) 


3. (8 SiB), (8 Ey 


4. (a) 1 second 


(b) : meters 


5. (a) R= 1600000 + 20000n — 500n?, domain = {0, 1,2,3,...,80} 
(b) n=20, $1800000 


Exercise 2.5 


l. (a 5 (b) 3 (c) x7 4+2x+2 
(d) x42 (e) at+2a*+2 (ff) at+2 
2. @) f@)=24+1, gas (bo) fl)=x4+1, gx) =x! 


1. (a) Yes (b) No 
2 @) fiy=22 ) fl@)=@-3) 
—1 (x - 1) | _ sfx +1 
© Pe= +5 @ fl@= V5 
Exercise 2.7 
i @ (b) {-1,2} (c) {0} 
(4) R\{2,—-2} (e) {2} (f) {5} 


(g) 0 (hy) {4} (i) {1,2} 


260 
2. (a) 
(b) 
3. (a) 
(b) 


P(q) = 8q- q° - 12 
q = 2,6 

106 ft 

51 mph 


4. The sides are 3,4,5 


Exercise 3.1 


1. Same result, provided that the lengths tend to zero. 


2. (a) 
(b) 


Exercise 3.2 
1. (a) 
(c) 
(e) 

2. (a) 
(b) 
(c) 

3. (a) 
(b) 
(c) 

4. (a) 


Exercise 3.3 
1. (a) 
(c) 

(e) 

(g) 

(i) 

. (a) 

3. (a) 
(b) 


Exercise 3.4 
1. (a) 
(c) 
(e) 


Same result even for arbitrary point. 
Same result, provided that the lengths tend to zero. 


(b) 7 


(d) cv, does not exist 


SOnNniwe 


(f) Does not exist. 
(i) $51007.53 (ii) $51009.22 
1 \n 
$50000(1 + rim 
Limit exists, approximately $51010.07 (exact value is 50000e 5), 
Limit exists, approximately 2.718 (exact value is e). 


Limit exists, approximately 7.389 (exact value is e”). 
The limit is 1. 


Limit exists, the value is nonnegative. 


0 (b) 15 

0 (d) cv, does not exist 

0 f 1 

oo, does not exist (h) 1 

=I G) Does not exist 

0 (b) The concentration will drop to 0 in the long run. 
35000 


20 40 60 80 100 


The population decreases from initial population 37500 to 35000. 


0 (b) 5 (©) 0 
0 (b) cv, does not exist. 
—oo, does not exist. (d) Does not exist. 
—oo, does not exist. (f) 2 
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Exercise 3.5 


l. (a) 6 (b) 216 (c) = 
1 1 4 
(g) O (h) : (i) 00, does not exist. 
i) 0 (k) 4 ) -3 
2. (a) 4 (b) 3x? 
1 1 
(c) = (d) Der: 


1. (a) 1 


(b) 2 
2. (a) [0,00) \ {1} 
(b) -6 
(c) Yes, define f(1) = -6. 
3. (a) R-{0} 
(b) Does not exist. 
(c) No 
4. (a) -l<x<2o0rx>2 
(a) p(1) and p(2) have opposite signs 
(b) Closer to one, the solution lies between 1 and 1.5 


Exercise 4.1 
1. (a) 4x (b) 3x°-3 


(c) 4x° (G)- ay 


Exercise 4.2 


lL. (a) 0 (b) 18x83 +3 (c) 2x45 
(d) 2x-1 (ec) 28-24x (f) 6x(x2 +5)? 
(g) 92x75 (h) x? (i) nae 
Gj) 1l+=272 
2 a =1 (b) -4 (c) -1 
(a) 8r- ; (e) 18 (f) 6 
(g) —10 


3. (a) 72 (b) y=-l (c) (-1,-1), (0,2), d,-) 
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Exercise 4.3 
1, 


2. 
3. 


Exercise 5.1 
1. 


Exercise 5.2 
1. 


(a) 
(c) 
(c) 
(a) 


(a) 
(d) 
(a) 
(a) 


(a) 
(c) 


(c) 


XCOS x + sin x (b) CE > 2 
xt1 (x41)? 

2x (x2 + 1)cosx ; 

- = (d) x(x+2)cosx+2(x+ 1) sinx 
sin x sin” x 

d 

nf(xy" = f(x) 
2(3x? + 10x)(x3 + 5x? — 2) (b) 6x(x* +5) 
6x — 6 (b) -4 (c) art - yet 
6x4 — 4x°3 (e) 6x(5x7 + 2) 
50 (b) —22 (c) 18 
a, a (b) a,n(n—-1)---1, O 
[3, 00) (bo) [-1,1] 
(-c0,-7], [3,00) (d) (00, 35Y8), [=34YB 00) 
[-2,-1], (2, oo) (f) (—00, —2], [2, co) 


; (local maximizer) 
0 (neither), ; (local minimizer) 


—3 (local maximizer), 0 (neither), 3 (local minimizer) 
—2 (local maximizer), 0 (local minimizer) 


none (b) (2,00) 
(0,3), (1,00) (d@) (0,0) 
3 
= (b) 3 
40 (b) 10 \ 
20 
“1 1 2 \3 
-2 2 vy =10 
~20 -20 
20 (d) 10 
15 | 7 
10 
5 2 71 1 2 
a ei a 8 - 


(a) minimum: —-10, maximum: 82 
(b) minimum: 0, maximum: 58 
(c) minimum: —4, maximum: ou 
25, 25 

x=6,y=3 


10 units by 10 units 
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5. 100m by 150m 


6. (2+2V6)in. by (3 + 3V6)in. 


7. ; s, maximum height = 14 ft. 
1 F : 1 
8. ri month, maximum height = 7 meter 


9. Maximum profit: $30000, produce 1500 pieces, 


Exercise 6.1 


1. (a) 0 (b) —6 
1 
2. 4 
Exercise 6.2 ; 
l. (a) > yes (b) 
(d) x +x, yes (e) 
x” 1 242 
2. 5 (a) <= (b) a 
Exercise 6.3 ; 
1. (a) - re Gi 
(c) gin 5 +204 
4 
(e) ar: 
(g) 2x3 4+9x4+C 
81 
2 @ > (b) 0 
84 
(e) 5 (f) 22 
Exercise 6.4 
1 11 
1. (a) 7 (b) a 
1 125 
2. (a) é (b) 3 
— 3 _ 
3 3% +x4+ 5 
1, 13 2, 1 ; 
4 i 5 ra x 4 i 54 1 
5. = liters 
Exercise 7.1 
3 7 
L (@ > (b) = 
2. (a) 30° (b) 135° 


price for each piece: $200. 


x6 
xyes ©) = 
x, contained in (0, co) (f) ox 
243 1701 
(c) <a (d) > 
(b) 3x-8yx+C 
13 2 3 
(d) 3 gu? t3x+€ 
Bs hs 1, 
(f) a + 3 ae 4 2x+C 
(hy) x- 4+ 
xX 
() -30 @ 2 
18-V2 — 12 
(g) —_ (h) 12 
37 16 
© > @ = 
37 
(c) D (d) 64 
70 25 
© F @ = 
(c) 450° (d) 1260° 


yes 


contained in [0, oo) 
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Exercise 7.2 


Exercise 7.3 
iS 


Exercise 8.1 
ly 


(a) 


(a) 
(c) 
(e) 
(g) 
(i) 
(a) 
(b) 
(a) 
(b) 
(c) 
(a) 
(b) 


(c) 


(a) 


(c) 


V3 1 
> (b) - 5 (c) -v3 

1 1 
-— e) -— 1 

iG (e) 5 (f) 
1 (b) 2 
—Ssinx—2 (b)  —2sec? x 
cos x — 2x (d) x*cosx+2xsinx 
—2 sin x cos x (f) sin x sec? x 
ee ee (h) —(x3 + 1)sin x — 3x? cos x 

Ge +1? 

2(x + cos x)(1 — sin x) (Gj) 2(cos? x — sin? x) 
2cosx sinx, 3cosxsin?x, 4cosx sin’ x 


neosx sin”! x 


2cos2x, —2sin2x 
3cos3x, —3sin3x 
ncosnx, —nsinnx 
acos(ax +b), -—asin(ax + b) 


—a’ sin(ax +b), —a* cos(ax + b) 


(-1)Fa"cos(ax+b) ifn=4i+j, j= 1,3, 


My) = 

peg) (-L2a"sin(axt+b) ifn =4i+j, j=2,4. 

wen (-1)Pa"sin(axt+ b) ifn =4i+ j, j= 1,3, 
x)= j 

= (-1)2a"cos(ax+b) ifn=4i+ j, j=2,4. 


(b) 


=3. <2, =1 1 2 3 


(d) 


EX Ww KR UW aA A oO 


i) 


red= Ist, green=2nd, blue=3rd 
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2. ta 
(b) 
(c) 
3. (a) 


Exercise 8.2 


l. (a) 
2. (a) 
3. (a) 
4. (a) 
(c) 
(e) 
(g) 
5. (a) 


(b) 
(c) 
(d) 
(e) 


(f) 
6. (a) 
(d) 
7. (a) 
(d) 
8. (a) 


domain=R, range = (1,0) 
domain=R, range = (0, 1) 


domain = R \ {0}, range = (—co, —1) U (0, 0) 


-1,3 (b) -2 (c) no solution (d) 0,2 
logy 81 = 2 (b) log,2 = ; () log, ~=-1 
3=8 (b) 92 =27 (c) e&=1 
2 
5 (b) 1 
2 (b) 4 
15) 3 
1 2 
0.5 1 
| 20 40 60 80 100 20 40 60 80 100 
-0.5 -1 
= 2 
(d) 
j 2 
3 1 
2 2 40 60 80 100 
1 -1 
-2 
“1 20 40 60 80 100 3 
-2 | -4 
4 (f) 4 
3: 3 
2 
1 1 
-100 -50 \ 50 100 = 20 40 60 80 100 
=) —2 
2 
15: 
1 
0.5 
-05 20 40 60 80 100 
-1 
domain = R, range = (1, 09) 
domain = R, range = [1, 09) 
domain = R- {0}, range=R 
domain = (0,00), range =R 
domain = (5. co), range=R 
domain = (—o0,—2) U (2,00), range=R 
{4} (b) {32} (c) {3} 
{1,2} (e) {3} (f) {7} 
2.09 (b) 8.64 (c) 2.69 107!4 
1.02 (e) 4.71 (f) 1.99 
30.81 years (b) 30.55 years (c) 30.50 years (d) 


30.47 years 
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Exercise 8.3 


1. (a) 6x? —4e* (b) : 
xX 
(c) e+ (d) 2x+ 2 
aS 1 x 
(e) +r Oe: (f) or 
(g)  e*(sin x + cos x) (h) CO8* _ sin xIn x 
(i) (x+1)e* G) xt a +2xInx 
x 
(k) (sin x + cos x)e* sec” x (1) ee 
x sin” x 
ghey 3x(x? + 2x + 2)Inx— x9 — 3x? - 6x42 
(m) (8-xye (n) vn! 
1 
2. a) 1 (b) 5 
. 2 
3. (a) 2-e (b) +S- a 
Exercise 9.1 
2 
1 (a) 12x!!(2x+ 53x45 b 
(a) 7 (2x + 5)(3x + 5) (b) Aare 
x . 
(c) Wats (d) —Ssin5x 
(e) 6cos(6x — 7) (f) 4sin? xcos x 
(g) —30cos*(6x — 7) sin(6x — 7) (h) 12xcos3x+4sin3x 
e 2 2 3 : sec? x _ tan x 
(i) 24x sec*(8x° + 1) (j) x42 @42P 
(k) 6e2* +4 () (1 +2x2)e” 
_ 2 
Co) ae (nr) + 
e x 
—2 —2x 
(): gaa ®) jz 
1 
@ sai (r) 3+3Inx 
1 a 2 
6) =— (t) — +2xe* In x 
(u)  e!"* sec? x (v) e*sec?(e*) 
(w) 5e* cos(e>*) (x) Se™5* cos 5x 
yi 2 
(y) ene (z) —8xtan(4x? + 9) 


2. (a) 2**2xIn2 
(b)  x<*(1+inx) 
(c) (sin x)°°S*~! cos? x — (sin x)°°S**! In(sin x) 


-16x(2x + DGx+4)P | 15Qx+ Bx + 4)4 4 2Gx+ 4) 
(2 +7) (2 +798 (2478 


(d) 


3. (a) 0.4+0.002x ppm/thousand 
(b) 25 thousand/year 
(c) 30.8 ppm/year 

4. (a) 24 
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Exercise 9.2 


1. (a) — : (b) — 

(c) ao (d) eS 

o Rew gE 

@ oe wy eee sen 
2 @ | b) 5 (©) -1 

@ 5 () -l () 0 


3. Decrease at the rate of 7.5 units per second. 


Increase at the rate of 1280 cm? per minute. 


2 
— m/s 


v5 


Exercise 9.3 


1. (a) (b) 
(c) 4 (d) 
3.5 03 
3 0.2 
2.5 
0.1 
2 
15 2 4 6 8 10 12 14 
1 -0.1 
0.5 -0.2 
1 2 3 4 5 
(e) (f) 1 
8 
0. 
0. 
04 
-6 -4 -2 2 4 6 
(g) (h) 


Exercise 9.4 
1. V2e7! 
2. q=20, price = 36.79, revenue = 735.76 
3. (a) t=12, N=50 
(b) t=1, Nw8l 
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4. (a) IlkmfromA 

(b) atA 
3 

5. —~m 
2v2 
T 

6. 3 


Exercise 10.1 


1. (a) 
(c) 
2. (a) 
(c) 
3. (a) 


Exercise 10.2 
1. (a) 


(c) 


(q) 


(d) 
(g) 


2e* + sinx+C 


3tanx+C (b) 
2x+3In|x|+C 
1 Gi ge 

e 
tating (d) In4-1 
e 
2 (b) 1+1n2 (c) 


1 2: 
To" 


+1) 4C 


1 2 
—=cosx° +C 
2 


e +C 


1 


—x 


-se* Hic 


2 


5 tn? + 1)+C 


1 2 
ie” 


+2x+3)8+4C 


se! - 3x5 +C 


$(in|x + 24+C 


(b) 5(?-6) 


e-1 


In2 


et HIe+C 

Lt 1)” ae 116 +C 
17 16 
21 

1 
5(in7 —1n3) (e) 
-122 
= . 
40 

3 


1 


b) 5(e-2) 


(p) 


(a: #52 45ia a ee 
Xx 


205 3 

io +6)2+C 
1 3 

-—=cos’x+C 
3 cos x 


tan(e*) +C 


1 
cos—+C 
x 
-l 
———— + 
40(x* + 2x? + 3)!0 


2eV¥ +C 


Cc 


5in2x+71+C 
S(x-2)VE#1+C 


ve 1 
ets +C 


(c) : sin 1 
(f) 2 

‘ 1 
@) a 


Appendix A. Answers 


Appendix B 


Supplementary Notes 


B.1 Mathematical Induction 


Consider the following formula 


1 
142434--4n= Ot ) (B.1.1) 


Note that (B.1.1) involves n (positive integer). If we denote the equality by P(n), then the statement “P(n) is 


true for all positive integers n” means that “P(1) is true, P(2) is true, P(3) is true, and so on”. One way to proof 


this is to use mathematical induction. 


Principle of Mathematical Induction Let P(n) be a statement involving a positive integer variable n. Suppose 


that the following two conditions hold: 
(1) P(1) is true; 
(II) P(k + 1) is true whenever P(k) is true. 


Then P(n) is true for all positive integers n. 


The above principle is easy to understand because (I) together with (II) implies that P(2) is true which in 
turn together with (II) implies that P(3) is true, and so on. To prove the principle rigorously, we have to use a 
property of natural numbers, namely, the well ordering property. This concept is discussed in more advanced 


books on sets. 


L 


Example pe menance induction to show that (B.1.1) is true for all positive integers n. 
Proof Denote (B.1.1) by P(n). 


(I) When n = 1, we have 


LS. = 1 and rs.=FO 24 
Therefore P(1) is true. 
(II) Suppose that P(x) is true, that is, 
_ Kk+1) 


14+24+3+4+---+k (B.1.2) 


2 
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Then we have 


k(k+ 1 
ayes aes ete eat ale 


+(k+1) By (B.1.2) 


k(k +1) + 2(k + 1) 


2 
— &k+DK+2) 
7 2 
— k+tdDK+1) +0) 
7 2 
that is, P(k + 1) is true. 
Thus by the Principle of Mathematical Induction, P() is true for all positive integers n. Oo 


Example Use mathematical induction to show that the following is true for all positive integers n: 


| 1)Qn + 1 
Pa Pa Peg yea MET DEN D (B.1.3) 
Proof Denote (B.1.3) by P(n). 
(1) When n = 1, we have 
L.S.=1 and Rs, = COW, 
Therefore P(1) is true. 
(II) Suppose that P(k) is true, that is, 
k(k + 1)(2k + 1 
P44 Peg = MEFS (B.1.4) 
Then we have [| 
k(k + 1)(2k +1 
124.274.374.424 (k41P = se ey By (B.1.4) 
— Kk + 12k + 1) + 6K + 1)° 
7 6 
— (k+ DKK + 1) + 6(K + 1] 
- 6 
_ k+ 1)(2k* + 7k + 6) 
7 6 
— (K+ IK + 2)(2k + 3) 
7 6 
— (k+D(K+ 1) + IAG +1) + 1) 
: 6 
that is, P(k + 1) is true. 
Thus by the Principle of Mathematical Induction, P(7) is true for all positive integers n. Oo 


Example Use mathematical induction (together with the product rule) to prove the power rule for positive 


integers n: 


—i =nx | (B.1.5) 
Proof Dertote-(.1.5) by P(n). 
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d 
(1) P(1) is true since an =1=,;° (by the convention for the function x): 
x 
(II) Suppose that P(x) is true, that is, 
d , 
— x = kk !, (B.1.6) 
dx 


Then we have 4 
1 = Dok. x 
dx 


dx 
d d L | 
k 4 yk 
= xX-—x4+x%-—x Product Rule 
dx dx 
= gk! 4k] By (B.1.6) 
= kyxk + xk 


= (k+ Deo 
that is, P(k + 1) is true. 


Thus by Principle of Mathematical Induction, P(7) is true for all positive integers n. Oo 


B.2. Binomial Theorem 
Before considering the Binomial Theorem, we introduce the notations n! and (;)- 


Consider a collection of three objects a, b and c. There are 6 permutations of the three objects: 


abc acb 
bac bea 


cab cba 


Instead of writing down all the permutations, we can find the number of permutations as follows. 


e Note that there are 3 choices for the first object. Once the first one is fixed, there are two choices for the 
second object. Once the first and second objects are fixed, the third one is determined. Thus the number 


of permutations is 3 x 2 x 1. 


In general, given a collection of n objects, the number of permutations of the n objects is 
n:-(n—1)-(n—2)---3-2-1. 


Notation Let n be a positive integer. We denote n! (read “n factorial’) to be the product of the first n positive 
integers, that is, 
n! =n(n—1)(n—-2)---3-2-1 


By convention, 0! is defined to be 1. 
Example 5!=5x4x3x2 = 120. 
Let A be the set having 5 elements a, b, c, d and e. The 2-element subsets of A are 
{a,b} {a,c} {a,d} {a,e} {b,c} {b,d} {b,e} {c,d} {c,e} and {d,e}. 


Instead of writing down all the 2-element subsets, we can find the number of such subsets as follows. 
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e First we consider ordered pairs of distinct elements of A: 
(a, b), (a, c), ess (a, e), (b, a), a (b, e), (e, a), eae (e, d). 


There are 5 choices for the first element and 4 choices for the second element. 


e However for sets, {a,b} and {b, a} are equal. So the number of 2-element subsets of A is 
5x4+2. 


In general, given a set A with n elements, the number of k-element subsets of A can be found as follows: 


e First we consider ordered k-tuples of distinct elements of A: 
(X1,..-5 Xx) where x; € A and x; # x; ifi# j. 


There are n choices for the first element, (n — 1) choices for the second element, (n — 2) choices for the 
third element and so on such that the number of choices for the k-th element is (n — k + 1). Hence the 


number of ordered k-tuples of distinct elements of A is 
n(n — 1)(n—2)---(n-—k +1). 


e However for sets, {x), X2,%3,...,X,} and {x2, x1, %x3,..., xz} are equal. In fact, given an ordered k-tuple 
{x1,X2,...,44} of distinct elements of A, the sets formed by taking any permutation of the elements 


X1,...,X, are the same. So the number of k-element subsets of A is 


n(n — 1)(n—2)---(n-—k+1)+K!. 


n(n— 1)\(n—-2)---(n-—k +1) nin— 1)\(n-2)---(2-k+1)xX(n-k)n—k-1)---2-1 
Note that = 
k) kix(n—k)(n—-k-1)---2-1 
n! 


k! (n—b)! 


Notation Let n be a natural number (positive integer or zero) and let k be a natural number not greater than n. 


We denote 
n\ _ n! 
(;) ~ ki(n—-k! 


] . ] 
Example (;) = oe = ait = 10 and () = as = 10. 


Remark ( is the number of combinations that k objects can be chosen from a collection of n objects. 


k 
Example 
() _ n! a4 (" _ n! = 
0) O! n! n n! (n—n)! 
ny | n! _ n _ n! _ 
i} ~ Tra-p > ” n-1}  @—-Dia-@—-bpy ~ ” 


n! _— n(n-1) . _ n! _ am~1) 
2! (nd)! 2 =o 2 
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nae (i) =(0") 


The following result will be used in the proof of the Binomial Theorem. 


Lemma B.2.1 Let be a positive integer and let k be a positive integer not greater thann. Then we have 
n . n\_(n+1 
k} \k-1) \ k 


Proof (i) +( a a a a 
k k-1 k!(n—-k)! (k-l)!(n-(k-1))! 

n!} n!} 

ho-b! Gia 

n!-(n—k+1)+n!-k 
k!(n-—k+1)! 

n!-(n+1) 

k!(n-—k+1)! 

(n+ 1)! 

k!(n+1-—k)! 


. perl 
~ Ne 
Binomial Theorem Let a and b be real numbers. Then for every positive integer n, we have 


(a+by"=) (() ak pk (B.2.1) 


k=0 


where by convention 0° means 1 if a = 0 or b = 0. 


Note >, (;) at hp (3) ab? + (") a’ pb + 4 ab? pt , . | ah 4 , " , eo e (" a°b" 


k=0 
a" +na™'b+ a Seo noe + nab"! +b” 


| 


Proof Denote (B.2.1) by P(n). 
(1) When n = 1, we have 


1 
1 
LS.=(a+b)'=a+b — and RS. =D) [{)atoh = a8? 40d! = ab 


Thus L.S. = R.S. and so P(1) is true. 
(II) Suppose that P(J) is true, that is 


(a+b) = 3 (i) aN-k pk, (B.2.2) 
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Then we have 


—= 


(a+b)N*! = (a+b)¥ -(a+b) 
NN 
= N-kypk 
= a+ (Ja b By B.2.2 
k=0 
N N 
7 N\ n-K+1pk N\ N-kpk+l 
= (i) K+’ (Ja b 
k=0 k=0 
N N+1 
_ » N qh-k+1 pk L N qh-&-Dpk-Dt1 Replace k by k = 1 and 
k k-1 shift summation index 
k=0 k=1 
YM) (ON 
N+1 N-k+1 pk N+1 
= + + Lb’ +b 
ae? Cr) +(e) —_ 
ye 
= qr?! >>| Jays or By Lemma B.2.1 
k=l k 
N+1 
_ - ‘ N+1-kpk 
k=0 k 
That is, P(N + 1) is true. 
Hence by the Principle of Mathematical Induction, P(7) is true for all positive integers n. Oo 


B.3. Mean Value Theorem 


Mean Value Theorem Let f be a function that is continuous on [a,b] and differentiable on (a,b), where 
a,b € Randa < b. Then there exists € € (a, b) such that 


f'@) = 


Explanation The conclusion means that there always exists (at least) a point C = (é, f(€)) on the graph of f, 
between A = (a, f(a)) and B = (b, f(b)), such that the slope at C equals to the slope of the line AB. 


Before giving the proof for the Mean Value Theorem, we prove a special case of the result. 


Rolle’s Theorem Let g be a function that is continuous on [a,b] and differentiable on (a,b), where a,b € R 
and a < b. Suppose that g(a) = g(b). Then there exists € € (a, b) such that 


g'(é) =0. 
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Proof We may assume that g(a) = g(b) = 0; otherwise, we can replace g by g where g1(x) = g(x) — g(a). 


(Case 1) g is identically zero on [a, b] 


In this case, g’(x) = 0 for all x € (a,b). So any & € (a, b) satisfies the requirement. 


(Case 2) g is not identically zero on [a, b] 
By the Extreme Value Theorem, g attains its maximum and minimum in [a, b], that is, there exists €; and 
&) in [a, b] such that 
g(E1) < g(x) < g(&) forall x€ [a,b]. 


g is not identically zero on [a, b], it follows that at least one of &), &2 is not an endpoint of [a, b]. 
Hence there exists € € (a,b) such that g has a local maximum or minimum at €. Therefore, by Theo- 


rem 5.1.3, we have g’() = 0. 
oO 


Proof of the Mean Value Theorem Instead of working on f, we construct an auxiliary function g so that Rolle’s 


Theorem can be applied to g and the conclusion for g is what we want for /. 
Let g : [a,b] — R be the function defined by 


f(b) - f@ 
(x 
-—a 


g(x) = f(x) -— f@ b 


a) for x € [a, b]. 


Note that g is continuous on [a, b] and differentiable on (a, b) with 


f(b) = f@ 
—a 


g(x) = f'() - b 


for x € (a, b). 


Moreover, we have g(b) = g(a) = 0. Hence by Rolle’s Theorem, there exists € € (a,b) such that g’(€) = 0, or 


equivalently that 
f(b) — f(a) 


f@ = — 


oO 


Remark If f is a function that is differentiable on an open interval J, then for every x1, x2 € J with x; < x9, the 
function f is continuous on [x;, x2] and differentiable on (x;, x2) and so we can apply the Mean Value Theorem 


to f with a = x; and b = x». 
Below we apply the Mean Value to prove the following result which is Theorem 5.1.1. 


Theorem B.3.1 Let f be a function that is defined and differentiable on an open interval (a, b). 
(1) If f’(x) > 0 for all x € (a,b), then f is increasing on (a, b). 
(2) If f’(x) < 0 for all x € (a,b), then f is decreasing on (a, b). 
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(3) If f’(x) = 0 for all x € (a,b), then f is constant on (a, b), that is, f(x.) = f(x2) for all x1, x2 € (a,b), or 


equivalently, there exists a real number c such that f(x) = c for all x € (a, b). 


Proof We give the proof for (1) and (3). The proof for (2) is similar to that for (1). Alternatively, to prove (2), 
we may apply (1) to the function —f. 


(1) Suppose that f’(x) > 0 for all x € (a, b). Let x1, x2 € (a, b) where x, < x2. By the Mean Value Theorem, 
there exists € € (x1, x2) € (a, b) such that 


f(%2) - FO) 


X42 — x1 


f= 


Therefore, we have 
F(2) — f@1) = (2 - 1) f’ © > 0, 
which implies that f(x,) < f(x2). 


(3) Suppose that f’(x) = 0 for all x € (a,b). From the proof of (1), we see that for every pair of x,, x2 in 
(a, b), there exists € € (a, b) such that 


f (x2) — f(%1) = G2 -— 1) f’@ = 0. 


which implies that f(x) = f(x2). Thus f is a constant function. 


B.4 Fundamental Theorem of Calculus 
Before giving the proof of the Fundamental Theorem of Calculus (Version 1), we need some preliminary results. 


Lemma B.4.1 Let f and g be functions that are continuous on a closed and bounded interval [a,b]. Suppose 
that f(x) < g(x) for all x € [a, b]. Then we have 


b b 
{ f(x) ars f g(x) dx. 


Proof By definition, we have 
b n 
‘ b-a i F 
{ (g — f)(x) dx = lim Ve — f)(xi-1)- —=, where x; = a+ -(b- a) for0 <i<n. 
a noo = n n 
The condition on f and g implies that each term in the above sum is non-negative. Hence we have 
b 
ii (g — f)(x) dx = 0. 
a 


The required inequality then follows from Rules for Definite Integral (Intl) and (Int2). Oo 


Corollary B.4.2 Let f be a function that is continuous on a closed and bounded interval [a, b]. Suppose that m 


and M are real numbers such that m < f(x) < M for all x € [a,b]. Then we have 


b 
m(b — a) < | f(x) dx < M(b- a). 


| 
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Proof By Lemma B.4.1, we have 


b b b 
[mars [forars [max 


The required inequalities then follow from Definite Integral for Constant. Oo 
The next result is known as the Mean Value Theorem for Definite Integral. 


Theorem B.4.3 Let f be a function that is continuous on a closed and bounded interval [a,b]. Then there 
exists € € [a, b] such that 
b 
{ f(x) dx = f(€)-(b- a). 
a 


Proof By the Extreme Value Theorem, there exist x;, x2 € [a, b] such that 


f(x1) < f(X) < f(x.) forall x € [a,b]. — 


By considering the constant functions f(x;) and f(x2) on the interval [a, b] and applying Corollary B.4.2, we 


get 
b 
fm): (b-a)s { f(x) dx < f(x2)-(b- a), 
a 
which yields 
b 
f(x) dx 
fa) s i < f(x). 
By the Intermediate Value Theorem, there exists € between x; and x2 such that 
b 
ffx) dx 
f@) = 
—a 
Hence the required result follows. Oo 


Fundamental Theorem of Calculus, Version 1 Let f be a function that is continuous on a closed and bounded 
interval [a, b]. Let F be the function from [a, b] into R defined by 


X 
ra= [ f(t) dt fora<t<b. 
a 
Then F is continuous on [a, b] and differentiable on (a, b) with F’(x) = f(x) for all x € (a,b). 


Proof We divide the proof into two parts: continuity and differentiability. 


(Continuity) By the Extreme Value Theorem, there exist real numbers m and M such that 
m< f(x) <M forall x€ [a,b]. (B.4.1) 


Let x;, x2 € [a,b] with x; < x2. By the construction of F together with Rule for Definite Integral (Int3), 


F(x) - FQ) = ( { f() dt + { foe - { ~ fide 


. f(t) dt 


we have 


x 


| | 
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which, by (B.4.1) and Corollary B.4.2, yields [| 
m(x2 a x1) < F (x2) am F(x) < M(x2 — x1). (B.4.2) 
For every a € (a, b), putting x; = a and x2 = x, by (B.4.2) and the Sandwich Theorem, we see that 
lim (F(x) — F(a)) = 0, 
x7a+ 
that is, lim F(x) = F(a); similarly putting x2 = a and x; = x, we see that 
x7a+ 
lim F(x) = F(a); 
z0— 
hence we have lim F(x) = F(q), that is, F is continuous at a. Similarly, the function F is left-continuous 
x7a 
at a and right-continuous at b. Therefore F is continuous on [a, b]. 
(Differentiability) Let x € (a,b). We want to show that 
. F(x+h)- F(x) 
lim ——WW_—T—_ = : 
nn he, 
For this, we consider left-side and right-side limits. 


For h > 0, by the construction of F together with Rule for Definite Integral (Int3), we have 


x+h 
= F(x +h) — F(x) = f(t) dt. 


x 


Hence by Theorem B.4.3, there exists €, € [x, x + h] such that 
F(x +h) — F(x) = f(En) (a +h) — x) = En) he. 


Note that as / tends to 0 from the right, the number &), tends to x (from the right). Therefore, we have 
. F(xth)—- F(x) 
lim a 


eu = Jim f@n) = £O) (B.4.3) 


by the continuity of f. 


For h < 0, by the construction of F together with Rule for Definite Integral (Int3), we have 


a F(x) — F(x +h) = . f(t) de. 


xth 


Hence by Theorem B.4.3, there exists &, € [x + h, x] such that 
F(x) — F(x +h) = fEn) (x — +) = fEn) + (-A). 


Note that as h tends to 0 from the left, the number &); tends to x (from the left). Therefore, we have 
. F(xt+h)—- F(x) 
lim a 


iO = fim fEn) = FO) (B.4.4) 


by the cpatumuyty of f 


Combining (B.4.3) and (B.4.4), we get 
. F(xt+h)—- F(x) 
lim. ——*. = 
h-0 h 


f(x) 


as required. 
Oo 


Remark Rule for Definite Integral (Int3) can be proved using a property of continuous functions on closed and 


bounded interval, namely, uniform continuity. This concept is discussed in more advanced calculus or analysis. 
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domain of, 43 = 
graph of, 53 
has relative maxi , 132 


has relative minimum, 132 


image of element, i: cm 


image of set, 46 


indefinite integral dt-168 
nino 43 
injective,-66 


inverse, 67 LC 
natural domdin of, 45 
primitiv= for, 164 
range of, 46 CI 

two variables, 49 LC] 


function of two variables, 49 L_] 


fundamental theorem of calculus, 162 
version I, 163 
version 
version 3, 176 


general linear for ine 13 
general power ru 

global maximu 

global minimum, 


graph of equation in two unknowns, 43/501 
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graph of function, 
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higher-order dbealative, 123 
second derivative, 123 
third derivative, 123 
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identity,2 [| 

identity {furiction, 111 

iff, 5 

image of element, 43 

image of set, 46 

implication 
one-sided, 69 


U two-sidi 
implicit diffe ion, 215 


imply, 5 
improper intebrat!25 1 
increasing function, 12 
indefinite Integral, 167 
constant of integration, 168 
integrand, 168 
independent variable, 43 
indeterminate form, 91 
index,35 [| | 
inequality) | 
polynomial, 37 
quadratic, 38 
r for, 11 


inequality iM unknown, 11 
linear, 


olution to, 11 
es limit, 
infinity, 33 
inflection f een 139 
jinfldeshn point, 139 
injective, 66 
integer, 
integral s!gn,_159 
integrand, 162, 168 
integrate, 168 
integration, 157 [| 
constant function, [168 | 
constant multiple rule, 170 | 
power rule (n + 5 version), 170 


power rule (negative integer i 69 
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pow e (positive integer versio 69 
sum rule, 171 
term by term integration, 171 

integration form , 229 


integration technique 
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u-substitution, 236 —_ 

for rational function, 240 LJ 
integration by arts, 246 

linear change of variable, 236 
par‘ial-fraction decomposition, 241 
substitution method, 232 


CJ 


substitution method for definite integral, 237 


intercept, 50 | 
x-intercept, 50 | 
y-intercept, 50} 

interes(compounded continuously, 194 

intermediate yalue theorem, 99 

intersection of sets, 28 

interval, 33 CO 


bounded, cia 


close 
clos d bounded, 33 
deg —— 


empty, 34 
open, 33 
unboun 33 
inverse function, 67 | 
graph of, 69 L_] 


inverse function 203 
inverse function theorem, 203 
irrational numbe 


leading term ruie,|83 
left-continyous at point, 98 
left-sided limit, 88 

lie between, 9 


limit of function 
at infini 0 C 
at nega infinity, 85 


at point, 89 LI 
left-sided limit at point, 88. 
one-sided limit at point, 
right-sided eal point, 87 
limit of integration, | 62 
lower limit, 162 
upper limit, 162 
linfit df sequence, 76 
line, 13 CL] 
x-intercept, 14 


y-intercept, ry 
equation for, 15 


cae form, 13 
parallel, 


perpen Te 
ia form, 
slope of, 


slope-intercept form Ltd 
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linear equation unknown, 4 


linear equation in 
linear functien,53 
local extremizer, 
local extremum point, 132 
local maximizer, 1132) 
local maximum point, 132 
local minimizer, 132, | 
local minimum point, 132 
logarithm [| 
common logarithin, 197 
natural logaritiim, 197 
pr ies of, 197 
logarith ‘fferentiation, 213 
logarithmic function, 196 
base of, 196 _ 


gra 196 
natura ithmic function, 197 


marginal cost, 153 CJ 
marginal revenue, 153 
mathematical induction, 269 L 
maximal interval = 
on which function is decreasing, 129 
on function is increasing, 129 
maximum, |146 
absolute, 146 


global, 1467] 


value, 146 | 


mean mal sem 274 
e theorem for definite integral, 277 


mem 


unknowns, 12 
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minus infinity, 33 
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natural domain_of function, 45 


natural logarithm, | 197 
natural number, 25, 32 
net change theorem, 177 


odd function, jl 81 


one-sided limit, 86 
open interval, 33 
opposite signs, 100 

ed pair, 12 
origin, 13 
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axis of syria 19 
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equation of, 19 C4 
vertex of, 19 LJ 
partial-fraction, 241 = 
partial-fraction decomposition, 241 
compare coefficient method, 241 
substitution method, 241 
period, 59 LJ 
periodic, 59 | 
permutation, 271 [| 
piecewise-defined functicn, 60 
point-slope form for line, 15 
polynomial function, 54 
polynomial omit 
power functi 
ower a 
: n+ 5 version, 120 LI 
ge 213 C4 
neg. integer version, 118 
positive a ae ES 111 
primitive, 164 
principal gth root, 35 C4) 
principle of mathematical induction, 269 
principle-square-root function, 55L_] 
probability function CL] 
continuous random variable, 251 
discrete random variable, 250 | 
probability of event 
continuous fandom variable, 252 
discrete random variable, 251 
producer surplus, 
product rule, 116 
proof by definition, Ll 
Pythagorus theorem 17 


quadratic eaiationts 
discriminant, 7 O 
factorization ‘meibed, 6 
quadratic forauki, 7 
quadratic function, f3 | 
quadratic inequality, 38 
quotient rule, 117 


radian, 180 
radical, 347] 
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radicand, 
radical tion, 69 
vadicant36 
radioactive ee 
decay c nt, 
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discrete;250 


range o ction, 46 

rational function, 54 

rational number,24 

real number) 32 
algebraic operation, 33 
binary relation, 33 
negative, 33 | 
positive, 33 
real number iine, 33 

rectangular coordinate plane, 13 


related rates, 218 
relative compl t, 39 


relative extremizer, 

relative extremum ri 32 
relative maximi 

relative pes wet ne 132 
relative maximum 132 
relative minimizer, 132 | 
relative minimbsh point, 132 
relative minimum value, 132 
remainder theorem, gy | 
Riemann sui, 158 
right-continuous at point, 98 
right-sided limit, 87 

Rolle’s theorem, 274 


root 
qth root of, 34 
principal qth root of, 3 

rules for i= 
limit of shai bs infinity, 81 
limit of functio int, 90 
limit of seque 

rules for definite in , 160 

rules for di tiation, 110 


chain rule, 207 Co 

constant multiple rule, 113 L] 
derivative of arctangent function, 205 
derivative of constant, 110 

derivative of cosine, 187 | 
derivative of exponential function, 213 
derivative of identity function, WT} 
derivative of logarithmic functions, 20 
derivative of natural logarithmic function, 201 
derivative of omial, 116 

derivative of sine, 187 

derivative of squ ot function, 119 
derivative of tangent, 187 

derivative of th onential functiim—204 
general power 5 213 
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inverse functi ule, 203 
power rule ( version), 120 
power rule Les integer version), 118 
power r ositive integer version), 111 
product rule, 116 

quotient rule 117_||__| 

sum rule, 114 | 

term by term differentiation, 114 


rules for nent, 1, 36, 192 
rules for inequalities,11 


same sign, 11 

sandwich theorem, 8 

secant function, 181 co 
second derivative, 123 

second derivative test, 141 

second serv et (special version), 150 


sequence 
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convergent, 76 
imit, 76 
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set, 23 LC 


complemeht, 29 
description method, 24 


eleméntiof, 23 


empty, 24 | 
equal, 25 

idea of definition, 23 
intersection, 28 


operatio 
relative lement, 29 
subset of;-27 


uneqball 27 
union, 2 


universal, 29 | 


sine function, 59,1 80 

slope function, 107 

slope ofaline,15 |_| 

slope of curve at point, 104 [|] 
slope-intercept form for line, 16 

solution set to equation, 7 CI 
solution set to inequality in one unknown, 37 


solution to = 


equations in two unknow 
equation in one unknown, 


inequality in o known, 
square-root ttn 30 
stationary number, 
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step function, 63 CJ 
strictly concave function-#37 
s ly convex function, 137 


strictly decreasi nction, 128 
strictly increasing function, 128 
subset, 27 


substitution rhethod, 234 
sum of squares formula, 75 
symmetric] | 
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about line, 51 
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symmetric about line oO 

two subsets, 57 
symmetry, 51 CJ 
system of two ati in two unknowns, 20 
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eliminati od, 20 
bute 21 
tangent furtctioh, 60, 181 
tangent to curve at point, 104 
third derivative, 123 | 
trigonometric function, 58 LC] 
twice differentiable on open interval, 127 


two subsets symmetric about line, 57 
two-sided limit! 89 
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union of sets, 
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the unit circle, 180 
universal pee 29 
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